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Loi giGi (hiéu

Trong nhimg nam gdn day yéu ciu vé piang day v hoc 1dp mon todn cao
Cip ttong cdace Truong Dai hoe k§ (huar (Cao dang, Dai hoc vit sau D hoe) ngay
cang cap bich vé <o lirgme va chat luome. Cde sinh vién k¥ thudt ciu nhicu gido
uinh todn cao ¢ap theo hudng hién du vé 1Y thuyét ¢ctng nhur bai (ap. Cic thiy
gido cing can nhidu bo ghdo tinh nhu the d¢ tham Khio, chufn b bin giing va
chon cho minh mot chicn luoe gidng day thich hop. Trong lae d6 <6 lugng cic
aido trmh vé todn cao cip dinh cho cdc truong Ky thuat ehi dém duoe tén diu
nuon tay. Nhiée bo @ido tinh vé 1odn cao ¢ip di duge xudt ban luén nay chua
dat trinh do cao. sau sac. ddp tng duoc véu ciu hoe toin v day todn cho céc k§
sr trong tha dai khoa hoc k¥ thuat vi thony tin phit trién biing nd nhar hién nay

Gido inh nay cda tdc it ra doi dip ing duge nhiu nhu cdu hét sie cip
hidch hién nay vé mit gido trinh wdn cao ¢ip cho sinh vién cic Truomg Dai hoe
k¥ thuit (Cao ding, Dai hoe v sau Du hocy, VE toln cue noi dung cua gido
minh piy bao @om cic vin dé co ban va guan trong nhit cda todn hoe cao cip
cinthiet cho mot kv su do 1a nhitng ¢ x0 quan trong cia phép tinh vi phin cia
hitn mor bién vt him nhicu bicn. cic dinh 1y v phuong phip co ban et phép
tnh tich phan ¢t hium mot bién va nluea bidn, ¢o sd chi glal tich vecteur. hinh
hoe vi phin. Iy thuyet co bin v phuong trinh vi phin, chuol hiao, chudi Fourier
vir tich phin Fourier. Cde thong tin d¢ ¢ip dén cic van d& (rén cla cuon <ich [
¢ bing dim hao 1inh chinh xéc vé ndi dung todn hoe Ciac chimg minh dua ra
déu ngén gon, chat ¢he.

Pac bict phin 1y thuyél vé ham nhi¢o bicn i mot van d¢ it tinh 8 trong
sian tch odn hoe, vi 0 didy nhi¢u Gol hudng xay ra phic tp hon nhidu o trong
Topo nhiéu chidu so véi Topo mét chiéu, Do nam ving cic Kich thie co bin cua
2idi tich toin hoe dia tén kinh nghiém giang day (oin hoc cho ciic Truomg Dai
hoe ky thudt trong vii ngodi nude trong nhidu nam qua. tic gid di trinh by 10an
bo gido rindy va néi ricng noi dung cad phan niy ridt diy da va hién dun (vi dn
phin d¢ cdp dén cue ti cla ham nlidu bidh, tic eid di <0 dung nhudn nhuyén
cite dinh 1y vé dang 10an phuong dé chime minh cic dicu Kién du edu cue tri).

Gido trinh dugce viet mat cich sing sga vit chan ¢hé theo mot day chuyén
duy logigue. d6 [& hai yvéu 16 rdt khé wrone khi d¢ cdp dén mot vim JE vé odn
hoc. Thong thudmg dé van dé dat ra ddm bao tinh chat ch€ vi chinh xde cda toin
hoo thi ngudi doc s¢ rit khé hicu hode phai ¢ mot kha nang w duy 18t néi cich
khde 13 mot héi quen wr duy 1oan hoe. 3 day tdc gia di két hop duge hai diéa
néi trén : vin khong mat tinh chinh xdc ma vin dim bao tinh d& hiéu cho sinh



vien {vi du phiin xdy dung heé uén d& vé o thue. phan tich phan phao thuoe tham
o tich phan suy rone . )

Gido t1inh cing dé cip den mot o vin dé khi hicn doi ciia toin hoc ma
hirde day tong ciac 21do tinh v odn cao cdp 1t dé cap 1oi nbe Khii niem khong
gian métrigue. hoi t déu, chudi Fourier t6ng quit v v, Ngodi ta tie giit con dua
viw cic phan bo xung rit cdn thi¢r cho ngum Ky su nhu cic phan . odn w
Laplace g phucug tiinh vi phiain, cic bal tadn co bin cda v Iy todn hoc
(truyén nhidt, truyén song v v ), phin phu luc cde cong thire co han Ca il fich
todn hoce Vice manh din dua vio gido tiinh cde vin dé co ban nthat cla tain hoe
nhu the ndy 1 mot vide Lam vt can thiét dé nane cao chitt luong diwo tao ngudi hy
s vl ngay nay neudi Ky suocin todn hoc & muc dd <au sac v hien dai trong que
trinh hoc tip ¢ G Cin vér cone nghé vt Gn hoe hién dai

Ha noi, gy 30 thdng 4 nain 1997

GS. TSKIL L.é Hing Son



101 noi dau

Tronge nhimg nam vira qua, Khoa Todn trutmg Da hoe Bach khoa Ha Noi da
nehicn cdu d¢ o "Xay dimg noi dung chrong trinh todn cao cip cho cic
neanh Ky thudit trén ¢ s & trung hog, hoc sinh da hoc toan theo chuoong
(rinh mai (12 nam)” v di 3¢ ra duge mot chiwomg trinh widn cao ¢ip theo yéu
cau do.

Quir aidng day mon gidi tich § ¢de Truong Dan hoe k§ thudl trong va ngois
nirde ong nhict nam yua. va dua theo chivong tinh mi Khoa Todn di dé ra. 101
dit vier giio rnb nin . pham muc dich gnip cae sinh vien ky thudt ¢ (i licu
tham Khao. gop phan ning cuo chit lugng dito two, d¢ ninh dd todn el ngudi ky
str e tahodt nhdp duoe vao Khu vge v Quoce 16,

Trong phan diw ctia prdo tinho vi sinh vige dd dugie hoe mot ~6 non dung
trung hoe, nén mue dich 1 he thong hod vi nang fen mot mire do tuong doi hién
dai (Phuong phip tien dé vé 86 thue) nhidm gidp sinh vién ¢6 mdt w duy logique
chit ¢h€ trong vice hoe todn va cice nganh khic.

Trona c¢de phan sau cta gido trinh, dua weén co G phin die da trinh biy,
wiio trinh <& cung ¢dp nhime kién dnie ca ban clu giti tich tr thip len cao phid
(0P VA ven ¢l et npudt Ky s rong fiicn i v tiong i,

Gido uinh ndy cé thé dime laim 14 1licn tham khio cho cile sinh vién Ry thuat
O e b doi wong - Cao ding. Dai hoe v s»u Dai hoe.

Gido tinh dige chiathanh . -

Tdp 1> Phép tinh vi phan vatich phan caa hiim mdt bicn (G tich 1)

Tap 11 Phéptinh vi phan victch phin cla him nhién bicn

Phuong ttinh v phan v 1 thuy &t ve chudi (Giai tich 11+ 11D

Cide phim nimg cao va cac hai 14p Ko cd dinh dau *,

Tor tat cam on Hoi dong Khoa hoo Khoa Todn Tridma b hoe Bich Khoa
Ha nén vi cde ban dong neghiép trong khoa di gitip dé va o dicu kién cho 101
vict grio ninh nity, nhat L cie GS. PGS Lidn Xudn Hidn, Dang Khii, 1.e Himg
So. Davng Quac Viet di doc tat k€ bin dhido va cho nhicu y Mén qui biu

Gido rinh dd in dén Kan thir 8 van khong tranh khoi nhimng thice $6t, mong
i doo cho nhieu y kién.

Tac gia
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Chuong 1

TAP HOP CAC SO THUC

31. HE TIEN PE CUA R
1.1, bat van de¢

Do nhu cdu thire tién, daun én lodd ngudi ¢d @ap hop cdce so nr nhién, ron ¢6
15p hyp cile 0 nguyén, cic s6 hitn (i v.v...

G trung hoe ta dit dinh nghia: 56 hitu G 13 86 ¢6 dang p/y, rong do p, ¢ 1a
cde s nguyén. ¢ 7 0. Sau khi €6 1ap hgp ciie 6 hitu i, mot bai todn Lén da dar ra:
Cho o la | <6 hitu t duong (¢ > 0), n 1a moL 6 e nhién thi ¢d 1on tai <6 hitu ti ¢
sao cho v =a ().

RO ring, n6i chung tht ¢ the khang (6 1ai <6 hitu ti v thod min (1),

Ching han Khi « = 2.7 = 2 (hi khong 16n 1 so hitu 1 v dé =2 Thue viy,
aia \’L'r nguyc I ¢ <0 hitu 4 = ply (plg 11 phan 6 (81 gian) dé 7 = 2 hay
plyg™ =2 hay p~ =247, nghia i p~ 1a mot 86 chin, suy ra p 1 mot 0 chan, mi
khie plg [a 1ot gidn. nén ¢ 1a mot 80 16, v p Ta chan: p = 201 ta 6 4= 24~
chimge 16 ¢ i 1 mot s6 chin vivg 1 mot <6 chin Mau thuén nity ching (6 didu
Khang dinh trén L ding. Do d6, ngudi ta di mdé rong tap hop s6 hitu ti thanh mét
tdp hop s ot factap hop cde s6 the, trong tp hgp cde 8o thye, ngodt cde »@ hitu
(. con ¢6 nhitng 8o khong phii hiru tf chiang han: 6 « mi V=2 hay »o @ xudt
hicn khi do do dii dudng tdan . BE ¢é mot khdi niem hico dai vé @p hop cic s6
thue, sau day ta <& dinh nphia Gip hop dé theo phuong phap tien dé.

1.2. Hé tien f1¢ cua tap hop cac so thue R
Tap hop cdce S0 thye, ky ncu Ta R 1 tdp hgp 6 cice phan ut got 1h cie so
thuc. thod man cic tién dé sau:

1. Trong R co xdc dinh hai phép toan goi la phép cong (+) va phép nhan
(.) sao cho:

Yabhe R u+heR ube R v+ b ablyduy nhit, goi « + b 1d1one, ab
latichchwavabh.VaubeR ;a+b=b+u ub=hua

Vaboce R (a+bj+c=a+ (b+ ) (ab)e=alb),

-



H(/) +)= b + (e

.Y ab < R comot phan i duy nhat x € R sao cho:a+x=05b
veor i cu e h v g, kv hicu v= 5 - a (doc la b tu g, Dic bictkhi b = «
thi v god Bso Khiong K¢ hicuy =0

Nwvis Ya <R . a+0=0 nCuw+b=0th b got [d phin 1r doi e «,
Ky hicuh = anhuviy Vue Roau+in=0

HI. Yab € R (a #0;% khdc) co mot phin tie duy nhat x € R sao cho
a. x = b, x goi la thuony cia b va a, ky hiéu x = bla.

Puc et Khi b = ¢ thi v gor L don vi hay 6 mol

ky hicw: I, nhuvdy, Ve R tal =a.

NEw ab = 1 (@ =M thi b gor Lo nghich dao cda a

K hicu b = o nihnr vay:

Vae R a# 0 aa ' =1

IV. Trong R ¢ xdc dinh ot quan hé goi la quan hé thir ne:

nho hon hode biang (<) hay lin hon hodac bang (2 ) sao cho:

Vabh <R abhthoica <h howca2b

YahelR cosh h<y =Du=h
Cuble e R u b bl D>us
Yahi e Riu<h=>u+c2h+
VabeR.o>0b20= ub>2 0

I

Khiv < bhoa#bhivicte <bhoich >u
(doc Lva nho hon b, hodc H 1dn hon «)
S6 > 0 goi 1 s6 duong, ¢ < 0 goi 1 sé am.

i a 0éu a =0
DZI(I |L/‘ = .
—t néu a <

U

|ul 20i 0o wyet ddi cda v

Roting: ¥ v c R

'“55"’5”. (hH
a <M M>0)) < M<a<M (2)
TabcR o la+rp|< o] -1 (3)

o =] |l - [o )



! 1
, . 1% u
i“b' = \Ll’ . Ih’ . 1= =

LI

Thue vy chany han:

SAS2) ncwa 2 Ui < A7 suy raa <M onén a < O thl suy 1a - € M hay
a2 -MOVAY M o< o < Monguge i e W s o <M oy raa €M v g s M hay
i,)-l <M

Nt Theo (1 - ¢ Sa 2 i“l

-hosh<op
Cong végive ial + i[){ yLuat+ b g+ [1%
I 1

Vi u +/7| <+

Tip bap cac phan tr cGu K-

N={12=1+1L3=2+1.}

2ol 11 1ap hop e »O 1 nhicn hiy (@p hop cie s6 nguy én duong.,

Tap hop {-1.-20 3.0} goi Ly Eip hop cic 6 nguyén am.

Tap hop Z = {..-3,-1,0. 102030 | gol Li1ap hop aide s6 nguyen.

Paphop Q= 1{v= L vpye 2. g=0} 2ol 15 p hop cic s biu b
q
Rorimg. Nc/ZcQca R
Fip hop cie so hitu 11 Q ¢ mél tinh chac quan trong saw diy. mi tip hop
cde o nguven 7 Khong ¢6 got B tinhy chiie ot mat eda O
vabeQ . u<h>3drc a<r<h
u=+h

Thiee vay. chang hun ¢é the [ay 1 = Ziha<s<b
2

V. Tién dé Supremum:
Cho A < Rotdp hop A goi 1 bi chan tien (dudn) neu.
e eR Vrve A (<o (=20)
SO« goi i can tién (dudi) ¢hoa A
Tap lup A got 12 bl chan ncu né vita by chiu, teén,vira by chan dudi, nghia 1
JaubeR . MyeA ash<h
hyzccRe>0, ¥ren X<
Mheo dinh nehia thi cin rén (uéiy cia A ¢6 e thuoe A hode khong, néu

& A thi e gor I phin i idn (nho) nhiac caa A.

o



R ving mot tap hop A bl chian tén (dudi) ¢ (hd ¢é ahidu can rén (dudt) vi
néu ¢ 1 mor can ren (dady cun A thl 07> 0 (¢ <) cling [a mét cdn eencdwdig
cui ng.

Can wéa (dudi) nhd (Idn) nhat cda A (n¢u ¢6) gor ta can trén (dudi) ding
hay Sunpremum (infimunt) cua A.

Ky hicu Sup 4 (inf A)

Roang A7 = Sup A o= inf A) Kbt v chic kb
("W ore A v~ MG

Y9 e>0.FveAa>M-or<m+e)

Vinctu khong thiIg >0 Ve Ay <M-g(Zm+e)

Khi d6 M )y khong phai 16n (nho) shit, vi M () clng [3 mo cdn uen
(duaiy ¢ A nénncu M (o) € A thi 06 La phiin ur ldn (nho) nhit cha A,

RS e Ay 1a duy abidt, vinCu cé6 M # M M = Sap A (thi hoie M < M

khi do M Khona plii nhd nhat, hoae M' > A Khi d6 M' canyg khony phan nha nhat
(uong G dou v ).

Mot vin d& lom dat ra: Khi ndo mot tap hop ¢é Sup (inf)?

D vandp hop cie so hiu 1 0 ¢ nhitmg bo phan ¢é the khong ¢ Sup
unhy thuoe ¢J.

Ching han: xé cie (@p hop o hiu 1
A=/ e Q>0 <2
B = \CQ,\>()'\'2>2}
Ro rine o e QO (v > 0y thihoiwe v e A houc v € B

. i . 2
Vinhue dibiwt Khongcorn e Q. v =2

o

Tre A VU E Bia < vVt <2<a v s 0 suy rin <o

Do U6, A (B) 1a tap hop bi chan rén (dudn ching han b mot phin (& batky
Ve B(ve A) »

C6 the chidng mmh A (B) khong ¢6 Sup (inf) € Q

* Thyce vay, gld s nguge Jai c6 M =Sup A= inf A € Q thi ¢6 thé ching
minh = M vd M = 2, nhung khong co M e 0. M =2 nen A (B) khong ¢o
Sup (inl) € Q.

D& chimg minh s = M, @ gid strnguee lai e 2 M khi d6 hoac M < 1 hode
A > XEUM < mtheo tinh chat tro mat cha @ thi 37 € 00 M < r < mnhumg
theo én hoder € Ahoac s € Bontnr € At M = sup A, néur e 3 thi
m = nf B, dicu ndy may thuin véi gid thicc xét M > a cting di dén mau thudn,
Thue vay. theo tinh ¢hat 27 eda Sup (in0) thi

Ve 3ve A >M-¢

10



SVeB A<y

, “ M-m
suy o -y <=M+ 2¢ Ly £= 27w

o

Vev<Ohay vy ivoly

bé chimg muth M =2 1 cling pia s nguge lai M =2 khi d6 hoic M <2
hode M~ > 20 x&t M~ <2 theo tinh chiat 17 ¢la Sup(nfHithivve A, Vv e B

V<M < hay V<M< mat Khie theo eid thidt:

V<2<a”

L2 2 . 2 M
dodo."-v 2 2-Mhay - 22 ‘L_/_;\() 48
Nhung theo tinh chit 2" cha Sup (inf) thi Ve > 0,31 € A, 3 v € B:
M-eR<yv< V< M+ g2
hay V-v< M+ 42)-(M-£22)=¢

, Do AT o 7 _ gt
LAy g == M thiy' -v< 2-
X+ X'+x

Bidu niy mau thudn véi (1), tuong tn néa M™ > 2 ta cling dr dén mau thudn.
Vay M* =2
Bay gl ta x8ét A, B o R va cOong nhan ring: M = Sup A = ml B € R (hi ta suy
ra duge: ¢6 1 so duy nhit M e R M ¢ Q. M =2, nghia 1a ta d3 mes rong té@p hop
ciie »0 hitu ti thandh 1&p hop s6 thuce R, ttang do 6 mot s6 thue duy nhit M khong
phai hiru 1 M™ = 2. M poi B cdn bac 2 clia 2 ky hicu M = /> Nhung chi mé
rong tip hop cde <& hitu t nhu vay thi vin chua ddp dng duge nhidu yéu ciu
trong thyc tién. vi ¢6 nhiing 86 ¢§ thue wong thie (ién nhung khong phai i ¢
hifu (v 88 2 Chiang han 50  xudt hicn khi do d6 dai dudng ron.
Do d¢6 d¢ tgp hop R ddp dny duge ddi hoi bién ngudn ta d3 cong nhin fién d&
sau day (bao ham déu cong nhin A, B ¢6 Sup tinfy € R)goi L ticn dé& Supremum.
Moi tap hop A c R, A # @ (tip hop wéng) bi chan trén déu c6 Suprenuom € R
XrA ={U -aA'=veAthimfA=-Sup
Do dé tién d¢ uren tuong duong vai inénh dé:
Moitiphop A <R, A » O bi chdn duvi déu co infimum € R
Theo oén va ur ticn dé niy suy ra

N . . b
Ton tur mot s duy nhitve 8,02 0.0 e Qv =2

11



Tong guit: ¢d1he chiing minh (twong Wl ténichoa © Roa >0, n & N
thi 160 e mot so thue duy nhat v € R4 > 00" = a0 v o6 the Ja s8 hiu 1i hodie
Khone. goi ki can bile et g, k¥ higu = W

Nuwoi 1a cling chimg mmh duge 16n ta nhimg s thue khong phay hitu i
khiic, nhu so

Mot so thue khong phar 6 hitu 1, goi 1a w6 v 4L nhu vy cic so 2, .

la cie so vay. née goi flatdp hop cicso vo ly thi t R = QU /

Niur eén da thily:dp hop cie s6 hiia 1y Q ciing o mdn cde 1ién dé i
den 1V, nhune Khong thod minn Gen dé V.onghia b giiva cde phin 1 eia O con
ohig ¢ho "aony”, Tign ¢& V di cho phdp Lip nhing chd "rong” do bing cic so
Oy de Qg thanh R Didu ndy bicu thy mor tinh chidt goi B tinh ¢héat hien e
Cl RO En A&V osuy ra tinh chialt ndly nén ¥ oeling gorn 1d ten dé licn nie cia
R. .

Vi ap hop e sa thue R ¢6 tinh chit hén we nén Gp hgp do ciing goi 1
dudmg thing hay tue <& thue R Morso thue goi 1 didin tren dutmg thing do.
Do do ndl <o hay didim la nh nhao Neu o < b thil laondt a G ben udi b hay b
¢ bén phin g neu.

a <o <hhay b <o <aih e goi Id  khoang gifra «, b

Cie ho phin caa R:

Iva<aght {va<i<hl

vuSveh) dva<a b

woi 1o fuet I doan hay khodng dong. khodng hay khodng mo. nira doan
hoy nia Khodng mi déng na ma vicky hicu B fuot K.

L, D), (a0 b)), e, by (a, b

(héu b eon 1 do din edin doan iy Khodng «, bz cho € Ko ta goi lan
cin ¢y, 1 mar Khoang (Rhodng ma) bat ky chida . ngudi ta thudng xét cace
lan ¢iin (1, - £0y, +8) Vo> 0 ctadidm g,

T he ten dé cha R ¢ thé suy 1a mor tinh ¢hal cia né d3 bict & trudng pho
thone. o diy t adt thém hat 1inh chiit quan rong.

1. Tinh chat Archiméde:

Vabe Ru>0>=>3ne N-na>h

< Thuce viy, vingu Mhong thi v n e N:na <b

Khi dé taphop A = {a = ne- Vo & N} Gubi chin 1én bai b, theo tién d8 V
thi ¢6 M = Sup A, theo tinh chiit 2° coa Sup iV e > 0. I m € N, ma € A,

M-c<mavia>0nin M >0, w0 délay €= M2 thi M - Moo mia, hiy
2
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M < 2ma,nlumg 2m € N, 2ma € A. didu niy chimg 10 M khang phai 1a Sup A.
vo 1y,

2°. Tinh chat trit mdt cda Q trong R

VabeR a<bh=>3dreQ:au<r<b

* Thyc vay, theo 1° I n e N:n.l > Ub—a

hay I/n < b —alaitheo 1°. 3 p e N: p.l >nb

. e .onp
Goi p° 12 s8 bé nhit sao cho p” 2 nb thi sy

n
o p -1 i b .
vap’ — | <nb hay < b, mat khac, theo trén
n
pi=L ptl p -1
——="———>b-(b-d)=a,vayIr= eQia<r<b
N n 1 n

Chiy: Va.h e R,a<b=3c e R:u<c<bichang han c = (a+h)/2] -
linh trit mat cua R.

§2. DAY SO THUC - GIGI HAN CUA DAY SO THUC

2.1. Pinh nghia .

Mot anh xa ftir 1ap hop N vao tap hop R gor la mét day so thue, anh fin):
¥ n € N, goi ([ s6 hang thif n hay s6 hang 16ng quat cha diy.

Ky hi¢u: x, = fln)

(v hay x. . . x,, . hay x

Thi du: (x) = (1/n). () = ((—1)") 1 cdc diy s6 thie ¢d s6 hang 18ng quat 1a
=1 () =D

Cho har diy so thuc (x,), (v,) ta goi 16ng tich thurong cia chiing [a cde day
56 thue.

(ot v (g va) s (adya)

Ky ligu (6) & (y) © ()-00) ¢ () ()

Thidu: (v,) = (l) DO =+ n)/n
"

(3 () + () = (14 2/ (5).00) = [L*;—IJ ‘ [*—] - [—l—j

n A 1n+1
Dity (x,) goi Ia bi chan trén (dudi, bi chan) néu tap hop (x,: Vn e N} fabi
chan trén (dudi. bi chan) nghia li:

ACeRYVYne N, <C(2C,C>0)
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Thi du:
DXéty=[_" ]

\n+1
ViVuneNunu<n+1lnénVneN y, <1 vy (v,) bl chan trén
2) X&t (%, ) = ((-1)H
vivaneN: [xl,,| =1 <2 nén (x,) bl chin
AN

Xét div (v) = [ 1]

\ n )
tacd vy =2, v.=3/2 vy =43, =5/4...
Ta thay n cing 16n thi (x,) cang ghn 1 hay hi¢u - | cing pdn O, nhu viy,

¢6 thé nm duoe n dé [xn — ' nhS tuy v, chz"mg han 1a muon®

Ix"~l' < L thi tr !_\'”—]|= ntto l = _I < l_

100 ' n n o 100

Ta suy ra 7t > 100, nghta 14 tim dugc » tir 101 1o di thi
’|xu - ll < _']_
100

! khi 2 > 1000...
1000

Day (1,) cé (inh chdi trén goi 12 ddy ¢6 gidi han, va 1 poi [a gidh han cha né.
6ng quat ta cé:
Dinh nghia: ~0 v € R goi la ¢161 han cua diy v, hay v, dandi « néu:

I'rong, tu, K, - 1‘ <

ve>O3In,eNVar>n > ‘x“ —a] <g
Ky hicutimuy, =« hay \, > a

vi

X, —a‘ CELD d-E<y, <U+E D v, € (U-E u+E)

nén dinh nghia trén ¢6 thé phat bicu: x, = « nfu cho truée mot 1an can
(« €.« +g) clia diém « hi s€ e n, € N, d€ ¥ n > i, ta ¢6 4, thude 14n can d6.

Mot didy c6 gidh han cling goi 1a dAy /i 1, mot diay khong hoi tu goi 12 diy
phdn by, nghia 12 (v, ) 1a d3y phao ky néu:

YaueR Ie>0,Vn,e NIn>n, = {x” —a] > g

Thi du:

1) Chuing minh: lim ¢/n=0,c € R

Theo tinh chit: Archimeéde
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Ic
Ye>0. A, e N ne> 'L' hay i <
n

!

dodo:v n>n: 1L <e hay |_ -0 <t
n n

Nghia li lim < =0
"
2) Chimg minh: Iim L 0, keN

n

Theo tinh chiat Archimede thi ¥ £€>0.3 0, € N

\ : i N
hav I/, <g dodé VY n>ng — <¢
n
v Uoceavrc | U
hay ' <eeuyru:|— g <E
A n
o him =
nghia {d Hm —. = ().
¥n

2.2. Cic tinh ¢hat va phép todn cizx day hoi tu

1’ x, ~»a,x, > a" = a =a(tinh chit duy nhat)

Thue vay, gia stngugc la o + a,
xétla—a'=la -x, vrx, —a|<la-x,|+x, - a]
"Theo pid thict
-4 = Y | e
Ve>(G.9n, e NV u>nn:|,\- —a'<l
Ll
3

‘_\‘” —u' <

2
‘ £ £ a-al s
dodd g« =+ = = €lay & =1 ___| thi
' 2 2 2
. \u - u'\ o < . o
= a| < 271 dicu ndy mau thudn, chitng 1o: " =«

2.x,>a < (x, -a)>0

Thye vy, vi |x, —af =|(x, ~a) -0

15



n+1!

Thi du: Cinig minh lun —— =)
n
1
vi 2 :l -> 0 nén limil =1
n n n

3.Vn: x, 30 x, > c(c=const)

Thie vay, vi V&> 0. Ly, —cl sle—cl=0<e
Thidux,=(DN"phankivig, =11, x5, =-{ > —i
4, o, z, > a, x, <y, =, > a

Thirc vay: theo gid thiét: ¥e> 0, An, Vi > n,

l_\',, —ul< e, ]:,, —al<e hay w—-e<x,<u+ e
d4—-E<z,<a+¢&

Cung theo gia thiét: v, < v, < 2, do dé:

U—¢ <y Sy <o, <a+echayau—-£<y,<a+g

Vay v, = a

I n +_1

Thidu: 1) Ching minh 1im\' - =1
H
—
Taco: 1 < ﬂ: /l+l< l_+lzl+-£
N \ H " 1

Vibo M S en 2D

n \ n

. oo 1
2) Chang minh limsin— — 0
n

Xét0 < l < s thi 0 < sinl < l vi0— 0.
n 2 " n

!
-1— —->0nén sin— -0
1" n

1
3) Chang minh: hme =1, a>0
Ta c6:
l 1—1 a-1
o — —
Gecat —1=2fg-]= 280 470

[ I s
Vo' P +Ne"7 +o n

il



(thay cic <6 hang & miu «6 bang 1),
1 i

|_>0 nén g” -1 >0 hay a” > 1

nhung 0 —» 0“1
n

= H
§.x,>a>=3>0.Vn: |y |<c

Thue vy viv, sa lay e=1 i An,, ¥n> -

i_\-” - a' < ] matkhic v, =a+ (4, - ) néun:
>y Sl e, —d <ja] v

Pl

do U6 lay ¢ = max | IX‘

. -\'31“"-""“ I'lal +11

thi v e !x”\ <¢

Chit y: Tinh chit nity chi 12 didu ki¢n cdn cia sy hér ly vt e nhimg diy bi

chan. nhung khong hoi . chang han diy: 4, = (-1

6".x, >a,a>p(<p)=An,Vn>n:x, >p(<q)
Thue vay. viv, = . a>p havu-p>0neénlive =a- pthi
I u>un, l,y” — ul a-phay-a+p<y, -ua

suy 1y, > p; (rudmg hop o < ¢ ly ludn wong )

Hé qua:

LWerd dn Y >agn, sp(Eg)=>a<sp (=)

vi néu khong thi 8& miu thuén véi tinh chat én
7.x,sa,y, b >x, Ty, >ath

Thure viy theo gia thiét:

VeSO S0, Y > L x, —al< g2

An' |, - bl < g2, ddn, = max (' 0" VY n> o,

N,omapse 20y, —b<eil

dodd 2 n>n; }(,\'” ty)-(ux /))l

=0, m@)E(, ) 2 |y, —dlvy, - <e24e2 =¢
Vav (xy T v ->a £ by

8. x, >a,y, > b = x5, > ab

Thue vy, trude hét xét v, > a oy, = 0

Theo 5" v e>0, vV _l.\’” <eoviy, > 0
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|
nen Ve >0, dn, Y u>n,ly | <cl

) A

; , £~ s
Dods: V>, |y p el =enghatavy, >0
.

Bay giaxétxy, > a,y, > b
Ta vict vy, -ub=x, (v, -MD+D(x, -«)
Theotrén va 72 tacé vy, -uh > aG+h0=0 hay vy, —>ab

9. x, >y, -> b, b0, xly, > ab

Trude he ta ching minh: I— Y l vivy &b b=0
v, b
nén lay g = @ thi J . Vo>, i —h< @
3 A
Mt khidc:
AT D - (}) -V )
, b
nén ])”] > ]b] -h=v,|> Lb] -5 = ?

, V>N,

Do dé ¥ i > n,

theo 4" thi

I L _ by

O<|——- =+ -
y, b Il)“_v_, | h*
1ol 1
—- -0 hay -——>-
| rn h| ”’n ?

Bay gid xét v, -> «, v, —> D theo 8° thi:

X ! { «
-y¥. ->a =

¥ "y, h b

Thidy: Timlim u” O<a<|

bila' = 1 thid > 1 via =1
u a
[

1 1

nén o = > - = !

(a')”



2.3. Gidi ban vo han va cic dang vo dinh

a) Gioi han vé han

Ta di xét cdc day hoi w, nghia 13 cdc diy ¢é gidi han ¢ € R, by gig ta xét
mot loai diiy phan ky dac biét: tr » ndo dé, x, luon luén ¢6 mot dau nhat dinh va
|x”| lon hon mat s6 duong bat ky cho trude.

Dinh nghia: Diy (x,) goi li ¢6 gi6t han biing duong vo cing (am vé cling)
néu:

YM>03n,Vn>n, =, >M(M)

Ky hi¢u: hm v, =+ = (-») hay x, = + « (-=)

Thidu:1) ()=, drangy, >+« .

vi VM > 0, theo tinh ¢hit Archimede : 3ngy e N

I >M dodéVn>ny:n>M nshialan 5+«

Chit y Trong dinh nghla : lim x, thi n — +=, do do, ta cling viet lim x,,

2)(y,) = (’ﬁ) , 8 TANg X, —> +o vi YM >0

Theo tinh chat Archimede : 3y N, ng.1 > M hay

{/;U > M, dodd Vi > n, ‘\/; > M, nghia la ‘\/; > e

() = 1-D"nl Ia, v, khong ¢6 1 d&u nhat dinh, do dé v, khong din 1di
4= (_..w)

b. Tinh chat : Tic dinh nghia dé dang suy ra :

1(]- -\u —> (_m)s v” ;.vll Z'\-n (S '\-II) = yn -+ (_M)

2° v, = = (-=), Vi j),-"|s CDNH Y, > Ao (=)

3. Vy = s (22, Y, > e (c2) D Y, e ()

4, A (=) v, > a >0 (U< Oy, v, — + (<) [-= (+=)]

n.n

0
5. Xy > e ('“‘3)\ Yy e (-=) I'mJ (+m)| SN e ('m)
O

6.
A, > 0(<0) 2 1y, >+ (=)

(e ('m) = ]/'\-u -0 s> 0

» ’ . 0
Thue vity. chang han xét 27 x, &> +=, Vn : b,-”| <
Vi, =+ nén VM >0, g Vi > ng, x, > M + ¢
do dé |,\‘,, +)‘,,| > |x”i - Iynl >M+c—-c=M.

nghia la .y, + v, o 4«



Thidy:
1) Ching minh lim " = += (a>1)
Bita=1+4>0thiA=u-1>0

Tacd:a"=(1+2)" =1 +nx +ﬁ"_2_ ll,q'?+l"+1" > 1+ nd

hay ' > 1 40 - 1)

Theo 2 vad’ thil +n(u-1) > +=

Theo 17 d" > +

23 i lim " . '~|a| <1

Xéta>0,dita= 1. ' >1 khidéd" =1/ua” -0
a<0dita=-a,a'>0thtd" =" "
¢) Cdc dang vo dinh

- Xét cdc dang

-0

1" X v, >0y

}‘N

= 0hodc vy, &>+ @ (-=) y, >+ = ()

n

20 . s
2.0V, 0Ly e ()

gc\'-\n Ve, > (_u:)"\.‘“_)+cu (_m)

L1
Cic dang niy 6 khi ¢é gidi han, ¢é khy khong, nguai ta goi ching la cic
dang vo dinh, ky éu lTa:

0

20 2500 ;0 w-m
0 =
Khi (im giagn han. gap cic dang niy ta phai bién déi dé khu ching di, sau d6
4p dyng cdc tinh chat clia diy hoi tu ta s& Gm duge gidi han cu thé.

Thi du:

1
2 1. (1 { R S |
1) lim-2— = lim¥= llm(—+—2-] =lim—+lim— =0
I n- n o n " n
n+1
3
n n+3 ot ]
R Z S
2) lim . =lim H_o-_
75 +1 7+ b 2
n2
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1 oy
3) ]”n_(n_ -+ 1): |1|‘n(’23 .

In :

4) lim(v/n+ —.\/B = “m—_rn-—i-T+—\/;:0

)=+

—_—

2.4. Tap hop cic so thue md rong

Tap hop cde 88 thue R thém vio hat phidn 0t + = | - = goi 12 tap hop cdc O
thue iy rong.

Ky hicw: R=R U (4 ®) (- =)

+ = (- =), goi 1a duong (am) vo cue hay vo cung, goi chuny I cdc »o vo han
vi ky hi¢u chung 1a = con cdc s6 € R ciing goi la cic 56 hitu han. Dya vio dinh
nghia va tinh chat clla cdc diy ¢ gidi han, ta xdc dinh quan hé thu o cha cic
phép todn dai s6 trong. R nhu saur

Vvel o<yt

TaeR () +(xx)y=u+(teY=(=)+a=(F )

a{f=Y=(x=)u=% =nfua>0

F «nfua<0

(Fe)(E=)=+= (£=) (F=) =-=
a <0 a |+ néu g >0
*x 0 =) nfua<0

o =, reQ  r>0

Ta dd dinh nghia cic doan. khoany trong R, ciing 2ot 1i doan. khoang him
hin. Trong R 1a cling dinh nghia:

Tap hop:

{r - = <<+ =} goilakhoing vo han,

Ky hidu: (-=, + =)

faz - e < <arf goi 1A nira Khodang vo han (-, )

fvia £ v <+ =) poi 12 nda khoany vo han [u. + =)

Ta cling goi lan can cua dicm + = (-=) 1a khoang

(d.+=); (=, 4),VueRrR

¥ A < R khong bi chan trén (duét) ta quy uéde

SupA=+c(infA =-=)
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$ 3. CACNGUYEN LY CO BAN CUA TAP HOP R

Tir h¢ uen dé coa R va khii niém giGi han cua day trong R, ta s& suy ra cdc
tinh chit quan rong sau day gou 12 cae nguyén ly co ban cta R.
I’ Nguyén Iy Weierstrass
Day (v,) gor 1a ddy don di¢u khong giam (khong ting) néu
Vo, < v, (24, ) néu khong cé dau bang thi (v, ) goi la diy don diéu
n Vi | n+l £ £ I3 -
tang (gldam) Cde diy trén goi chung 1a dday don didu.

Thidu:

Xéta, = M
n+1

] n+2 n+

! n(—“). 1 hay .y, <a

Ta c6: 9 n Yy / A vl
n+1 n+1 (n+1)

,vay x, la

diy don di¢u ting. Ta thdy v, clng bi chin rén (V n -y, <l)valimy, =1

Tong qual L cé:

Nouyen 1y Weierstrass: Moi ddy (x,, ) don diéu khong gidm (khong ting)
va bi chan trén (duei) déu hoitnva x, < limx, (2limx,)

Chuing mimh - XE truang hap («,, ) don dicu khéng giam va bi chan trén,

Theo gid (higt (4, ) bi chan tén, xét tap hop A = { v, 25,0, A, -} thi theo tién

d¢ Supremum cé ¢ = Sup A.

Theo tinh ¢hat 2° cia Sup thi Ve > 0 3 X, >c-g

hay ¢ - X <&, Lai theo gta st (4, ) don dide khong gidm nén

i

Vs 2 X,

Do dé ¢ - v, <€ theo tinh chit 1° ciia Sup: V s x, < ¢

[ o o
o =c¢-x, <g nghia e =limy, vay, <limy,

Do do
Trusng hop (4, ) don dic¢u khong tang va by chan dudi thi dat v, = - v, sé dua
duge vé trudng hop wén.

Thi du:

Xéty, = (1 + i/m)"

Theo cong thire nhi (hide Newon
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el D L N2 L
" 20 n” 3! n'
-D..(n—k -1 ]
I Ry 0 VR N GRad

1 n nt "

=111 +2L![I _,l,) +%[I - %J[I %]+
| ;‘-!(1 - ;‘J(| —i](l -f);—l-)+...+%(| - i)...[l —"—'?J

2 n
Tur khat tién ndy ta suy ra khai trién chia 4, bang cach thay céc thire s6

- (te=12,.,n-1

n
bang cic thimso: 1- _4 G=1,2....m
n+l ’
vir thém | 6 hang duong aita.
< / ) .
Vi bl <t- o nenVna, <,y
n n+l

nghia 1a day v, 1a ddy don dicu (ang.

Mat khac: 1- L < lvd a0 22" véi 122 nén Vo

n
[ 1
Y, <2b—+- oA —tt— <24+ttt =
21 3! ! n! 2
1
1 17 g0 [
=2 r—| —= =2+ 1-——[<3
2 1 1 211\
2

Vay () la d3y by chan wén, theo nguyén ly trén, (x, ) ¢é mot gist han nio
d6. go1 gidi han délasd ¢ ;e =lim (1 + 1/n)" ¢6 (hé ching minh ¢ [4 53 vo ty va
(i 80 gdn dlng clha nd 13 ;e = 2,718281828459...

2°. Nguyén ly Cantor:

Diy doan [«,, b,) goi i mot diy doan (hat néu:

Vi (dyes b Clag b, v tun (b - a,) = Q,

dé1 véi diy doan thit ta co:

Nguyén ly Cantor:
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Tén taj 1 diém ¢ doy nhat sao cho: ¥ n: ¢ € lu, b, |-

* Chitng minh: theo gia thict (hi:

a S xSl Sdy Lo by <hash

Do dé (a, ) 1a didy don di¢u khéng giam vi bi chan én (bdi b ching han),
theo nguyén 1y Welterstrass ¢o:

c=hma, vaV i a, <c, mat Khic:

¥ 1w, < b, nén theo tinh chit cla gidi han (he qua cia 6° thi ¢ < h,,

viy o, <0 < b hay ¢ € |a, b} 8 rtang ¢ 1a duy nhft, vincu cd '@ ¢ 27,

¢ elu, bt 0 < ‘C'——C| <h,-u,;

Nhtmg theo gid thict lim (b, -, }y=0,dod6 ¢’ - ¢ - 0, hay " = .

- L ;
Raang  =Tim b, vi J¢ - f)”[ <bh, -u,.

3°. Nguvén Iy Bolzano-Weierstrass

Cho diy (1,) diy (') goi 1a mol dily con cta nd néu Xy, =1, vOl n = gk),
g 1a 1 dnh xg Lt N vao chinh né.

Thi du:

- Xét v, =(-1)" va g xdc dinh boi n = 2k vivn = 2k+1 thi ¢6 hai diy con clia
W, A

. Moo Ay o R P - .
Ve = DT va " = (-7 npuot la thuong ky hicu mot ddy con cua day
() 12 X, chang han ddy v, = (-1)" ¢6 1 ddy con Ta:

A o - <o Lo
X, =(-1) rdring néu . — « thi moi diy con cua né:
by

X, —avix,>anghinlaVe>0.3n,Vu>n=|x - dl < &, dic bigt

'.\‘“‘ ~ ur <€
Mot vin dé dat raz néu (1, ) khéng hot ty thi ¢6 diy con nio cva né hoi w?
Ta thay a, = (-1)" khong hoi w nhung né vin ¢o hai diy con x, = -t =1
- ‘

X :(_I)ZH»I

0 =- 1 hor tu. Ta ciing biét v, 1 1 diy bi chan, dng quél ta ¢

Nuuvén 1y Bolzano-Weierstrass

Moi ddy vo han (x, ) bi chdn déu co mor day con hoi tu

* Chimg minh: Theo gid (hict 3¢ >0, Vi ’lx"ls Iz

hay - ¢ <3y, < ¢ chia|-¢. ¢] ra lam hai phian biang ohau thi phail ¢6 mét phan
chira vO 86 céc 86 hang cua (v, ) vi néu khong, nghia [a ¢4 2 phin déu chira mél
sO biu han cie s6 hang cla (v, ) thi (x, ) € (A mot day chi¢d | <6 hiru han s6
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hang. tridi vai gia (hict, goi phin chifa véo s cice o hang cuu (v, ) B doan [y, byl
lai chia [«, by] ra lam hai phin bang nhau va 1y ludn tuomg wrta duoe doan
Jds, Dyl chtta vo 68 ciie 86 hang cta (1), 16 tang |aa byl C'a] By v ba-ay =2

Qua trinh tiép tue, 1 duoe mot diy doan (|¢,
cde o hang chn (4,)) 10 1ang:

W by mor doan déu chira vo <68

. [_'
'\7/”‘ [“ \‘l’nHIC_-l“u\ bnl . l)“—d“: __l_’ ()
S0

n-

Vay ey, 5yl la mot day doan that, theo nguyen Iy Cantor, ¢6 | didm duoy
ntht & 7 T e lay, by viwmdl doun [a, , byt chifa v6 <6 cdc 6 hang coa (1)

nen Ly duose X e lay b ] sau do day
I
X, € las b naE
X, € fu Iyl kbrdo l)\-”‘ - 4 <b -y

nhung by -ap > 0nén Ve >0, 30,V k>n,

b - <esuyr x - ¢ <o nghiatilim x, - = i

4’ Nguyén ly Cauchy

Dy v coi a1 diy coban ncu: Ve >0, 3,V n>n,

¥ o>, >y, -x,| <¢

Nguyén 1y Cuuchy:

Day (x,) < R hoi tu (trong R) khi va chi khi no 12 mot day co ban.

* Chitmg minh Giastr v, > v, e RN dé ve > 0,3 0,09 n,om >y,

£ &
5 R le - .\'(,l < 5

l)U d() \'\m - '\ul ) l\m -t '\\ - '\u| S |'\m - 'YIJI + ]'\u _‘\0‘ <&

Yl I
nehiala (v, ) 1 niguday co ban,
Natrge lai, gid st ]xm - xul < & Vmn>i,. Co dinh pthi tip hop (x,) 1a bi

chin, theo nguyen ly Bolzano - Weierstrass ddy (v, ) cé dily con X, hoy tu.

nphiali Y e> 0,3 4

'

[, —

Yo o>n, .

o>

i < g voia, =lim oy Matkhic, theo e et
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,]_\‘“A - .\‘HI <&, In,n>n’, Choun, =max (n',, 1", ) thi

v, - _\'L,’l < (_\'” -x, r'«.ix”‘ - xU!I <2¢ Vaylim v, = v,

Thi du: Chimg minh day:

! .
X, 1+ _—+"1\—+..,J'— hon tu
, 22 TAS B

n

¥

r4

Theo nguyén 1y Cauchy, Ve > 0, xéi :

e —x|= . L S

! Cowmsly (mr 2y (n+p)’

] 1 1
—_—— e —— A — —— —— — =
w41 (-~ 1)n+2) n+p-Din+p)
! ! 1 1 1 I
—_————— e —————— —+ _+ -— =
n o n+h (Y (n+2) m+p=-0 n+p)
1 1 !

-—— —<—<&. VpeN
nondp  n

Viy diy 1, hoi ty,

§ 4. LUC LUONG CUA CAC TAP HGP SO THUC
4.1. Ciic tip hop tuong duong
Pinhy nghia: Hai 1ap hop A, B goi 1a tuong duong (vé s6 luong) néu ton tai

mot song dnh (X (ap hop ndy vao (ap hop kia, ki hicu: A ~ B.
Thi du:

1y Hai tdp hop hitu han cung ¢6 36 lugng phan tr {a tuong duong:

29N ={1,2.3, o0} A={2,4 .20 ), vitdn 1ai song dnh (1) = 20 (1
NvioAnén N~ A

HDA={v. v e O B=11:ve (@b 10 ring A ~ B vi16n 1l song dnth
f=a+4x(h-ujttAvio B

HA={v +cOD}I~R
~ N - 4 l l N ~
vi(on tal song anh f= — arctgy + - rR vao A
T

T dinh nghta suy ru:
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1"A~A: 2" A~B B~C = A~ dodé, wrede thi du 3, 4 suy ra. Tap hop
cdc diem trong mot khodng bit ky 12 wong duong véi @ap hop cic diém rén wan
duoing thang ~6 thue. Cac tdp hop trong duong duge goi ta cde 1ap hop 6 cung
luc luong.
4.2. Tap hop dém duae

Pinh nghia: Lyc luang chatgp hop N = {12, 0.} goi 1 hie Tuong dem
duge va moi tip hop twang duone vai N gol b (ap hop dém duge. Noi cich khie:
Mot tap hop 12 dém durge néu e thé dinh <8 duoc cdc phan 1 cia n6 thimh diy
vO han, @y, ds ..

Thi du:

DA=1{2.4.6..2n ..} 12 dém duoe
DZ={..-2.-1,0, 1.2 .} la dém duge

Vi ¢6 the ddnl s6 duogce cde phin tg clu né theo thi ur:
O,-1.1.-2.2....-n.n ..

DO =t ply, pog e N ladem duoc.

n oo

- a 4 N [ . N ' > + '
Thie vay: ¢6 the vict cae phin tircua @7 theo bang:

plyg | 1 2 3 4

B
|
)
3]
3
4 )1
4

Ta cd thé ddnh <& duge cdce phidn (7 cia 0" theo (hit ty saw: 1. 1/2, 2, 1/3, 3,
174, 2/3,3/2, 4, 1/5 .. (bd cdc phin (k trong ngoac vi lap lui)
Tir dinh nghia suy ra:
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Pinh Iy: Hop ca 156 hito han hay dém duge cde tap hgp dém duge la dem
duge Thye vily. ta ¢6 thé viet cde phin 1 cta moi @p hop trén 1 dong theo bang
dudn day-

A ayy ap, apy )y
Al a{,/uﬂ Uy Usy
2 20 1 >
Ay T a3y Uy (133
Ay g Ugn gy gy

Ta thaly rang 1én mé dudng chéo ctin bang chi ¢ | ¢ hitu han phin 1.

Viy ta ¢6 thé dinh »6 cde phan tircia hgp A, U A- U . UA, U ... theo cide
ducsng chido do:

Uy Qo Ay dyyp ot L dypyg e

Thi di: Ta bict (ap hop cde s hitw ty duong O (2 dém duoc. RS rang 1ap
hop ¢dc 6 htu 1ty am Q” clng dém duge Vay theo dinh 1§ én, tdp hop cic <6
hitu ty Q = 0w O U QF cling i dém duge.
3.4. Tip hop khong dém duoc

Pinh nghia: Tip hop A goi [a khong dém duge néu né 1a mot tap hop vo
han va khong phdi 13 1 @p hop dém duge. Lire luong cia cic tip hop khong dém
duge goi i tue luong Continum hay lye luong C

Dinh Iy, Tap hgp cic 86 thue R La khong dém duge

* Ching minh: RS rang (Ap hap cic didm trong khoang (0,1) 12 tong duong
vdi ap hop cic didm trong doan (O3], vi [0,1] = (0,110 0w T ..

Trong (0,1) ta <6 the Yy mot phan 1« rdi 1dy phan Ura; € (0,1)\a,

DM = O N . as)

Suy rar (0.1) =M U {a,, «x) (D)

(0= M O {ayasb U {01) (2)

R rang ¢6 mat son anh gt cic ap la, ax) v lag o as, 0,1)

() =»la,. ag), as = {011 v mot sony dnh gida M' v M'. Viy tdn tai mot
song doh aitta Khoang (0.1) va doan [0, 1] nghia [ (0,1 ~ {01

Theo trén (O ~ Rovy (O ~R

Do dé dé chimg minh R 12 khong d¢m duwc ta chi cdn ching minh |0,1] 13
Khong d&m duge. Ta 8¢ ching minh bing phép phan ching. Gia su doan [0,1] 1
dém duge, nghia 18 [01] = {4, w0y, oo} chia doan [0,1] ra thanh ba doan
bing nhau, trong bi doan dé phai ¢6 1 dogn khong chira v, goi doan dé 1a A,
lai chia A, thanh budoan bing nhan, va trong ba doan dé lai ¢6 mot doan
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Khong chida v,
Qui oinh (&p fue ta & dwge mot diy doun that vi | ¢ A, ... < A, v

'\ (1737 >0V @A =12

‘Theo nguyén ly Cantor, tn tai mot diém « duy nhit suo cho, ¢ € A, .

n=1.2_ Rarang. ¢ e [0.1], vay ¢ phai tring vé mot X, nio do. nhng
cel\,n=12.Viy X € An, dicu niy miu thudn véi cich xay dung cic
doan AL vy tp hop (0,1 dem durge [va Ly

Thidu NTabidiR=0Q Ul

RS idng tap hop so vo ty 115 Khong dém duge vi ndu I déim duge (hi ¢ /1
L dEm duge (theo dinh Iy ¢ 27). Viy R I dém duoce. vo ls.

23 Ta got a0 dur <0 13 nghicm ciia mot da tiuie.

Puoxd=u"+an'" + . +a, v,

Vo g, c0.i=0,1,2..n

C6 I chiing niinth (phan b (ip) tp hop cic so dai sa 1 dem duge Ta god
SO SICU VST B 80 Khiong phdi By din 86 (L ¢, 207 L) 63 ring Gip hop cile <0 sidu
vict eting khong dém duge (ly Tudn nhu thi du 1),

) Theo uen thi ede doun [a.b) hay Khoang (o.h) 62T k¥ 14 cde @p hop khong
dent duoe vived lue luony ¢

Chit y: Theo dai <6 hoc. thi p hop cdae ~o thire R a mot tuong (vi R thox
min che acén d¢ 1L I Hh

R thoa man ficn d& 1V nguoi fa goi R 11 mot treime duge sdp tng ur.

R (hoa man nguyén Iy Cauchy (suy wr ticn dé V), ngudi ta got R i mot
truemg day du,

Tom lgi: Tap bop cic s6 thye R [ mot trudng duge sip (ha g, ddy du vied
lue legng Continum.

BAI TAP
1. Tir hé den dé eiu R chimg minh
Ly -ty =(Cayh=u(-b)
21z 02 >-a<0(20)

Na>8.b<0=>ub <
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DHa<hb<sO=>ab >0
NuZb=>a-b>0
6YVueR a 20

Nazhb cz20=>u.c2hbe
NO<a<h &S U< b< M u

2 Chimg mmh:
1) [u[l =4, \/;_ = [a[
2) |a| = 14| < |~ H
3) [faf 1B <fa - A < [a] + |8}
3. Giai bal phuong trinh:
D [2x+i[<1
2) ,X ! l’ <2
3) ]x—1'|<|x +li
4y X <x+1
5) [sinx| = sinx 2
4. Chove Q 1>0,chimgminh3ne N
1 |

— <aNuyravVe>0.3ne N — <¢
10 10

5. Chang minh:
NDiel.velse+yvel
2)veQx#0,yvel=>xyvel
Drelvel=>v+yvyelhaye Q?

6. Chimg minh, nCua, b, c,d € O, r e 1

Viut+tAb=c+Ad>a=c,h=d

Ung dung: Viet Jl*92 +96\/—3: dudi dang x + v «/5 LwveQ

#] ChoA={rv:v= n-
n+1

Chdmg minh A bi chin, im SupA, infA va cdc phdn (& 1dn nhat. nhé nhat
cua A.
*8.ChoA={r. e 0.a>0, 1 <2}
B={v:veg, ¥>0,47 > 2}

e Ny
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Chimg minh A (8) Khaong ¢é phan ur 1dn (nhé) nhit, suy ra A (B) khong ¢6
Sup (inf) trong Q.

*Y. Chirng munh 1dng phuong trinh ' - a4 = 0, ¢ > 0 luon uon cé nghiém
uong R.

*10. Ching minh ring moi khodng (a,h) déu chifa mot $6 vo hun cic $6 hir
U vt 188 vo han cdac 86 vo i,

11. Chung munh

nel
1) Iim(—l—),-—z()
n-
-
2)Iim'Il 1—:2
n-2
9 n
3y lim= I)—:0
n

.o -2 |
Hlim —— — =~
3 +2n-4 3

3YChime niinh néu v, —> :»l‘\‘,ll > |u{

12. Ap dung tinh chit 4" chimg minh

N lim&n+1 -4 =0

2) imYn =1

3) limd/1+2+. 40 = 1

(3. Chimg minh: Vo <y, v a, v, 2b 2a<h

14. Cho
1) (x,) ol ta, (v,) phan ky
2) () phan ky. (v) phan k¥

thi (v, + v, ), (v,.%,) 13 hdi tu hay phan ky ?

15. 1) Cho v,y — 0 thi ¢6 thé két luan x, — 0 hay v, —» 0 khong ?
2) Cho v, > 0, 3, tay y thi ¢6 thé k&t uan x,.y, —> 0 khong ?

16. Chimg minh: 1) .x, — += (-=) =y, phdn ky
2) lam A=t e @> 1), (k>0)

17. Tim



nT o+l N+ 3

O lim— — 2 i S
noo3m el PRI
3 lim=— 2 4)11m—. . i<t fd <)
20 | [ +b- -p"
LR o
3 lim %) _ J.._I . 6) llml 2t
—2)“-‘ + 3" I]'
R IHUL ) Y (2 )
7y timd 22 T D gy gy DS e G P D
n 5
o) fiml o e ]
1.2 13 ala+NJ
) +
10y tim Y i _“/_

\,H + 1! n

1H I|m(\.'n s e =Unt ot e
18. Chatng minh cic tinh ¢hit:
1703, 47,57, 07, clia diiy ¢6 gidi han vo han
19, Ding ngus ¢n IV Weterstrass cntng minh cace ddy sau oo

Phig s t—y G - Ol )
M
i,y a,
+ == - "
10 10 10"/
O<a, <9 0u=1.2..m
By =l -2 -y (-2
4 (v =] /7)(1 + 14 L+ 12Y)

i)(\..)—(\f +af24, +\/’)

0 Kin

<) (x,) -i a,

*20, Chang minh: (v, ) ang (v) gidm vi lim (v, - v,) = 0 i (v,), (v,) ho
tu va lint g, = him v, dp dung: ching minh

him ., = lim v, néu

] ! | )
=14 —4 —+—+.+—
(21 3! n!
|
_“u = '\-u +—
ntn
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: (I I 4
Suvrn r=l4—r— - — o —4+— (<0<
o2t 3 plonln
Tir do chime nunh ¢ & O vasuy raccich tult edn ding <3 ¢
21 Chamg nunlt (v,) thug, (v,) giam

Yooy, Sy

" thi (v, ), (v, hol i vi lim oy, < lim oy,

1t
22 Chimg nundt () tang (giam) khoug b chan én (dudn) thi

(T

[ ]
Ll

3. Chang nunh v, ) khong bi chian tén (dust), (2 X,

X, >F ()

¥24 Chimeminh Yae R=>3 (1, iy, € Oy, >

23 Chigng minh e diy sau ddy hoi o va tim gidgt han eaa ching:

Py, =00 - 12700 13 (- 0y
N ] I |
2y = - - — _—
2| ! 3/;(1 6/._11 n(n+1)\
\ 2

D)Unx sy, >a, X, »00=12...n

Ap dung tiny:

#27. Ching minh ring néu:

Avd N x”"" oy
JoLv, >0vi —— —a thl §/X, —>a
X,
|

Ap dung G i ¢ Chim '\'/;

28. Dung nguyen 1Y Cauchy, chidng minh ¢ic diy suu hol iy

-
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sinl  sin?2 S
+*._

l) A\'I,:—_’—'f'- T ... -
2 2 2
" cosl!  cos2! cosnl
X, = — ~
1.2 23 w{n+1)

29 Dimg nguyén ly Cauchy, chimg minh cide diy <au phan k¥
Dy =1+172+.+1/
1 ] \
2, = L fodk — (V= iy =loga =1ny)
In2  {n3 Inn
*¥30. Chimg minh tap hop cic <@ dai <6 1 dém duoc

HUGNG DAN VA TRA LOI BAI TAP
L DOYXSGab+{-bpy=0
2 X&Ga=b+(a-Dyb=u+ih-a)
I D-l<v<c:i2)y3<hv< |
Ha>0, De>-1/2, Ha=-a2+2kn:a=1/2+ (2L + D=
4. Data = ply lay m e N sao cho mp > ¢ suy 13
Lt.r liy 7 16n hon 86 cic ¢hix s6 cta m tht 10" > m. vay 1/10" < ply
m oy

ly 0 < piy < € (Q ulmdt trong R)

SHivyyvelviveye > +yv-a=yveQvly

3) Lay \E Vil - 2 . \/2- v |8

6 u-c=hd-Md-bz20=>heQvoly

(x+ 93 = 19249043 =3 200 =96, 3 + 3 = 192

v=12yv=4

7. A bi chan dudi bai 0. bl chin tién bat T infA =0, supd =1, vi 0 € A ncn
0 L phin tr nho nhat cua A

8. Chimg munh ; Ve2=3dne N, (v + I/u): <2

9. Chdng minh wong g nhu chtmng minh: t6n tai } s8 duy nhat o e R

o= 2 (trong bai giang) bing cich x&t cie 1ip hop

A=(vaiec Q>0 " <u)

B={vareQ x>0 ">u}

34



10. Gia slf nguge lai (a,h) chi chirs &6 hira han ¢ic 86 hiu U a0
¢ € (a) hi |¢' —a\1|_|c—a‘

khoding

cho

Je—a,] €6 158 bé nhat, goi 88 d6 I |c- g thi

[P [P
l(c,_J“-' E_'L_,_M] ™ {a,bh)
! 9

| 2
N Z

khong ¢é mét s6 hiru ti nao, mau thudn véi tnh (ri mat cta O trong R

4| -n+2 0 s5i-10 ‘(1“

It +2n-4 30 B33 +2n—4)

n

5) Ding: H\| - |u” < |_\' - u|

12. 1) Nhan vai luong lién hiep

DyXén>2: (10" > P vindath = 4 - |
2

13. Chitng minh phdn ching, grasta>h=3re Q:u>r>h
14. 1) Tong phan ky, tich khong thé két luan dit khodt
15. 1) Khong (hé két luan v, = 0 hodc v, = 0

Thidu:a, =1+ v=1-¢D"

2) Khong thé két luan vy, — 0

Thidu: .\, = D v, =N
1
16. 1) Xét lx“ —u| > |_\'“|—|u| YaeRrR
2)a" > 112/4 Aa - I)2 (1>2)
"> A (a - 1)
&

| M
)
1
7oA t [( ]
Viét a

i H

J
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l-u

DU By 430 91 o 11y2/3

a - N . . - y
19. Dy, =y, | chang minh (1) giam bi chan dudi,
n+

linty, =0
2) Chimg minh (v} tang bi chin ten
3 Chuing minh (x,) giam bi chin dudi

43 Chimg mih () tang bi chan trén

N " 4 X, + X.+..tX
Bing cich dp dung ")-Vl-\‘*--'~‘(,, < T2 Ty > ()

Sy Chitng minh () tang vivbi chainrén : v, < V¢ + | (bing quy nap),
lhim v, =2

20. DAz, =y, - v, Cpgiam z, o 0, ¢, <y, va

linva, =lim vy, = (nguycn Iy Cantor) dp dung dat s, = (1 + 1/m)"

/ )
> 1+ i+iL|—lj+m+i(1—l](|—:).“
I 2! n k! b n

[I_Q—IJ L= s Ly Ly e
” 2 k!
Mat Khic. 7, < v, <e >, > ¢
Vot sececy, me-x = Y 0<0<)
! n.i!
Vi e=1+ —+l1—.,.+i+i
T2 n' on!

Chirng minh ¢ & Q bing phan chana

e=271828 voi do chirh xic 107,



21. Ding nguyen Iv Werenstrass ching minh him 4, lime vy, 100t réi ap

dung ket quia by 13

1 |

2V dmyx, e Y>> x>
DV >0, Y n>n.x, >«
23 3y g x> ox, > oo X, >4k
24 V>0 JreQ:a-e<r<u+rs
SI, e Qu-£<y, <O+C
=3I, e Vu: i_\'l., S <
n-
25 Dy i ) - l: ! l_”+_l dhim oy, = |
a n H 2
_ 5 . |
Hviet | L =2 lim v, = -
i +1) n(r+1) 3
2
N N XL Y a- X +or(a—-x,)
2().1)\’1clu—\-"=f__\'_\— \¢< )t
7 » "
e iny, +Inx.+..+Inx
Dy Vieting, =27 u
"
(Vaiv=¢' =y =loga =)
27 Viét yfv, =y, ASILS SR
x,ov, ox, —|
Apdung ) ;1
28. 1) Xdé
] 1 ] 1 : .
. g -~ <g (YpoN
|'\“'l' o Y + 7 ?+.. '7”’/'il [ | P < )
2)
i 1 1 o]
\-II . \-”| < — e o —

_ "...r T, T :"_'
(n+ 1)+ 2) (n+p)n+p-l)y ntl

-~
n=p~1 nvl

<t
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2‘)‘1)‘.\‘ x> P :I\hip:n:‘.\-m _x"‘>—>t:
ney nl n+p r 5
P p__1 khip=n

2

25y ;
= |'\n>lb - '\‘UI > >
In(n+p) n+p

30. Bau ién ching minh: Tap hop cde diy hitu han lap duoe 1w cie phin
cua moL 1p hop dém duce 1a dém duge. Sau d6 suy ra tp hop cdce da thie bac n
vGi he <6 hiru ti 1 dém duge vasuy ra 1ap hgp cde s8 dai s6 13 dém dugc.
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Chuong 2

HAM SO MOT BIEN SO

3 1. KHAI NIEM TONG QUAT
1.1. Dinb nghia

Chocic iphop X Yc R X Y2 mdétinh xaftuXvao Y. [ X > Y goi li
mot ham <6 thire cda mot dadi sa thye, dnh v = f{v) voin € X gol la gid tri cila ftad
voX goi 1 midn xde dinh, Gip hop cic ptd i cda £ Voo e X nghia [a @p hop
{20} gor Id mién gid tri ¢t hdm ~6 ky hicu f{x), ndi chung: f{x)c Y. Ta ciing
goi: £ 13 mot him xde dinh trong @p hop X va ldy gid «i vong tap hop Y. Theo
dinh nghia, (a can phan bi¢t hm £ vi gid i cda o 1ai v e X v = f{\), nhung d¢
don grin fa cling néi: ham y = fi1): nhung phai hidu dé Ih mot ham f nid gid tri
clia nd (ai v & X1y = fv). Neu v chi mot <6 bat ky thuoe X, thi v goi la bicn <6
doe 1ap. v goi 12 bicu 86 phu thude hay theo cdch nér don gian trén, y ciing goi 1a
mot hinn sO ctia bicn s6 doc 1ap

Mot hiim 6 v = f{v) ¢6 the cho biing cic phuang phap khic nhau, tiy theo
Fehi ciich trong Gng gidta v e Xviv e Y.

N&u f chi cic quy tic tinh nhit dinh d¢ (ng vé mai 1 i cé mot gid i fv)
1hi f goi Litduge cho bing mot cong thite hay mat bidu thite gidi tich, khi d6 mién
xdc dinly X cta £58 duge chi 1a theo v nphiz cda cde quy tic tinh.

Thi du:

Ciic him 50 sau diy I3 cde hiom duge cho biang cong thic:

1) v = fun 6 midn xic dinh 1a X = N, dé 1a mot diy 86,

2) v =17 co mién xdc dinh X = R.

3)y =vl—x" .y 6V nghiakhi 1 -2 > 0 hay

-1 = x < 1 vy hium »0 ©6 mién ade dinh [ dogn |-1:1].

dyv= vy _ | ~ved nghia khi:
2+x .

v

Ova2+ 1> 0hay v <O va v> -2, Viy hiim <6 ¢6 mién xidc dinh



A= (-, O] 2 deo)= (2200

SYv = Janv . co vnghla khisin v 20 hay 2in < v < 26+ D ke 7,
nghia la mién xde dinh ctia ham <o L tap hop cide doan |2kt (28 + Dix]. (ke 2).

. f néuy e @
6Gyv =)= ] ¢
‘l() neu ¢/
Goi 1a hiim birichlet. ¢6 micn xie dinh X = R

N&u ham v = f{v) duoe cho biing mét cong thde nhung khong gid ra do1 véi
WO =0. Y e X

FI ol = 0 iy gol 1 hiun &n cda v, Trudme hop v cho bl mot cong
thite di duge vidi ra doi vai y cling goi 1 him sé hicn.

Ngoii phuong phip cho bang mét cony thie (hudmyg ding (rong giii tich,
mot i so ¢6 (hé cho bang nhimg phusng phip khic nhau, chang han cho bang
Mot bang tromy g 2ilta v € Xy € ¥ nhu cic bang ~o (huong ding.

1.2. Bo thi cila hivu so

Xét hium <0 £ X — ¥, tu 200 do thr ¢da hivm S0 13 tp hop con cia tich XY,
nghia 1 tap hop cic cap $6 thue (co thr w): (v, v) vai v € X v € Yo (v = flv)),
trong mat phiang, xét h¢ true oa do vudng gée xoy v xét cip (v, v) nhu 1a mot
dicm M vy trong mac phang d6 (hi do thi cia ham <6 461 van hé uue wa do da,
Lt mat Gp hop didim tong mit phiang, dé thi dé thudmg i mot duong

Thidu:

1) v =« + b:da thi i mot duone thang

> . ~ - N
2) v =17 do thi la mot dutng parabole.
i A oo \
3 v = — do thi [a mot dudmy hyperbole.

X
Hy=Vl-x +Jx =1 dd thi gom 2 di¢m (-1,0) v (1.0)

S)y= |_\‘ - 2| + |_\-— I| ¢6 do thi 5 Hinh 1.

Vi
[ PN néua < |
v=¢1 néu { £v<2
2x%-3 néu v>2
6) v = FE(
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£(v) chi phan nguyén cia v £(x) < v, cd do thy § Hinh 2 (v > 0)
Ny=x—-FEx)coddothidNinh 3 (v 20y

J)yv=signr= (+1:v>0
0 :x=0 (Hinh 3 ¥
[:1<0
\ ¥ S
3 N |
2 2 F------ — -
1 ' [ ! L__:-_.; 1 _--Il__-l__l
. ., ' ' N ' :
0 1 2 ¥ 0 [ 2 A 0 I 23 Y
Hinh | Hinh 2 Hinh }

Chit ¥: Mot hinn 56 cing ¢6 thé dirge cho bing do thi clia nd. khi dé mér
didm ctia @0 thi s& cho cich wong ng gitta v ¢ Xvav e ¥,

1.3, Tl sé ngwge

Cho ham 0 v = f(1) ¢ mién xdc dih 13 X va mién 2id i 1a Y. theo dinh
nghia thi f 1d mot dnh xa tir X Ién Y, néu f ton i dnh xa nguaoe f o=/ I(_\')
thi £ gor 1y hiim & nguoe cia f2 Khi do ham s6 nguoe £ s& mién xdc dinh
la ¥ vivmién gid tri la X,

Neu ve do thi cla y = flu) via = f'(v) trong cling mot he wuc toa do xoy
ihi dé thy ¢ta elidng nhiv nhau vi cling xde dinh bing mot cdch tuong g,

Nhung cin phin biet: gid tri ¢ta v = f{x) duge bidu dién (rén truc oy vi
grd tri cta v = /(v duoe bidu didn trén truc ox.

Trong thue té, ngudi ta thuomg bicu didn aid mi cia fva f7F trén cang
mat truc oy, khy d6 ham nguoe phan doi ky hieu la 1a v = /7' va do tha cua
vi=f(v) o8 dai atmg var do thy clia v = f(v) qua dudng phan gric cha gée toa
do tht nhat, vi xét mot diem bat ky Mab) wén do thy cta v =y thi b = i,
suy ra « = (b)Y nghia L didm M (hay wen do thy con vy = f fvy ko rang M v
M dér simg nhau qua dudng phin gide cta goce tou dé thi nhat (thinh $).

(l.ay don vitrén cic wue ninr nhaw)
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Y|

ap - -
1 1

b|- - -
! !
1 ]

a b a x

tlinh 4
T du:

1) v=2v+1c¢o6han o
nawe [
vo= Xl s i ky
)

- . x—1 N
hicutacoy=-—— (Ilinh
2

5)
Vs
2y v = ¢ cd hiam nguge
laa = {/T do1 lai ky hicu v

= {x (Hinh 6, véi \ = 0).

Hinh 6

1.4. Ham 6 hop

Cho ham s6 » = 1) ¢6 mién xdce dinh [ X, mién gia tri 12 Y va him g(v) ¢
mién xdc dinh 12 Y. midn gia vl [ Z, ta goi danh xa hop cla £ vd g (goD),
(2ol (v) = glft)] 1A mdL hadm hop cla cde ham f, ¢ hay la ham kép cia biéh doc
lap 4 qua bicn trung gian v.

R3 rdng hiim hgp = = (gof) (v) 6 mién xdc dinh [3 X v micén gid tri [A Z.

Thidu:y=2v+1c6X=R Y=R

s=sinvedY=R Z=1|-11}
Vay ham hop - =sin(2v+ Ly cd X=R, 7 = (-1,1]



Chiu y:

1) Néu cho mién gid trl cta £ 13 ¥ v mién xdc dinh cta g 13 Y, thi ¥ ¢ Y,
mdn 1ap dige him 6 hop (gofy.

. 2 R z
Thidu v=1\.2= | 1 aed Y =10+
- i\
Vo

Y, = (=, 0), do d6 khong Iap duoe ham hgp, didu nay cing 8 Khi thay

v =T o

| N “ -
7= i_. ! khong co nehia,
\. s

2) C6 the Lap ham hop ca aludu hiun s6.

§ 2. CAC LOAI HAM PAC BIET
2.1. Ham bi ¢han - Sup (inf) - Cue tri - gid tri lon (bé) nhit

Cho hany v = f{v) ¢d mién xic dinh 13 X, mién gid wi iy, fiv) gon la bi chan
trén (dudi, bi chiny tiong X ndu micn 8id tri ¥ cua nd 1 mot p hop bi chan trén
(dudi, bi chan) nghia la:

JeeRVrveX floyse, (fix)yzc. JX) Scoe>

Khi dé Sup (inl Y) goi 1a Sup (inf) cia ) trong X Ky hi¢u M, hay Sup f(v)
(nm hay inf /(1))

Hicu: /i = Sup flo) - inf fiv) goi 1a giuo do cua frong Xed ring /1 =0

vi Sup f(vy = inf fiv).

Néu Sup fivy (nl i) € Y, nehia 1

I, e XA,y = Sup i) = Gof f(v) thi fiv,) 1 phan wr 16n (bE) nhad chn Y,
cing aoi L gid tri [6n (bE) nhat eia f trong X Vay M(m) 14 gid tny 1dn (b¢) nhin
cua ftrong X néu:

I, e X Ry=Mm), Ve X, AxysM(zm).

Ta cling ndi fdat gia try 16n (bé) nhit rong X tai v,. Néu 16n tai mat lan
can A clia v, AC X ma S dat gid tri 16n (b¢) nhit rong A tai v, thi f{x,) poi la giad
tri cute dai (Lidu) chaftaia, € X, goi chung 1 cye tri. Ky idu ¥ Ony) = SO0

Thi du:

1) f{v) = sy trong X = |0, 2x| fix) [a bi chan trong X, (]sin x[ <1),

N
. PR/ S . -/

sup siny = 1 =sin 2, inf simo= sin =22 = -]
7 2

1(-1) dong thoi 1 cye dai (o) va1a gid il 1on (bé) nhat cla f trong X.
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2 vy = - EQo rong X o= (0] 1 1A by chan aong X, Sup (v = 1Y
miivy=0¢eY.
2.2, Iam don dieu :
Cho binn v = fla) ony micn X flagy goi 1a don dicu Khong glam (khong
ting) ttong Yncu
Vo e Xog<u vy <G Yooy = e
Trueme hiop kKhong co dau =, f/(v) goi L don dicu tang (giam) aong X, Cic
lnoea gor b cice hiim don dicu.
Thi du:
[3Y =7k don dice gidm trong (- =, 0) viidon dicu ting trong (0. 4 )
2y v =00 Ly don dicu khong giany trong (-« + =)
Tie dinfy nghia say rwe
Dinh ily:
Neu /) T don didu (ang (gidm) ong micn X viied micn gid ui Y, thi fon
N | ‘. - e
G hitm naoe 7 don dicu tang, (giam) uong ¥
Thue vay 281 g don digu 1ang (don dicu giim 1y Tudn wong ty)
Theo dintt nphia ¥ v, 4, < gy < fin)
fCep )y € Ydo do vy = wahi vy # o)y nehila B fLo)y Bemot dnh xa T-1ar
T, R N
X1én Yo do do on tn dnh xa nauge /7 coa £ Y 1én Xoghia [on @i hiam nguge
| PR L . -1 . S
=/ 1) cd micn xde dinh Y vl micn gid i X RS rang £ (0 1 don dicu ting.
- : . N -1 |
Thue vy, grsr oy <y vy =7 (v), w=/ (e
Theo dinh nahia ihi vy = flo), v, = Axvs) néu vy 2 6 othi vi Ly 1 don digu
tang nén fa ) > fs) ke Loy 2 v, i vai gia thict. Vay < onghia la

Lo . ,
v/ o) B don didu tang tong ¥
2.3, 1 o0 chin, Je

Cho hivm f xdc dinh rong mién X doi xidng déi vai goc O

ftoy ot Fiehidn (¢ trong X ncu

Ve X fl-o) = A0 (fl-y = fa))

RO ring do thi coa ham s6 chitn (1¢) doi ximy i true oy (20¢ tou dd)

Thi du:

() flvy = vl fin) = cosa L ede hivm chan

2y /iy = ftoy = s i cde him 18

R& thng moi haun f(1) e dinh gong midén X ¢ thé vidt thanh (3ng cda mot
hin chan Ve mot ham 1, e vay o6 1he vict.
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Oy =FO+ G
po= A0 f( Gm—»Q - f(-x)

R& rang F(V) Ya hin ehiin vit GO 1 ham (é.
2.4, Ham tuan hoan

Cho ham f{x) rde dinh uen midn X A0 goi 1a ham twin hodn n€u 3 ¢ e R,
a = O {« = const)

Yoo e X fivy = flva)

Suy e fn+ 24y = fivka) = 00

Tong qudr:

fa+ha) = fln heZ

83 duomg T > 0 (nho nhary sao cho fla+7T) = fiv)
got L chu ky (nho nhat) cha f(x)

Theo dinh nghia mudn xét sy tdn hodn cia f(x) ta gial phuong tinh
flvray = fl), néu tim duge « = 0 khong phu thude v thi f{v) 12 twdn hoan, va chu
Ky 7 cua f(0) duge xde dinh boi hé thiue a = 4T, L € 7.

Thi du:

1y X&t f{v) = sin o

Gidiz sin c(v+a) = sinax. Ta co a(s+a) = ov + 2kn, a = gﬂ .
o
g NS N N ) NP 4
viy A0 1 ham widn hodn ¢6 chu ky T= 22
lo|

2y XELf() =x - E(0)

Giad v E(D) = (vra) - Evra) taeo:
a=FEQ+a)- Ey=k, keZ

Viy fLo) 12 ham wan hoin ¢ chu ky 7'= 1.
3) XE ) =10

Gidi: (\+u) = tacéa=0via= 21

Viy khong ¢6 « # 0, khang phu thude v nén hiim khéng tuan hoan.
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8 3. CAC HAM LUY THUA, MU, LUONG GIAC,
HYPERBOLE
3.1. Luy thira voi s6 mo thuyc

Trong ap haop cic <o thye R ta et

VaueR a¢>0.Yne Ndéutontaimolsoduy nhialy e R, a2 >0: V" =a

A goi facan bac nctaa v = Yg

Dura vio dinh nghia cta®/y ; ta dinh nghia 1dy thita cia ¢ v3i $6 mil hit 1y
bit ky :

= e “:"I _ (n\/;)”' AmoneZ on#0)

n

C6 thé chitng minh dé dang, luy thira véi 5o mi hitu 6 cling ¢d moi tinh chat
nhu Wy thira vai 86 mi nguycn. Bay @165 dua vio dinh nghia Iy thira véi 6 mii
hau ty Ta s& dinh nghia 18y thit vai <6 mi thue bit ky,

DinhlF:Choue R a>0,a=z1,he R

Voo e Qur< b <y thi 1on tai duy nhit mot 86 o € R & khoang gidta cdc »o
d,d o' <o <d, nguonta goi s6 d6 12 liy thita cua u Vi s6 ma b,

Ky hicu a = .

C6 thé chung minh: 10y thira véi s6 mi thue ciing ¢6 moi tinh chét nhu iy
thira v&i s6 mii hivu 1y.

* D¢ chiing minh sy 160 tai duy nhit cla a rude hét ta ching minh:

Yrore@heRir<h<r=

) () c Q. dondiéuting. r<n <h, -3 b

b) () < @, dom diéu giam, h <1y < ¥, o b

Thure vay xét a), (b): chidng minh tuony tu)

Chia doan {r,h] 1am hai phan bing nhau bdi b, theo tinh chit 1d mat ca Q
trong RIN V ry € O by <ry <h. 16 rimg

]r, _bl < b___’;;lg\i chia doan [ry, b| lam hai phan biang nhau bdi b,

2

thidmeQ

b-r

kl

hy<ra<h: ‘rl - b~ <

Qua trinh tiép e ta cé:
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neQ b < <h :\r‘_ —bi<-

Ro ving day () don didu tangr <5, <bh
Lo h=r
it i 0=>(r, — b}

Ry @i ta ching minh s tén tal duy nhdt cda o o
Xdta> | (a < 1. cining minh trong te. hoic dat ¢ = i' ca' > 1 thi dua duge
a
Vg hyp niy ).
Theo chitng munh tén thi¢é: > b, —> b
P <ALy < <<l <y <!
Via > 1 nén.
d<d <d" <l <t <dt < <d<d <
R& ving,
dt-dt=d D) >0

L>l

Xy

Vidat: v = - rothiag = O0xéty < L

bty :E( |_] thi " g—l <n +1 hay
v

AR x

| 1
-~

|

1
— — <X, <—suyrid”
n, ol ny

<u <ah

Nhumg' a'™ =1 nén ¢ - |

Viy diy doan ([a" La ]) Ii diy doan thiit theo nguyén ly Cantor, ¢6 mét
80 duy nhil o

Vhi:ae [c/" ar ] theo trén thi & < o < a'

Dua vio sur 160 1ai cha o ta s¢ dinh nghia cac ham lay thira va bim ma.
3.2. Ham liiy thira

Ham 1y thita 12 ham cé dang y=v", a0 € R

e . ., . - 1 ;
Mién xic dinh cia y phu thuée o, chang han a =n € N hoaca= — ,nle
r

n
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thi ¥ xdc dinh V oe R nhung

a:l, i chin i chi xie dmh

e
¥ ov 2 0. v <Oty khong xde
dinh,

R rang Voe R, v xic dinh
trong (0, + ®), néu o > U (<)
thi dé 1hi cha v 20i 1 | parabole
(hyperbole) bie o (Hinh 7).

3.3. Ham mi

1iin md 12 him cd dung
y=a.a>0,a% ).
Ham ma xic dinh ¥ v e R
v luon ludon duonge, néu o > |
thi ¢ don dicu ting, u < | thi
don dicu grim.
Do i cia o ¢ phia vén
urye hoanh (Hinh 8)

3.4. Ham luang giac

D6 1a cde ham 6 Jda dinh
nghia tong lugna gide hge

V= SI0L, Y= CONY,

Y=g v =cotpl

Cac hdm siny, cosy, xdc
dinh V 1 € R vi i cde hin tudn
hoan ¢hu ky 2n

(\ do biing rudian) (Hinh 9)

Him v = (gv (cotgn) xic

fod

dinh ¥ « € Rulr
U= kD) 12 (ko ovala

hiom  tudn hodn ¢hu ky =
(Hinh 10y
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| '. '1 '
“ i }f]x!
| , !
g | | . \
1 I. ; |
/ fosx AN |,
. A , 2 o
-1 Sm X l i I \
| \ !
\ | .
I !
L LY
Hinth 9

Hinh 10
3.5, Ham hyperbole

Duu viio dinh nghta ham «6 ma ta 8¢ dinh nghta mét loai ham khde goi {a
cite ham hyperbole. Chang ¢6 cdc tinh chat wonyg (1 ohu hiim lugng side, lam

hyperbole 1 cde ham duge ky hicu vit xde dinh nhu sau:

L’\ - ¢

AN -1
¢ +e
yv=sha = yy=chv= ———
2 2

shx R [
v=thv=s 0 tv=coth= —

chx thy
" . . I3 I \ le
Frong dé:e = lim (|+ —1

7

Doc Fin lugt i S-h-x, e-h-x. t-h-x, co-t-h-x vit goi la Sin-hyperbole;

cosin-hyperbole; te-hyperbole; cotg-hyperbole.

Cidc ham nay xdc dinh vV x € R v v = cothy khong xdc dinh khi
{Hinh 11.12)

Tt dinh nghta suy ra:

=20
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chiv-ahv =1 . 11 =1-thv: b = cothy -1
chx sh'x

3 a
v} = chichy + shshy, ch2v = ch v+ sh7y

ch (v =
sh (v + v) = shaehy + chashy, sh2y = 2chashy,
Thre vay., ching han: Xé ch™v-shiv =1
Tucéd chov-shiy = (chv + sha) (chy - shy = ¢ e = |
- - ¢'re !t e —e! N
Vi dinh nghia chy + shy = - = p' VA IHong tw
b ol

che-shi=¢"
1+1 -v L
) et ! -
Xét ch(a+y) = 2‘ —-?[e\c' +¢ e ']

l [(cha + shuyehy + shy) + (cha - sha)(chy - shy)y] = chachy + shishy

[/éx Shx
Cothx

Hinh 11 Hinh 12
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§ 4. GIO1 HAN CUA HAM SO
4.1. Diém tu cia mét tap hop

Xétwp hop X < E X, € R (hiru han hoic vé han) goi [a diém w cha X
néb rong moi lan can cla v, déu I x € X, v # 1. Theo dinh nghia thi v, ¢6 (hé
thuée X hoac khong: ching han X = [a,b) thi o, b ddu i diém tu cha X nhung
aeXconh e X

R3ringnéu, e RlIadigm i cda Xthid ) c X

LE L Ly D,

Thue vay: xé1a € R (4, = + o (-o£) Xét tvong tu) v xét cice lan cdn cua A,
Ay =(r, - € W+ 8D Ve, >0 =12, LAy vy € A 0 # X, 105 € Ay, ¥ 20,

e W € Ay 20, Y |, — x,)] < g, nghin ld\, > A,

s
4.2. Pinh nghia gidi han cia ham so

Pinh nghia I: cho hiim s6 v = f{1) x4c dinh trong mién X vy, € R 131 mot
diém i cua X, s6 « € R poi 2 gidi han cua f(x) 1ai v, hay f{x) ddn (i « khi v dan
131 v, néu.

Yv) C Xy, #E oa, x>y DR o a)

Ky hicu: lim f{v) = a hay o) = ¢ (0 => 2
Ny,

Bay gior a8l v, ¢ € R, (r dinh nghia trén ta »& suy ra mot dinh nghta khac
turong diong van ué:

Pinh nghia 2 : S6 « € R goi 1A gidn han cta o) tai x, néu:

Ve>0. F8>0.0< |v-x|<o> I_/(.\')—a| <¢

Dinit nghia ndy goi la dinh nghia theo ngdn ngir "¢, & “ con dinh nghia |
cling duge goi la dinh nghia theo ngén ngi "day”

Thye viy: tir dinh nghia | ta suy ca dinh nghia 2, vi néu khang nghia li:

¥8>0.3e>0,3,0<¢ lx—xol<5:>\f(x)—a|2.c;

ViV )y, F

nen vai 8 da chon thi 3 n,'v 1> 0 <|x, —x“|< & khi do ‘f(\ )—a‘ >z
. Jx,

L - Ay

oY

Chung (0 f(\,) # .
Didu ndy mau thuan véi dinb ngbin 1.nguge lai, i dinh nghia 2:



Ye>0,38 >0,0< |\'—_\‘“I<,$ = |/(\) dl< ¢ 18y diy bat ky (v,).

v FE

n

or a7 Vo VOIS di chon thi I, Vo >, U<y, - x“| <

Khi do6 ty (_\-”)_ a < e - Ching 16 flv,) = « nghia 1a ¢é dinh nghia 1.
VIO [y-x /<8 S v 8 <i<agVag< <t + 81 [f(x)—d <2 &

fOOek E=(u-& a+eg)
Doddve Ny >flnel & fIA\y)CFE
A=(y- 0. +d)

Nén dinh nghta 2 con duge phit bicu dudi dang sau:

S3 a € R gon 1a @di han cua f(1) tai xge R néu cho trude mot 1an can £ cda
dicm a thi s& ¢ 1 lan can A cua dicm  dé fA\vy) < E. Trong cdc dinh nghta
en, ta xéta = vy mdt cich bat ky. Neu . — 4y, a0 <y < (0> 2y mit flu) - o thi
« gol 1a giéi hun bén rdi (phai) cha A tai .

Ky hi¢u \ |_i|}1 . (x)=a( ij\ .,j (x) =)

RO vdng: lim f(x) = « khi va chi khi

y-e,

im f(x)= lim f(x)=«

Thire vay gia st [im flv) = ¢ theo dinh nghia 2

LS BY

Ye>0,38 >0,1,-8 i<, vy, <1<y, +8 = ‘f(,\')—u‘<g
Vay: Ve>0,38 >0,x, -8 <vey, = if(,\-)_a!<g

nghinld  }im ftv) =« hoac:

o, (1

Vex>0,38 >0, v, <a<\,+0 = ‘f(x)—a‘<.n:

nghia ld lim flV) =a

v, 0

NgU‘QC lall'l, g-I{l s “m()/'('\.) = lim /(\) =u
(SN Wweu

1y

Theo dinh nghta 2:
Ve>0,30>0,1,-§ <v<y, = ‘f(x)_a‘< c

38" >0, 1, <<y, +3" :‘f{x)—a‘ <e

chond =min (8°.8") (hi
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aidgi han cha day thi @™ — |, theo dinh nghta limg* = |

VE>0.38 >0.0,-8 < i<y v +8 S (x)-d<e

Nahia la: fim fiv) = . Chid y: Ta cling Ky hicu v, — 0 (x, + 0) = v, (x5

Thidu:
Iy Chimg minh' [jm 2xe1) 3 Xetmor day batkv a2z 104, » L
khido 2.4 +1 53 Vay ““.‘ (2at 1) =3
2) Chiéng minh: iy 1 =0
Vs x
Xét mo diy bit ky v, — + o thi L y . do dé
'\:ll
.1 .
im —=0 . Tuong s [im—=20
Sy oy
| 1
tim — =+ = lim— =-<
AU \vllx
3) Chuna minh: 1im ¢ =1 (¢ >1)
v il
XéLw = +0; Lay mat day batky v, 0 < v < 1y = 0. Khi dé > |

X,

. N | 1
ity = 1_"(_1) thim < L <y + | hay <X S—
X, X, n, +1 ",

Via> Inén a™ <a™ <a™

| |

ny o+l

Nhu dia biét ciie ddy ¢

voedd)
Xt x — -0, [ay mot day bat ky vy - > -0, Dty = - thi vy — 40,
Theo chimg minh tién 40 =4 & = L —>l= !

a” ]
Viy lima'= 1 (a>])
v O
TL[L)’II;_; tr: lime' =t (O<u<t)
v

L™ déu ddn 1 1 (chuwong 2y theo tinh chat
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H) Ching mmh . Jima' = +x (w>1)

[

Xét mot day bit ky (v), y > + = dat . = E(v) thi o =y vl
a™ 2a™ (>, w, > 11

Nhumg ¢™ —> +%0 (chuong 2); dodé ¢ —> +0.

Viv lima' = to (@>1)

N
T K& qua nay suy ra

lima' =0 @), Iimg" =0 (O<a<]), tim o' = 42 (U<u<])

(S [

Sy Chuimg minh @ [imsin— khong tén tai
Y U x

Theo dinh nghia, chi can chi ra mot day (). 1, > 0 ma sin 3 khong

X,
(41 tai
Xé&tday o, =_ 2 _ thtxy, >0
(Cn-1)x
N . . 7[ N P - ~ . N
vitsin = sin(2n- 1y = Khong ton tai, vi khi n = 20 thi
X 2

7]

sin2n-1 )z = sin(dm-1 }z =15 -1, n=2n+] thi
R

2

=si{dm+1) e 1 —>1
o)

sin(2n-1) z
2

. N
Vay limsin— Kkhong ton Lo
[ AW
Clii ¥ Dinh nghia tuén khonge doi hoi vy phan xdce dinh tai v, vi v, Homot
dicm ta cia X, thi v, ¢6 (hé thude X hode khong, do d6 ¢6 rudng hop fla) khong
xdc dinh tai 4, nhung van ¢ aidn han e da. :

Chang han aét: |im —

Vol — |

-

fvy = 2

khong xdc dinh tyi =1 nhung v, # I 5 x, > 1 thi

x—1
L'__lzg\“——l)(\“_ﬂ) =v,+1 5 1+]=2.nghiald Iimx il =2
X, =1 x, -1 v — |



4.3.

SINX

Tinh chit va phép toin

Xétr, e RaeR
Tir dinh nghia gidy han hium 6 viy edce 1inh chat coa day hoi w. suy ra:
1", L) = ay. i) = ag {x = x) = 0y = a,

(tinh chac duy nhit cta gid hany
2% ) > alx = o) > (- @) -» 0 (v > 1)
3 A0 =0, Yae X = fx)y > C (x> x)
U H) > ao gl D a (v o)

0> 0 0 e (v = d.x, + O\, A M) £ gx) = M) > alv— v
57 ey s alv > x) = IC>0,38>0, Yy e (v~ 8. x, + S\l < ¢
0" > alvy o> ) a>p(<g)=> 35> 0. Ve e (v, — .1, + S\,
Sy > pi<g)

Hé qua:
A =2 ave =) I85> 0.V e (4, ~ 8.4, + 3\, NP (2¢) = a <p(2q)
7Y ) = ate = vy, g(y) = Ay o a) = g[H0] = bty > 1)
8% fiv) m> . ov) > b (xrx)>fl)Epl) >atb(x >y,

SOre(x) = a-b (v > X))

M — il (b#0)(x >
- gL b

Thue vay chang han xét phan diu ciia 8

XEt day bat Ky (). 1, # X, 4, > X,

thi f(x,) = a. (v} ~» b theo tinh chdt cla diy hoi tu

i fivg) + 006 = a + by = x). vay flv) + 2(x) > a + bx - x,)
Thi du: Chimg minh

Iy limsiny=20

-l

-, ~ r( ~ . - 1]
Xély > +0vil0<y< 5 thi O < sinv < v, nliimg 0 — 0. x — 0 nén theo 4

-0
Xét v 0. data = —x" (hia” > +0 va —sinv = sin(—x") = —sinx* - 0
Vay limsme=0

\-alb

2y limcosa=1
\»)

Ta bidt cosa = | = 28in"/2.
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Theo thi duy tren v theo R
Thicost > 1-U=1x >

hav jim cost =1

3 fim I =

o N

Xeta = +0, 0 < v < Theo Hinl 13;
2

) sinx .
—siny « —ux < —/fpx hay cosv < — < Hinh 13
2 2 2 ) x

Nhimg cost = 1 >0y, 1 = 1 Theo 4%, |im aina =)

Vv
' -t

Xty > -0 diw =1 1hi kha do
sinx'
4l =

lim —— = lim
Caen oy N

lin

T

siny - sin{-v) |

_.siny
Vav lim

o %

s {
F | 1 I =
A e
Xéta> 1, v o540, lay 1 day bitky (v, vo> 1oy >+ > ddtn = L) in
no€ay <+ 1 hay ! _<LS_I
o+ oy om

\

¢ 1 n, a ) [N 1 \
Suy ra: gy, ’ \}1‘_ lz[“__,
7 X,/ n .

<o+
R Yt
Nhung 4 -_[|+ ] . Sel=e
L n‘+1) n, ¥ . I
n, +!
; | . ",
(oo )y IW
|,1+-—J S U B TN IR
Lo (N n,/

e [$] ‘. ;o “ 1 ‘
Iheo 47, [IT I_] eVl l1m(|+ ] =v
A Yo X

N
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X2 > - x dutv=- - Lthi v — +x Khidd

N \ PR | [ Y

i X' N { i 1
(14 —l :(—-—J B il R U [ ST I
\ . — ] — I_ / \ -\. 1 vr| ; . '\_4 J

(theo uén) \":}y

o I

lim| 1+ —! =0
R

[SEEAN

- I !
Batv= - (v ->+ 5 thha= 0Okhido Im{lﬂx a=¢
94 I
Chir ¥ Gian han ten ¢6 dang 17, sau ndy ~€ thay day cang [ 1 dang vo
dunh,

4.4. Khirdang vo dinh

Tuong ty nhir doi vai diiy ~6 khi i gidn han caa hium 80 1o cling, pap cic

0 -
dang vo dinh = — [0, 30 - 2, 17 vitedn gdp vic dang vo dih khic.

(J o
Tu & dung bicn dot dai 6 Vicdlng cide gii han dac biet
sin v o N\
lim s = 1 i 1+ —J =e
vosd Y [y »:\ X

d& Rt cde dang vo dinh d6

1" Dang 0

0
Thidu-
o c- 2} 4 2x 4 d
lim o8 ]|m (—\— )(—\— = = Iim(.\': 4 2%+ 4) =12
Ve v =2 : =2 [

\178\ 3 (\,/I '7? -‘;}( ,1"8\ + \)(\14\ 4—’))
2w - ==lime, e -
N o (\,-"-l.\ )( /4\ + )( [l_ 8§ + »)

B - v +3) i) g
=lim- — o— =l = L ==
“'4(\—I)(Vl+8\+3) IS rgv 43 3
3) him —S-I—(—— = lim asmay _ ahm max ¢
\— () \ (e IV Ay >0 Y
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1 lmsm x.cotgr=lim ——-

2) I‘irjll(l )1g7 = [unylg (1 - y)=lim

X)) sinx v

-l

Biatl-x=y> 1> 1=v->0)

4° Dangoc -
Thidu :

1 lim r(\/m - \/T) =

-s

=!|m——'
"‘\/\+1—r\/—

= |im

I EERY2

=limcosx =1

Lo1e Cosina .
Hilim liny - - =1lim~ =lim —-=11=1
CoX WX COSX X mLOsX
X X
2sin’ sin
- 5 ) 5
Syhm- =lm- <= lim— ==
[ X ol X ’7 Conlx 2
4
fgx —sinx L smr 1-cosx 1 1
6)11mg—— == lim— . —— - =T
v DG X cosx 2
[\ 'Y:I
2% Dang —
93]
Thiduy
1 |
x-ov+! b= |
)lim=— | — = lim—- * X - -
v v =3 Uorx 5. B 2
/‘_:
1 }' i
'K I1+ L+
oNxT T = -
D lim —= ——- =1 \,_— —.\—- -1
Lowe s -‘\"\""‘X_X Vses ’|1 ]
| ]
Vy  x
3% Dang 0. x
Thidu:
S1n Y €os X

_\'(v,\' +1- Jx
= lim — ==
-« \;_‘-+
JIx
el — =42
If



! 2 xsl-2 )
2)“'“(_ - ")=|Im\ - —_—.Ilm—1 -
[IRIANSY _I _\.—_I N h I

5" Dang I
l'lu du :'him

. ny k Y
l)hm(‘*;) Ja=—kelk :tOJ
vove \ X

[y

O U R P SRNGENY
!1{1}]\ 1+ o= ,I,"?\]\(] +a)o = II'IIIIII]S_I_+ a) (H:xlu(l:a_); =et e T)
x 1an
3 by
2) Il|m[- ——\ —hm( \+—2J =}(|r?1(l+a)/) =
:/!il}}(l-u a) 3(l+ a)o“ =le®=¢" (a = x—_:z—.x - x> 0]

|
)) h[“((.OQ‘)\’) o= I|n](l—75|n \)\m v o—

= lim(l + ) ,,1 =¢" ,(a =-2gin° x)
3 5. VO CUNG BE VA VO CUNG LGN
5.1. Dinh nghia

Cho ham sd ¥ = fn) xde dinh trong mién X vy, € R 1h 1 didm w cha X,
ham f(v) goi 1 mot vo ciing bé (vo cling 16n) khi v — v, néu

lim f(x)=0 (‘lim! f{x) = m}

Ky hicu £1): VCB(VCL)Y (x - x)

Thidu:
Dy =sm: VCB (v > 0) vi ljmsiny =0

v oou

2) y= _\'“2 VI, o 2) vi |im\ “l = 4o

R6 rang: néu fiv) = = (v - ) thi flv) : VCL (v > 1)
Nhung nguoc lai, néi ching khong ddng, chang han
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X :(—l)" i NCL (n > +x) % },r“l — +ox. nhung «, Khong ¢6 gig han khi

5.2. Cie phép todn:

Ti dinh nghta v cic phép todn gicn han ta suy ra ngay cde phép todn vé
VB (VCL) nhu <au ;

1Y A0, g VB G > ) = flo) £ g(1): VOB (v = 1),

2°, {0 VOB, g(v) bi chin, dae bict g(): VOB (v > ) = f).e(x): VCB
(= ).

I ) VL, g bichan (v = ) = flo £ g(0): VCL v o )
A7 i, gy VCL (v = vy = flvygto: VOL (o -» v

S Sy VOB £0 (v o ) = 1) VCL (v > 4 A VOL (v > v Lo
VCB (v — a,).

6" A s a (v ) & A -a VOB (v > 1), (v € R).
5.3. So sianh
a)y Piddr nghia: cho fa), g VOB (VCL) (1 — 1), flv) goi 1 ¢6 bic 4
(> 0 so vdi ¢(v) néu:
i 2 =ccrocen
S|
(V) got 12 VCB(VCL) ca sg
Pac bict: £ = 1 thi f{v), g(v) goi la ciic VCB (VCL) dang bic Khi x — 4,
A > 1l fLv), got 1a €6 bac cao hon bic cda g(v) hay ga) got L bac thip hon
bac cta iy Khi v — .
Tir dinh nghia suy ra.
Binh ly: - cho f(v). g(1): VCB (VCL) v —> v, (hi
f(x (0. néu fv) ¢6 bie cao (thap) hon cia bic g(v)
eeg(x) (e ndu flu) 6 bie thip (cao) hon ctia bie g(1)
Thue vay' xét trudng hop flv), gu). VEB (v — v,) va fia) ¢6 bie cao hon bic

¢ha () (ede trudng hop Khice twong ).

60



Theo dinh nghia this 5, -2 S ) =Cz20.k>1

voore [g
Iim /(\—} = lim< /( )[g( )] )

ST )

5.4. Vo cang bé {vo cung 1om) tuong duong

SUy o =0=0

Pinh nghta cho (), g(v): VOB, (VCL) (4 = a ) flv).g(V) goi la cde vo clung
bhé (VCL)Y trong duong khi v —» + néu:
hm —/(\—) =1
©glv)
Ky higu f(v) - 1;(\ ). nihtr vy fiv) €6 bac k=1 so voi g(v) thi:
fiv~C |g'.\)l
C gy gor A phin chinh cta VCB (VCL) Kii v —

Thi du Theo cie vidy va bai tdp di cé khia = O, shiny ~ votgye ~ A,
.\': . | 3 1

-cont ~2 Jqgv-simy ~ —x' . (l-v) -1~ rc@.r>0
-

Kty o % ap\" + a1 + vy b a, ~ ag

Tir dinh nghia suy ra:

Pinh Iy I: N&u f(v). g(): VCB (VCL) (x > 1) i) - fi(0), (o) ~ g (v) thi:
lim = /( ) = lim /i(x)

S g(y) T ey

Thl_{l_' Vi])’: l““ f_(\_)_ hn\ _) et ( gl_(\)
vreglx) e A(x) g(x) g(y)
limf'—(ﬁ(lim /(A) — lim & ‘— I] dofi~f g ~g
U el
Pinh ly 2. cho flv), gv): VCB (VCL) (¢ — &) néu g(x) ¢é bac cao (thap)
hon bac clia flv) thi
fO) + (o) ~ fiv)
Thue vay, x¢ét trudng hop VCB (VCL): tuong tir)

Tacod:
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lim g(.—\') = ¢ Vi £(¥) c6 bic cao hon clia f(x), do 46 theo dinh nghia
)
SO+ 200 - )
Chit - Neéu [~ fi ¢ ~ ¢, thi g ~ fig,
Nhung chua chiie f+ g ~ f, + g,
Ching han sind - a,tgy ~ vkhia >0

Nhung tgu - siny ~ lx1 khi v — 0
2

~

Ap dung cac dinh Iy trén, ta ¢é (h¢ im gidi han cla cdc ham 12 (huang cla
ciic VCR (VCL).

Thi du:
n2x x2x
1yl ——=l =4
\—»() ] —CosY ;—ol) l >
X
2
Lox 19X — sin x x
) lim VTSR X o3
) i+ x -1 ““1(
.
x* +3x+ '
3 lim*- - — —=lm— ==
e 3x0 4 v 3x7 3

§ 6. DINH NGHIA SULIEN TUC VA GIAN DOAN CUA
HAM SO
6.1. Dinh nghia 1
Ham v = fix) xdc dinh tai lan can diém v, € X, goi 14 licn tuc 1ai x, ncu
an\1 flx) = flv,) nghia 1d Y(x,), v, > ¥, = {0y > A NDhay Ve>0,38 >0,
f-xg <8 (x)- f(x)<e
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Hoae cho trude mot lan can £ = (f{v,) - £, fli,) + ) cta diém fx,) thl «& 1on
tal motian can A = (1, - & .1, + &) cta di¢m x, szo cho LAY < E, v, goi Ta diém
Jién tue cha flv)

DatAv=1 -y,
Av=f0- ) =i, + A - flxy)

AL Av o1 [0 s gin cda d81 6 va hdm 86 tar v, thi dinh nghia (rén ¢é theé
phit bicu cich Khiae nhur sau.

Ham v = f{v) xde dinh tai 1an can v, goi 13 lién tee @i v, néus fjm Av=0
A s
Mot hivm 86 pot 1 lién tuc trong tip hop X C R néu nd hén we ta x €X, khi
do X gol tamicn Iién tue cda ham s6.
Thi du:
1y Xét him vy =2

v e Rlacd Av=A uy ra jim Av=0

ACEIT
Vay v = lien tyue Vv € R.

2y Xéthimy=s"taia, e R Av= 4" "™ _ g% :g'-'(u"‘ - ])

Nhu di biét jimg® = 1. do do:

ol

Nm Ay =a™ Iim(a“‘ —l) =0

AN AR
Viy v =« 1ién tuc tai A, €R, vi x, {a bat ky nén ham s0 lién tuc Vv € R

D Xé&thimy=simwia, € R

Vi Ay = singy, + An) - sinay, = 2sin —Aicos(xo + é‘l)
2 2

NEn tim Ay = 0. Vay v =smv Lién tuc tai v, € R, vy 1a bat ky nén han 6
Wl

licn (ue ¥y e R.
Tuong ty: v = cosa cling lién tuc tai ¥a eR
Ta 47 dinh nghia ham y = f(1) lién tue tai v, néu [im f( x‘) = f(_\'o)

1oy,

Néu ¢hi ¢é: (im f(x):f{xo),( lim f(x)=f(x(,)) thi f{v) goi 1a lién tyc

vy )

bén trdi (bén phai) diém 4,
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Thidu:
J(x)= ,;c‘:x# 0
(0x =0

Tac time' =0.dodd Jim f(x)=f{0)=0

v O Y v 8
Vay f(v) lién e bén i didm o = 0
Tir dinh nghia piGi han suy ta: f(x) g lién tuc tai x, khi va chi khi né tien
tuc ben trdi va bén phai diém x,. n ghia la:

lim f(x)= ‘l:u‘n\)f(x) = /(x,)

Tir des suy 1z do thi cGa hiun 88 ) 1ién tue ttang mién X1a | dudng bién vi
néu Khong hi khong thé €6 dang thie nay.

6.2. Pinh nghia 2: (dién giin doan)

Ham v = f) xde dinh tai Jan can diém 1 (¢61hE el ratai 1) goi 13 gidn doan
tal 1. 0éu nd khéng lién we tai 46, nghia 3 Khong 100 @i dang thic:
lim /(\} = /(\- ) v, 201 1 diém giiin doan clia hiwn 8. Nhu vay f) 12 gian doan

. X, | 1y
oy,

1ai v, néu.
1°. f10) khong xdc dinh tai v, (khong ©6 f{y,) hodc
2" ) khong ¢6 gidn han (eR ) ta) v, hodc
3% fx) ¢6 gidi han (e R) i 1, nhung gidi han d6 khong bing f{v,).
Né¢u 1, Id digm gidn doan ctia o) vai didu kién ‘“{“”.f(-‘f)‘\“'““f(x)
o N

100 tar (& Ry thi x, goi 11 diém gidn doan foai | cta f(1),

Hitw = tim f(x)- lim AV

[ 1oy, B

goi [ bude nhay cta fiv) tai v, néo = 0 nghia & lim /(x) 1on 1ai thi ¢6

Ny,

the 1ap lai s lién e cha f(4) tai y, bang cich dai K1) = lim 7(x ) kKl d6 v, goi

Ja dicm gian doan bo duge cln f(x). néu 1, 1d diém glin doun clu f1) nhung
kKhong phai 12 didm gign doan foai | clia né thi v, got la diem gidn doan lowi 2

cda (.

Thi du:
) 0:x<0
1) Xé f{‘r) - {
U-xx>0
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Tu ¢
lim /(x) = 0.tim f{x)=1

Viy v = 0 L diém gian
daau loai 1 cua f{v) vai bude
nhay h=1-0= 1,

#0

Ta 6 fim 30X _ g vay
Cwy
U= 00d diém grin doan loai |
cu f(v) A Gi bude nhidy /= 0.
Do dé eo the Jap su lien tue
et fvy iy = O bang cich
datfigy = 1.

3) Xt /‘(,\-) :—] tal A= 0, fla)y
X

khong xic dinh. dodé v =0
1 diém grin doan cta f(u) vi

Hinh 14

lim ! = —x_lim- = 4o néni =012 diém gidn doan 2 clia f(v)

AL 1 A-nx

~ ‘sinl:x 0

4) Xt f(\) - ¥
LO =0

Vi lim f(x)= Iimsin—l khong 1on  nén v = 014 dicm guin dogn loai 2 cda

v d [y X

[l

1.y
5 X& flx)= \I] veg (go1 1a ham Dirichiet)

LOI,\'E[

R ring ¥V v e R déu L diém gidn doan loai 2 chu f{v).

6.3. Cac phép todn vé hiun lién tuc

Tir ciie phép odu vé gidi han suy ra:

Pinh Iy 1 Néu f(v), g(v) hén tae tan v thi fv) T g0, fl).g(0), fo/e()
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(g(v) = 0) cling licn e i .

Thidu.

13 Ta bict v = v lign tue Va eR, do dd v ="

Gre Nyldlicn tuc ¥v e R

2) Ta bict v = sinv. v = cose licn tue Wy € R do d6 v = 1gv = sindcos (A

lientue Yy e R = 26+ 1) 2 t décow =0
2

v=cotgy licn tue Yy e Ruta =k .

Pinh Iy 2: Cho ham hop y = glf0)] vdi vy = ga) 1= 1), néu fiv) hén tue (4l
Voo (0 hen tue tal a, = fng) thi g[fTo] 1ién we wia,,.

Thi du: )

SXéty =" datn = x i v licn e Yy e R. e lién lue Y € R,

viy v = ¢ lién tue Vv € R,

. e+ ¢t —e" shx ..
Suy ra: chx = ———— | shy = ——— thy=""- litn e ¥v e R,
2 2 chy
cothy = _l ficn tue Yy € R, it =0

thx

3§ 7. CAC TINH CHAT CUA HAM LIEN TUC TRONG
MOT POAN

v = fiv) goi la hén we trong doan |a. ] ncu né licn tue Va € (a.h), lien (e
ben phai didm ¢ vicben trdi dicm A

7.1. Dinb Iy Weierstrass I : - Ncu f(n) lién tye trong doan [, b| thi nd bi chan
tong doan do. nghm a3 C >0 Vv € |a, bY: Il/ (r)] <¢

Ching minh: - Gia st nguge lai f{)) kKhong by ehiin rong |« b] nphia 1
YO > 0. 3¢ e o b ‘f(_\-)l>c. do d6 Y € N, 3x, € [u. b} sao cho

'lf(_\'“)|>n(l)

R& rang diy v, la bi chian theo nguyén ly Bolzana-Welerstrass thi day do ¢6
mot diy can [x“‘ ] hoi tu, gid s v > v,

Rorang o, € fu, BIVIiViia < v, <h,

Theo tinh chat ctia gidi han hi « €4, < b, theo gid thidt fv) lien tue trong

66



Vo, Bl nén/(v“‘)_)j'(xg) suy ra

/(\-”A )’ > ‘/ (,\-U)‘, mat khac theo (1) thi
|/(X )\I 4, -+ mau thudn ndy chig 16 sy ddng din cla dinh 1y,

7.2. Dinh ly Weierstrass [T : - Néu f{x) lien wuc tronyg doan la, b} thy né dat
mot gid tri [dn nhdt va midt g ti bé nhat trong doan d6

* Chimg minh: Theo dinh 1y wruée thi f(1) bi chan trong |«, b] do dé theo
ticu d¢ Sup thi ton tar M = Supfl), m = Inf f{v) ta s& chidng ninh M) 12 gid tn
lan (b¢) nhit caa f4) wong la. bl . nghia 1d chitng minh 3¢ ¢ Ja, b):
Joey = Mim).

Thie vay xét oruong hep gid ui 1on nhat (truong hep gida tri bé nhiat ching
nunh twong )

Theo tinh chat 2 ctia Sup thi:

Ve >0 3 el bl flO>M-¢

Dodo Vi e N3, e la, bl fixy> M- L (1)

n

Ra rang v, B 1 ddy bi chan, theo nguyén 1y Bolzano weierstrass, day dé o

mot dily con (x ) hol tu, gia su x, — ¢.rorimg ¢ ¢ la. bl .Theo gia thidt

fooy licn tue trong o, bl nén f(_y” ) - f( v)

Matkhic theo (1) g(x, )> a1 - A dodsfic)= M.

Y nh

Nhung Va € e b fiv) €M (suy ra f((f ) < M 3). So xdnh (2) va (3) 1a ¢o
frey =M.
7.3. Dinh lv Bolzano-Cauchy

NEu f(a) liéu tue trong doun [a, | va ¥ 1a mot 86 cho tude § khodng gidta
). fih)

fla) £ fiby thico 1 sb ¢ € (wb)ysao cho flry =y

* Chang Minh: Gig sur fla) < fih) (f{a) > fib) chimg minh (rong tu) khi d6
fla) < v < fib) chia doan |u, b| ra lam 2 phin bing nhau bdi diém €,

Néu f €)=y thr dinh 1y duge chimg minh, Giasa {C )=y

Nahla A fic )Y <yhoac A(C)>ynduf(C) <ywhidatu, = C . h =bh,

Khidé: flu) <y < fib)

Neufi€Yy> yiidatay =a, by = € ta vin ¢6 bl dang thic trén.
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b—u

RO ring by -y = I Lai chia doan {a. b] 1am 2 phan bing nhay i ly
2

luan trong tu, ta duge doan fuahs):
Ruad < v < fib) by - an= b-a
22
Qud mnh Iy udin tep tue, taduoe | diy doan
(a, DDV, flay <y < (D) ().
b b

N = 4 RS ting d6 it diy doan hat vi,
71)

Iy Pt CSlae b by - a, — 0.
Theo npuyén Iy Cantor thi ¢6 1 di¢m ¢ duy nhat,
Y ooelagbdoa, > e by el
Theo aia thiet fix) Lién we tong ebinéa fla) -> O fth,) = flo),
Fheo (1) va tinh chilt cGa gigi han thi fley <y vifley 2 7.
“dy fle) = 7. RO ring ¢ € {ab) vi néu ching han « = w thi flc) = v = flw).
Vi y L | 50 bat ky & khodng gitta fle), AB) nén suy ra
He qua 1:
NEu (v licn tye trong doan {a.b] it f0) 1y moi gid il trung, gian 26m giita

fly, fiby. Do do, dinh Iy rén cang goi 1a diph 1y )y gid orf nung gian coa ham
ficn we.

theo dinh 1y trude thi 1) dat dirge mon giit ti nho nhat meva 1 gid 1 16
nhit M. do dd f{1) Ly moi gid ti trung glun § giita ns, M nghta 1 micn gid ui ctia
fivy B doan (i, M| v hinh hoc th dudng thang y =y 1 <y < M (he ndo ciing
¢t da thy et f) i it nhdt 1 dicm.

Tir dinh Iy (r¢n con suy ra 1 h¢ qua ndra rat quan wwong, sau:

Hé gnua 2.

Ne&w f{v) 1én tue trong doan jab) va flay B < O i Ve € (ubh) : flery=0.

Thue vay vi flu) fib) < O ntny =03 gt fla). f{h)

Do d6 theo dinh 1y renihicVe € () - oy =y =0

Y nghla cua hé qua nay 1at 1dn: d6 chinh 1 didu kién t6n i nghiém cda
plirong trinh fix) = 0 trong doan [«.h] va (e d6 ¢6 the say ra cich giai gin ding
phuong triinh nay.

Chut ¢ 1) Ba dinh 1§ trén ¢6 the phat bicu thanh { dinh 1y nhu sau:
NE&u flvy lign tuc wong doan |a, b) tht n6 bi chan, dut 1 gid v Iém nhat, | gid
11 bé nhat v ldy mei gia il hung gian @ giga cie gid el bé, 16n nhit d6.
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2) bidu kién licn we trong dinh ly nity chi 12 didu kién du d¢ ¢é cde ket lugn.
Thuc vay sét ham :
M-x:0<x<]
F(x)=1{0:x=0 s
lix =1
R6 riang flv) khong lién we wong doan {0,1]
nhung nd bi chan vi ¥v e[0,1]: flxy < 1.,
NG van dat mot gid try 1an, bé nh@t M = |
vit o= 0 v vinn 1y moi g tri trung gian
gidra O v 1 (Fhinh 15).

Hinh 15

8. SUTON TAI GIOI HAN VA SU LIEN TUC CUA HAM
DON DPIEU
Dinh ly 1

N&u fxy don dicu khong giom trong (. by a, b < R va bi chin vén dudi
wong khodang d6 1ty lim f(.\‘)_( lim fia )) 100 tal, néu fln) kKhong bi chin trén
[P

v-»h-l1
(duén thi L) = + 2 (V> b -0y (fu-> -7 (40 ra+O)).

binh 1y ciing duge phdt bicu wong tu dé1 voi f(x) don di¢u hhong ing.

Pinh Iy nay 13 su md rong sy 100 tai ¢idi ban cia ddy don didn (nguyen 1y
Weicrstrass) cho trirdong hop ham don diéu: Dira vio nguyén 1y 6 v dinh nghia
gidi hgn chia hiim 8@ ¢6 the chimg minh dé diang dinh Iy nay.

Thue vay, liy 1 ddy bal ky (1) c(ahy. v, < boy, — b Kh dé6 ddy (f(v,)
dun dicu khong giam, vi A 12 dan didu Khong gidm trong (a.b). cing theo i
thic. (fx,)) 1a bi chan trén, do d6 theo nauvén by Weierstiass (hi lin fix,) ton .
Suy ra 1i|}:nl /(\) (0n tai, 1y ludn wong W iim f(x) cing 10N tad.

v h-U ol

RO ring Vv € («,h):

li e f(x)< b (v n&u vy khong b chiin aén (dudi), (hi 1o rang
m j(\) /(\) \I‘]I;I'I(If{\) ¢ ! &

v ot

lim f{(x) =+, lim f(x)= -

1 ovh-ul

Oinh Iy 2: Neu fln) 1a hant don dicu trong (ab) thl mo diém gidn dosn cna
n6 onyg («,h) déu 1a diem gidn dogn loai 1.
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* Chimg minh : Xt () don dicu khong gidny, () don dicu khong tang xét
wong ).

Gia str v, € (a0, by Ta mot didm gidn doan clu fY), ¥ <y thi fl0) < flv)

Do d6 fiv)y by chan uén (bii f,) rong (a4, A,)

Theo dinh Iv 11 Lim /(\) 10n tai, tugng, 4 |im [(x)u’m (ai, cdc gidi han
0" [

Yot LU
nay khong bing f(1,) vi ¥, 1 diém gidn doan cia f(v) Viay v, 1 diém giin doan
loai 1 cua f(1).
Ta bict néu f(v) lién e trong doan |a,b] thi mién gid tri clia nd 12 doan
[ M] trong d6 m(M) 1 @id el bE (I6n) nhal cha f(0) trong |ab]. Dac bict: néu
fLoy T ham dom dicu va 1ién we trong doun e b| tht m = fa). M = fth) hoidc
m = fth). M = fle) Khi d6 micn gii e cla f{v) )& doun [fla) fib)| hoac [f5) fla)).
Ncu () licn tue trong khoang (.0 thi mién gld i cua né khong nhit thict
[a 1 Khoidng. ching han him /(1) = v~ lién tue rong kKhoang (-1, 1) nhung mién gid
trr cia nd 14 [O,13. Bac biét ddi vot hium don diéu tang (giam) ta cd:
Pinh Iy 3: NEu fin) 1a him don diéu ang (giam) va lién tuc trong khodng
(), ad e R thimién gid i eia né I khodng (o, (1) voi
a=lim f(x)., B- lim /(x) a, B, ekR
Y ou-l ok
* Ching minh: - Xét f0) don dicu tang (giam chimg minh tuong w) theo
dinh I¥ 1 th o Bion i va Ve e (wh):a<floy<B (). a, Be R . Nhng khong
th¢ ¢6 dau bing, vi chang han ¢6 v, & (ubh) 1 fiv,) = a.
Khi dé 1ay: v &€ (a, h), ¢ <.x, thi theo gid thiét fla) don di¢u ting nén:
JUG) < ft) hay fie) < o maa thudn vei ().
Nhu vily ¥y e (@, D) ¢ < flv) < 3, biy givrcho o y bt ky: o < vy <B (2)
thi zvovetabra<finy)y<y< )<
Vinea khong, chang ban Voo (ab) fiv) >y

Vi fing /() - anin theo tnh chat cha gigi han: o > v, mau thudn vai

LN ERL

(2). Theo gii et thl fivy ien tue ttong [1,,v|

Do do theo dinhi 1Y 12y gid uf tung gian cda him 1ién e thi Ve € (4, vw):
Hey =y vy labar ky nén fioy 15y moi gia i & gida o, B, nghia Lomicén gid tn cua
f00) fa Khodng (o, B).

Ta Mct néu hiaim v = fla) do‘ln dicu tang (piam) trong mién X va ¢6 mién gid tri
13 Y thi nd ¢6 hivm nguge v =7 (v) ciing don dicu Llang (gidm) trong mién Y va ¢
mién gid tri la X

Mot vin de duoe dat ra 1 khi ndo thi £ 1a hién toe tong ¥?
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D& tra [0 1 co:

Pinh Iy 4 N&u ham y = flx) don diéu tang (giam) vir lién tuc trong mién X thi
nd ¢6 han npuoe « = f () cding don digu ting (p1dm) va Lén (ue trong micn Y I
micdu gid i cta fiv).

Chimg minh: Nhar dd et (2.2) thi f{v) ¢é ham nguoc v = o cung don
dicu tang (gidm) trong ¥ Ta s& ching minh £ I lien e tronp V.

Thye vay, x&C X = (wh) v [ 1a don didu tang (cdce truong hop khic tuonyg
n).

Theo dinh Iy 3 tht Y = (a, B), & = Ijm 7 (x), B= lim f(;) (Y: mién gia

[QEYTER voob N
i cla f( )
Xét v, € (a,fp). Theo dinh ly | thi ¢é cde gidi hyn:
x o= hm f ()< Ved, = lim f O 2 x,
v, [

t

Vo v, =f I(\'n) s (ab), vivyve (aprthia<f l(\') <bnén vy, vs e (ah)
RO vimey == \D:j"l(_vo) vi neu khony chang hanay # v,

Theo trén thi g < v,  khi dd ¥y < v,

S £y €4y <. Do dé gida g, v, f'l('\') khong 1dy wid tri ndo mau
thudn v6i didu (e.h) lamicén gid tri cta /7 (v) .

Vay /700 lien e tai y, e (olB) Vi, 13 bt Ry nén £ L lien e trong,

(o).

§9. HAM LOGARITHME VA HAM LUONG GIAC NGUGC
9.1. Ham logarithme

Xét hiim &6 v = o (1) (> 0. ¢ # 1), Ta bigt hivn nay & don dicu tang khi
>, don dicu giam khi ¢ < | viclién tye trong (- 2, + 2.

) . +xra> |
limu' =

[ O:a<l
o, [eras
ima' =<

v e ax<d

Nén mién gia tey coa (1) 1a fl(-e, +2)} = (0, +x). Vay ham (1) 160 tai ham
nauoe v = (1) don dicu tang khi @ > 1, gidntkhi o < 1 lién we trong (0, +3) vi
cHd mién gid ul 1 £, +50)) = (-2, +o0).

Ham nguge d6 goi Hihim lowarithme co 8o a cla .

Ky hicu: y =lop,v (2)
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Nhur vay -

) [+% :u>|
lim log, _\'ﬁ
Coe L-x:a<l
i/O La >
hm oy, v = ¢ |
Y ov o0 |1« ¢
PG thi cou ham v = log,v
doi xtrmg vat dé thi cta him f
. : - . a
v = qua duong phan gide thi A}
nhat (Hinh 16)
Lay logurithme co so b
(h>0.£1) 7
—
Jvd cta (1) aco 2 xX
logpt = viogud theo (2):
log,v = logplog ()
Bav a cony (hire lién he a<y

anti 2 he logarithme co 6 o vi
b echo v = h orong (3) ta duge

I = loge . log,b hay

log b~ L (4 Hinh 16

0og,. u

Khi ¢ = 10 thi logev goi L logarithme thip plian
Ky hi¢u Igy
Trong widi tich va nhidu khoua hee khic, ngudi  ¢on dang 1 heé logarithme

n
khie rdt quan trong, d6 1a logarithme ¢o 560 o = ¢ |, = 1im[l +1] goi 1a
n

[y

Jogurithme trnhien hay logarithnme Neper, ky hicu lny = log v hay Ly = log,v.
Thay /= ¢ trong (3) vt (4 1a ¢ cong thire lien he gifia loganthme o nhicn

ve Jogunithine ¢ 88 a bt ky,

I =lnalg g o= s

Ina
Dic hict « = H) ta ¢é:
Inv=1m0lgy, o= I
- Inl0
bit 47— b 5302 thilne= Mlax
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Chi ¥ thay 2y vio (D et v = "™ % e (O+x)
- ) s [FLTUN “ _oreloy
Suy ra X7 = {« = a

Nghia 1d him 10y thira vict duedi dang him hop coa hime m@ vi him
logarithme. Ciac hiim mit v loganithme [ cde him Hen tue do do hiun [ty thia
vz U hen e Y € (0, + )

9.2. Ham hrgnyg giic nguoc

Xéthimt v =sinyvat v ey . 2 ’Z—| Gobict hiom ndy 1icn e va don dicu
7372
. . S ol BN T T
(&ng trong [ Z 2l vasin ( _W == sin =1
| 2 2 2 2
. N . PN 4 - L \
Do dé micn gid tin cua ng Ia /" - ’T_E_] :[ -1 |]

Vay i = simss (o tar haan neuoe vy = f (V) cing don dicu tang vin lién

a7l
4+

e trong [-1L ] vited micn pad tn la f "(l—l\1|) = [__‘ -
L2 3J

Ky hitu v = meninm (1)

Tuong tr v = cony, 0 < v < xm, f10, ®]) = [-1,1] ¢6 him nguoe v = wccosy
don dicu giant v licn tue trong |-1,1].

J-ap =10k =ty 2o

<O ham nguge

Hinh 17 Hinh 18 Monh Y
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v arctey (3 don dicu ting v lign e hong (-3, +0)

N | \
Vi f |<-x\+r.)1:<

Han .« = cotgy, 0 <y <1, [l M| = (-, +6) ¢d hin nguoe v = arccotgh
() don digcu giiim vi Lién tue trong (-, 4%} va f (-, 4| = (0, 1.

o lx

Do thi ctu (1), (2) (3), (4) doy xting v@i dé thi cla siny, coay, 14, Colge
qua duong phin grde tur nhat.

Fir dinh nghTa suv ra.
NI aresimy ) = 4, cos (arccosty = x, -l < vl

. Vi T
Aresin(siny) =\, — -y <«
“y

arccos{cosy) =4, O0<a<n
ta(arctgn) =4, cotglarccoleny) =4, - X < <+
b3

arcletgy) = 4, I <X <=
2 2

arccotg(eolgy) = 0<v <t

aresiny + wrecost = 7 larctay + arccotgy = 7

2 2
NN
arclgn + arelgy = arctg — (L ¥y <)
-y
. X
arctey = aresin ———=——— ER SRR 3 ¢
VI+xT

Cic cong thie tren T hién ninién theo dinh nghia:

Ta chimg minh he thic: aresiny + arccosv = 7

b

. . Ir
Taco -  Sarcsiny +urceosx <7~ (@)

sin(arcsing + arccosy) = x~ +yl—-x Jl-x" =1

= uresiny + arccose = £+ 2
2

Theo (a) thi & = 0. Vay ta ¢6 hé thde phai ching minh.
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3 10. HAM SO CAP - SU LIEN TUC CUA HAM SO CAP -
AP DUNG TIM GIOI HAN
10.1. Ham so cap

Cic ham, {0y thira. mia, {ogarithme, lugng gidce. lueng gidc nguac, hyperbole
di dinh nghia goi 14 cde ham so ¢dp co bin. Ta cing da thay cic ham d6 lién we
trong cde khodng xdc dinh ¢da ching.

Tir edic hiim so clp co ban. nguon 1 1ap cic ham sa khdc. Mot haim duge xide
dinh hang 1 cong thife duy nhat lién he gitra cic him 80 s0 ¢dp co ban biang mot
& hitu han cide phép tinh dair s6 va cie phép 1ap him so hop got i mot hiam o o
cip

Thidu:

Ny = \l."rl_ogj(-] +—r‘)

X+ al'c'(g\/ | +3°

P+
lia cde ham so ¢ip

( néu a hita ty

) f(x)- 10

. , (ham Dirtchiet)
néu A VO ty

Soy =it

Khong phai [ cdc hdm so ¢fip vi ham thit nbat khong xide dinh bang | cong
thife, him thit hai: so phép tinh nhan tang ién Khi » tang, nghia 1a <6 phdép tinh
khong hitu han Tz sy licn e el cde hiam 86 s cilp co ban vir cae phép tinh vé
ham li¢n tue suy ra

Binh {¥. Moi him »a cip déu hién tuc trong midn xic dinh cua né

Vay néu f{v) 1a ham so cdp ¢ mién xdc dinh X thi

Lim floy=fGy) . v e X

v —)\U

Suy ra® mudn tm gidi han cta f1) 1l v, € Xt chi cdn tinh gid tr cia fivy

tai v, Chang han

. x Y +s 2 J2'es x
lim arctg7—+- — —|=arctg—+ — — =—+|

ol 2 3 2 3 4



10.2. Ap dung tim gidi han:
Ta bidt: néu f1) licn 1ae L o, thi
Litn /() =7
v,
Nhung v =limy dodé lim j(_\') - /r Him ,\)

- - - )
Vo, =Y, Ny, S

Dung cong thire ndy ¢ thé tim gidi han ctia ciie ham hop 1ap wr cde hivm lién
tuc, Sau day ts¢ du ra vati @161 han quan bong suy ractireong thice dé:

N I S | o Inflax
P lim (lro_ 1 o lim- {1+ ) =1
s v Iha AN
Thue vay
Y
log (1 x) 1 l
im- "= "L=log | lim(1+ ©) o | =log, e=- -
Lo X o Inu
( L)
| him{t+1)" - ',
L »II( ) ¢
\ )
o ooou' -1 v el =
= lim- =lm— ~"— =lha ., m— -=1
Lo v L “'10‘:‘_“(] ’_}-) [ RS

(Vi -1 =v=a=log, (1+v), v =0 & v —0)

. I \ 7 —l
¥ Iim(—+\-)—:a (x R}
¥ ) '1'

Thue vay dat (1 + )" - 1 =y thi 10 & y-0
(+ /=14 v=san( + 0=l +1)
(1rx)” - v an(l+x)

Khido iy 2L —=fim— — lim- — “=q
[t X [t 1[](1_'_’\-) Y AN

T cide pict han d6 suy ra khi =0
In(l+0) et -1~ v +0)%- 1~ @y

Ding cdc gidi han orén hole cdc cong (hiic trong duone ndy, ¢é thé Khtr
duoe dang vo dinh de (im 2161 han.
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Thidu:
In(l +a)

. Inx .
Diim — =lim— — 7 =1 (x=x-1)
Vol _| wom o

a hy P! A
N . L‘“—l 1—L‘ \l
lm— — =lim— —+— —
[ X AR X X )
o o
A Lot =
—alim— ~=-bplim — =u-bh
oo t P /?

(u=av, §=hu

R 1 | .
N [ a B -
) v =1 (1+_\")‘- I 1'\ 1
' - — =lim— = — =lm = =
2v v R v dy 6

Ap dung s licn e cta hiiny 6 1a con sny ra mdt giét han quan rong nia
Sau day .

“',‘\’,[-f(-\') ]TH —a', a bR VO

L

a=1im /(x)> 0., b= lim g(x)

U-s

- - - 2 Gl
Thue vay [fay | = o

Ap dung tinth chdt hién me cda ham logw ithme taedé:
lim g(e)In /(x) =blna
vy,

Ap dune tinh Ticn we cda him mii w ed

ok

i f(x)7 =c
o,
Bay gior adt mot 86 1ruong hop vo dinh cda gid han nay.

Khia = 1.5 = thi gidt han ¢é dang 17 Khi d6 ¢ thé vicl flv) = | + fi(x) vi

lan gfv)la /) Hlna A
C =7 = d

[i ()= 0 (- 1)
Va

1im[_/ (.\‘)]“M = }i[11[1 +_/}(1‘)]"(‘) =

(S

I ! J:(\J/I{‘) ¢y .
lim%[l +f|(1')]"“JL :e‘l“"k( )
Cl

J
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Thidu
NEETS ! Y

1 (\-rl B o 30 I . ,
lim J = 11mLI F—_| =g vt =v¢

ol =2 vos =2,

R ( 5 g llm v *
2) 11mL1+—) ettt N s e
e ‘

Qua cic vi du nily ta thay 1517 1 dang vo dinh

Khu=0,hb=0,a=+x, bH=0,

Ta ¢6 cie dang 0°. x°, qua cite thi du 6 the thay day cling 1 cic dang vo
dinh, diing cidc gidi han di biéecs the ki va tim duge pidi han,

Thi du.

Niliy

Limy xin
D im ,\“”"(0“) e =¢' =1
vosoud
| ‘ L gl | inthayy Ina
2) lim(Inx) (=) = lim e~ =t = =
Yo TR

3 11. HAM LIEN TUC PEU
Cho ham flv) lign e rong mién X, theo dinh nghta:

Yy, e X llmf( ) (xa)

hay Ve > 0,3 8> 0 l.\’— .1‘0( <O > }/(t) - f(.‘c“)’ <&

Nér chung: 8 khong nhimg phu thude £ ma con phu thude viio mol a, € X
chang han: xét f(x) = 1/x trong (0,1}

S -

£>O‘ "< hay” —<p (D
l) '\-’\-l)
3x 3x,
Xe g -y, <N 2 ova x.x, < 2%
[
L

Khi d6 (1) vicr duge : -y, < E.i;u_

[Lay 5;min(ﬁ‘gﬂ] tht iy _x |<b:>[———1<5
L2 2

ol

Vay ) T hién e trong (0,1 (2 thdy & phu thude ca vao € vivy,
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Neu & chi phy thude vio & khong phu thude mdi v, € Xthh fv) goi 1a lién
e déu trong micn X, motcdeh chinh xide a cdr

Binh nghia: - Ham ) lién we rong mién X, got 1 lién e déu trong micn
dé. nc,

v N R ’ - 2 R g "o - .

7E>0.38> 0. Vo e X, ¥ Ve X W x <d= f(x)- f(x)|<e

Thidu:

0y = «v + b L licn tue trong R, x&t Ves0)

() - f(x) = (ax'+b) ~(ux +b) <&

Suy ra v \‘<i
"
Lav
o= i vy <= () f(x) <s
173

(3 day & Khong phu thuge vao v e R Vay ham i) = ax + b L lign tue déu
trong R.

Bor v ciac i Hen we trong mot doan ta co;

Binh Iy Cantor néu ham f(\) bén tue trong doan [ab] thi né lién tuc dén
reong dooan dé.

* Thye vy gl dudt nguoce lai:

YO >0, F3e>0. v e {ab]T v e la h). |x'—x| ) :>'f(_\-')— f(.\‘)!Z/:

’

Lav & = 5§, = 0. n = 1, 20 .. khi d6 6 v, a, & [a. b,

X, -x,' < o, ]»/(,\-'" y- /(,\-" )| 2e.0=1,2, ... vV, € la bl nén diy () bi

chan, theo ngaycn 1y Bolzano-Weicrstrass diy dé chiva 1 diiy con x', - hoi tu dén
i

welabivily _y «yp S, =0 niny, -y,

Theo g thict /(v lién e ai x, nén:
j(_\““‘ )—> 1 (_\-,,)\_/ (x,) > f{x,)
Suya: f (\ )— /(,\-”) >0

Mau (huiin vdi gia thict phan ching:

i l/(_\»‘n)—l/ (_\-“ )l > ¢. Vay dinh Iy la ding
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BAI TAP

L. Tim micn aice dinh coa him <@

| )_\' = -\.'I_‘\_\' —\"

(. I / ._-_
2y SNsmy o - 3y y = \u'SIIl\."F\?
X
Hr= Jeosy 3y = _-\i;\-— 6y v (2x)!
Ssine
7) _\':( ])‘ 8) _1':—|-_‘—1—"'\,-';?\'_\-—.\j
N4 -
2 Tinh
DY O -y, f+ D), fla + 1. /|I ll _i_\ ncu /'(_\) - ! X
cxt f(x) 1+ x
2) Tinh f-2) fi-1y f iy, /L. /123 ncu
/ ) J1 TR P S |
R
{ L2‘ D 0<x <>

3 Tinh /00 ¢lgt0] Ago glfivd] néu
D) =, gy =2

0 - xv= (0 :x<0
2, :JO x=0 N
1 ¥ Tv>0 3 ) <[—.\-:: ¥>0

4 Tinh f(v) néu
1)/'(\+l):_\:—3\ +2
PO N [

—)/|_\'+—]-—1 +

\ v/ X7

oy /l H -~ \'F\""H 1’_'\_,_\'>0
L\

CCho fivy =o' a > U vitay, - Ly, o thanh mot cap <0 cong. Chitng miuh
Jiny 1) o thanb 1 edp <6 nhan.
6. Chofto =12 +a™y =12 -u)

h

}0)



Ching minh fla+y) = /00) fi) + ¢ g(v)
eOvFyy = o) av) + . e
7. Cac ham <6 sun day ¢6 bing nhau khong ?
/vy = }_ (= [N
X

2yl =n ROERYS

8. Vidt dudi dang wdmg v = f(1 ). cic ham »6 dn cho boi cide phuong tnh:
D w0 2 vsp= 2y

A0+ =0,
vit (im micn \dae dinh cua chiing.
9. T hin hyp v = /() vis midn xde dinh cda nd néu:
Iy = TRTEINTI
20 u<

=21 -1
1o us0

5
2 e

Nvoo o=Vl =
10. Phin tich xem ¢de hiun 86 <au diy 1 cic hio hop cda nhiing hivey no,
ST

Lyv=sin(2v+1). 2y =3

Hoy= \."'I v V"I_\' 4y
11, Ching minh cic him sau day 1 by chan trong cdc mién di cho wong
e, tm Sup, nf vi gluo 36 cta o)
D) =012, 55 2 fla) = HI+0). (-, + x)
IS0 = 20016y (O, 4 2) L4 oy = sin + cose, (0L 2 3l
12, Xét sy don dicu cha ciic hiim o sau. trong cie mién dii cho tuonyg nyg
D fivr= V(- e x)
2y flvr=smv |- w2, 1 2}
Sy =t (-2, 1 /2)
Dy =’ (a >0y (-7 + %)
Sy =20+ N (-2, )
6) f{v)y =cosy, |0, 1|
7y vy = cotga, (0, 1)
B ()= E(0), [0, x)
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13. Chigng minh rane: néu ), ev), A0 1 cie hin don dsca taong vit
vy < (V) < My thi
AlfE0L < glgO] <hh(o]

14, T ham o6 nguge cta cie hant s0 sau diy tronig cic mién (uong tng

Dyv=2v+3 (-7, 4+ 2)

vzl x50 101

J.\' o<l

[x7 1<y <

I3, Xésu chian ¢ e cde hant so sau:

) () = 3x - W

et
2) 1) =10 1= 9
IO =120 + a7 (> 0y
$) ) = s+ com
S5) [y =C (C =const)

16. Ching minh ring: ncu fiv) vt gv) 1a cde hhm wan hodn vi xic dinh
trong ¢img mot mién v ¢o chu ky thong ude vai nhau (ty <6 chu Ky cda ching fa
{80 hita 1) thi i) + g, ) gl cling 1A cde haum widn hodn,

17. X&U s tudn hodin var chu k¥ et cde him so.

() /0) = Acos A+ Ban ko

. 1, 1.
2) f(x)=sinx+ ;sm2_\' + S sin 3x

35/

)= 2o * — 3to’
(¥) =2t 5 3tg

G, -

- |[(r\

=sinx+ sm(w’)

6) f(\
7 fx

]

sin"xr f(x)=cos"x

V)=
J(x)=t
)
)=s

. vhiu oy
8y fln = Jl -
0 VO Ly
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93 ¥y = C(C = cont)
18 Bict do thi coa v = /1), dung d6 thi cta
Iysy =<0 ye=b+ (1)

D=0 ) 700

':‘\—u;-_l_ () —
vi=fla-a) yh_z[lj(\)! f(x)]

19. Dung d6 thi cua cde ham 86 sau:

[y=a-2w+2 $Hy=—x.|y
v—2
2y = 6) p=lv+ I|+|,\‘ |
X+2
By iy Tyy=1-3"
o] &)y =[sina] + sinx
) v =sinny (1 =2,3) 1) \ = 2cos X— T
3
Ihys= sin®y 12) v = v+ sy,
20 Chimg mmh:
D lim P(x) = P, (x,) » Pulv) = a)"+a L+,
PN P (x,
2) lim () = ) . Ox)#0
b L)/l'('\.) Qm(xll)
H
X' - o
H lim a | =3 4 lima' =0 (@>1)
Sy — Ve
5 limg' =0 (@< 6) lima' =+x (u<l)
N im Lz e (@> 1) &) lim a_ﬁ =+ (a>1),(k>0).
Y .\_ 1 3ex '\'

21. Chiimg minh rang: khi v -»v, (44 € R)
1) flu— + x (- %), g(1) bi chan = flx) + g(L) > + 2 (- )
DA >+ 2 ¢ e) i) >t e (- 2) fluy = O+ g(v) >+ x (- 0)
D) o7 g() = xS (Of(0) = x

L Lo:f-0= . b Seifinzo

/() /()

Hy-rx =
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22 Ap dung tinh chat @161 han chiang iminh

D limx =x, 0 €A >0

3 limsiny = siny, 4) [imcosy = cosy,
Loy Y —e
Y g 2k -1
M lim gy = tey,. x, # - , 7
1-x) -
6) 1im( )__1 —,r>0re@
v P
7 Ilm tev = £x 8) limcotgx =0
8 . N v
[:r_:n>m
Y) Pu(‘) ay .
- == =« —im= 1,
0, (x) | b,
10:m < n
-
P(O=an'+apn" + .. +a,
N
O =hp™+ b "+ b
23 fim:
1 =0 N
. AN N =-0x+8
D lim— : o 2)lim T ——-
VXY + X +2.\'_ ot xT _>\+4
" Aty _]
3 him— 4) m— —
\»I_\-‘_| A»I\- s
5 NI ﬁ+\ C Aurx-u-x
) ||m —_— - 6) lim - —
o ’I_'.\,_] v ol X
sin2yx Cosmx — cos/y
7 1|m 8)lim it
Csin 3y : “' X
{g¥ - sinx o sina + ) - sin(a — v
9 in lO)Ilm——( ———( )
o sin ' v "o x
1) i x1+')sm\ — COSY
i
1ok X
sin
2

Dlima’

:u"

[




24 im

[ Y S Y I J » \/—
AR A . AR VASRIRVAS
D ym ™ _I_\____v_ 2) lim v i-_—
N Y
(T sy 3 200
3) llm_r‘['\-’_\- +1-Ua _|] -1)]1”{ _— J
Y AN | —x-
- / T4 D el
3 (= )t J (’)hm(_ —\
it 2 Cr\ 2y -2
- AR 1 v
Y+ - S
7 hm[— ) 8)|1m[—,— )
TR | Loyt 4]
1 -
N ol v . Sy,
9 lim( 1+ 1;\‘) : 10) lim |
! v u \.
th I 12) lim - -
Im}(s‘m _\')u-w 2) k |m“2‘ -

. . X X X
*13) 1|||1cos;.cos’>—1...cos; (x2 0y

]

25 Ap dung VOB (VCL) (im:

. L=cosa . LOSY —COS2
D im - 2)lim it

CaoqaTy v [ —cosy

R UL S S Vel R _osin3xvsinSy
3 tim R Hlim —=

v X+ V.\‘ ©ov {_\- _\"):

|If + \/I\ + J\ A a’

g . A X . R -

3 lim \-- o — 6) Him P— (u>1)
N V'_\A Vel T ey

26. Neu fius g(v) la cae VO7 (VCLY Khiv ooy (4 & R thi tong tich
tirong e chdng 1 g1 ?

27. Cho /(1) = .\':[I+sin ! \I hmot VCB (v » 0) ¢6 the ndi né 1 VOR bac
A
2 Xhong ?

Cho f(v) = a" (@ > 1) 1a 1 VCL Khi v = + 92 ¢6 1the ndr den biac - VCL

nity Khong ?
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28. Chung miunh

1y floy = cony hién e Wy e R
2y /) =
Bt =2"lien e a e Rin e Ny

Xl licn e vy e R

By = Y lien we > 0
29 Chdng mmh 1dang néu flay vie gy) én e @i g € Rhi f(v) = ey),

Uiy ), /() (v, # O): fleiv): !/(_\-) cting hien e tai
u(v)
Nau 1y pvy [ien tue, go) gidn doan Ly v,
2 J0d, @) climg gidn doan @i v, thi 1ong. tich, thuong cia ching lien
tue hay aidn doan v,

30 XE s hién tye v gidn doan et

5 if;in\' v 20
LI
e S O BRI
v-2 U x=0
20 csind v 20
\ 1 /-(\'):4'\5”1; X #
| v=0 |0 X =0
3 /(\) 1 | ())I/(_Y):\/'_\,_/,‘-(V/\A)
-0t
1 cos v e
) /(\)-‘ \'_:‘__-\_.‘__ 8) f(.\'):COS_L:)
ooyl c0s T <
9 /(v _0 10y 0y [LOS , B
O P 7(v) S
D A

31 Chitog nunh sang néu i icn e nong Khodng (a, by v, v,
c4 € (a by i gitra chitng €O 1 so e dé fley = Vi (fio, + flos + 0+ Lo,
32, Chdng minh ring uéu V) Ién e tong feb] vie dat cue dai i dicm
Ve va € {abb s > ot fivy dat 1are ticu tai vy € (1, 1)

*33 Ching minh iimg néu fia) lien we trong [a0+ %) vi lim /(\) =1
N ot

Voy pdm aila fleny v L a8 ¢d 1ad e >usaochofiiy =y

80



#34. Chimg miinh ang néu fo) 13 1ién e trong [a.b] vi ¢d ham nguge thi
Sy i don dicu tine (gram) tong {@bl.
33, Chumg minh ring phuong trinh Vool =0061 nahiem trong (1, 24,
erii ean ddng, i nghicim dé v do chinh xide 0,01,
36 Chime minh 1dng da thiic P (0 = a0 + a ' + 4+ a, v L& Ca
nhat 1 nghicny thue
37 Tim meén xice dinh cla
iy = Iogjh’k -6+ )
2yv = lato+ 2) + logstv - 2)
Jyv = lall - Ig(\'\— Syl
4y v =aresin 21+
Sy v = arccos(2siny)
0)y = lgfeos(g i
Ty v = aresin] - v+ la(lay)

R) 1= 1la(tax)
9y v = lall - 2cosn)

a
10y }:urcsin{lg ) |

7/
38. V& d6 thi coi bhiam o

yv=1 4 Jgv+2) ) v = aresindsin

2y v =loes(t - V) v =0 - aretg(igy)

Hy=loa 2. y=urccos
N

By v M > 002 1)
39. Ching minh:

1Y dim 103“’—\- —pflu>1k>0)

Ly _\-‘
2 lim G log,1) =0 (a> 1, k> 0)
40 T
D) lim _\-[’_r—arc(g —\\J 2) lim-(z—m'csin—__f\-_ \‘] .
v\ 4 x+1 Vel 2 \-'I_\-STI/
3 Iim !g(_l+ 10;) 4y Iim—m(i(fs—x)
y e N im-
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chy - . ot
¥ hm b \— O iy~ T T (o #/3)
A\ Csinegn — sin v
In(2+¢' Ly 4 x
7 lim—-—( —-J d) 1m| -
v ors Ay - l J
(37 — N el \A\"
DN Yim \—IJ 10) 1mLLos'—]
REARE N | "o n’
. I" Y . ] \ \_»4
1Y limfcosix 12) 1|n||(- R
Vo (R U
: / ':-»-2"' v =2x 30
1) |m| - i 14 llm - )J
._\ -rl AU + 2
- —xv it | + ¢y Y u
I3 hml o J 16) 1|m( e J
AxT+a+1 AT +siny
f |
173 limx! ¢ 13) )im x
vl [
19) [im 20% lim |smddn(e+1)) - singnu}

21) Jim zu‘ccos{v'l_\'c I \-)
*41. Chimg minh ring: néu /v licn e gy € R vinpa) > 8 (<0ythi
IS >0. 91 € (K-8, xp +0) /(1) >0 (<)
*42 XE sy lién e déu cta
W)= Y - tong [-1.1]
3-8

by fiv) = logy (a> 1) wong (0.1)

HUONG DAN VA TRA LO1 BAI TAP

I)l()’»l- D12k kD L A=0.21,..x20
i)l-u 7, (’AH) T(IL 0.1,



Mgy k=120
\I(4k 1) \I(4k |)2

>0 r k=12, ..

1) S_\‘|<

1215

i
OGya = o=, 2

1J

Tyve I pgeZ;

A
{)y1-1.01w 1.2
2_1}1‘I+\" R ‘ _2 ‘_\_-I- | I
f - N2 L+ Y-+ [ —x
2y 1.0, 1.2

IR R Sh

b, [0 a0 0 V20 0 xz0 |0

- a ~ N - < \
[\".\' -} s 0 [-x':_\' > () =yt ()
4_1)\:—5\+(): 2)_\"-2_ RS 1"_Y'|_T'\'__
v

b o5
8Dy a0l - —u<agu
1
>
2 . Lo <y <0
Al

V-
1\' 0= <y

,‘I - I’.. . Z -
R A Y I R O |

-1 V3 —1rAfS
SRR - USRI IS -
p) 2

9. liv=smvi-x< <+ ®n

2)\'-.2(\:—]J.—]S\}l:_\':(); <ty

Y= \[u P -x <<

W Dyv=uw cu=sinviv=2u+ ]

U

2pv=30=v,vr=2v 4 |

! ! I
vE Vuor st ey

<0
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LI By mitfin) = 0, Sup fivy = 25 e = 25
Dy Supftv=1:3Hmffay=2
4y inffo = =42, Supfiv) = V2w = 22
12 1) Thang : 2) Tang : ) Tang : Hu< 1 gidoy, u> 1 ting
S) Fang . 6) Gidm = 7) Gidmiz &) Khong gidam.
4 -3 (-, + £y
2

L T I F N I IR

Vv=yv. (-2 1), \':.‘/T L+ |

15 1) Lé 2y Chin, 3 Chan, 4) Khiong chan, khong (¢, 5y Chiln
16 av Lo _ P 1 T chu ky el o, gt
1. g
it

17. 1 2 64 o S) Khong win hoin,

)
6y Khong tudn hoan, 7) o Chin, 271 0 1
)r1e D NTekRT>0
20. 1) Lay | iy bat ky v, ¢ide sid i ena a, v, - > X 101 dling cde tinh chal vé
wioi hao cda ddy. cic bad Khidc ching minh tuong t.
"
7) Chimg minh 4 _ >+ %, ldv 1 —> +x
n+1
BDatn, = £y
21 Lay { day bat Ky (v,) cie gid wn cta v, a4, = v dang cdc tinh chat cta
2id ban vo han caa diy.
22 1) Ding bat dang thic i—()_[s"[l +4< 1+[)L'|.[/7.| <t

Chime minh = iy = |
Vol

Saw 4o ching minh @ e = /X,
ror chimg minh @ jjm y" " =y

[

6) X¢étr = & N kha tricn shi thie Newton,

"
. . T+x ) -1 B
Ching nunh lim(—— _ ) — = xEtr= .
ool .\-
bt ’{‘.‘I(I +x) ~ = p cudi cung &7 = min
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23 1 -32:02) 2 3 i Ay aplp ) 15 6) 2 22380

nyoon |l

A
9y 172 10) 2¢cosa; 1) 2.

M Linynn2 o nts
<2 3 2

. 0) c(‘l

.

D r o+ . +x 0y >-c &) l/cl:‘))c: 10y -1;
1I2)1I; v > -0D: 0y +0
13) N v/u dimg siny =2 con/2 s /2 = 27 cony/2 cos /4
Gt = L= 2% cosy/2.cos/2 L con/2M siny/2"

23 D172 0300, H 155 +%,6)+x

26 VCB- Tong tich 1a vo cung bé, thuong tich khiong thé két luan
VCL  Tich VCL. 18ng. tich. thuong khong ké1 ludn.

27. Khéng (hé néi v (1 + sinl/y) ¢é bae 2 vi khong 16n tai tlimsinl/ x
v

Khong the noi din bac cla o' vi
. a’ _ \_/1\ N
lim— =+ % VK €/
Co oy
29. 1) Tong prin doun. tich. thuong khong the ket {uin
Thidytichfluy=vigv)= ]d tar v=1
v—1
-1:x<0
} x>0 L v =0

fo =25 (x)= {

Thuong ) =x: gy =1l =g glx)= o =t

=1
2) Tdng, tich, thuong déu khéng (hé két luan
Thidu :
/( ) [—I x<0
x}=
" x20
1 .x<0
g(\) = l > 0 ,
LR tax=0
1



'I'ich:q(\)ZII\):J_ll"\- NOTy

[1 - x hiney . cuv =0

. 1 .
/(\lzli L= — a1y =0

X X
-l:x<0
{huony f(v) = 0 x=0 e(v) = JI.-’_\ ()
\ pes ix=0
J oo
|‘1:.\‘\0
| ! .
fliy= — (= — i v=0

v X
A He=2eiindoanloai 1: h =0
Drfacntye Y e R
3y =0 gnindoan logi 1,4 = 2 Iién we bén phai
HLicnhme vy c R
Syv= 1 eidndoanloui 1.y = 1
OVu=AT h=1.2,  aiin doan lom I,
Ty Gidn doun low 2 for x =+ 2, i18ntuc khy _2<x<2
8y v =01 arin doan low 2
Yy Lacntue P e R
10)a = -1 arin down low 1. i =-2
AL Gorfin) = min{fi), ). fla)]
FO0) =m0 s fl)

T A < Ly + o+ ) <)
h

32, Chimg minh gid tri bé nhat m cia f0) tcong |y 61 Khong the dattai v, v
néneh o € (o) fley=m
33, Chime imunh s 3 b € (gt YAD) >y
34 XS oy 2 gy RG) ghistg x < s Chdong minlion Ga xq:
o < fivg < /().
35, Nghicin trong (1.22; 1,23) vai do chinh xde 10 !

36 X ,\( khd hon thi £, (1) cling dau van an”

wn

I I
371 (-x. 1 Us, 9—1);2)(2\4-7:):_‘\}'( I L\ 5+ 365
L2

D130 S) k- w6k o+ /6]



(0w, ult,
6) | 10 B 0 R B
\
DA [k v/t e+ /D) k=02 1. ...
D2+ 13 2hn+ 53 k=03 1. ..
10) |1, 100}
39 1) but v = log, s Chdng minh iy lﬁgl'\; =0

[ X

4

Vavier og,y _ 1 log, ¥
X kX

Yypua=L
.1‘

40 ! dimg cong thire arctga - arctgh = aictly a=bh

2 1+ ub

I dimp cong thie aresin Y = arctgy
=
VY o1

3 10lge 4y - !
2

5)_] ;o= D0 v - v +20;8)e.9) 1,
2]

I 1 ll)—l— ;120 13+ 14)

4

IS e 16117 L
e

S N}

18119 120020 %
3
41. Ap dung tinh chit 6" cha gién lan him 0.
42 ) Ham lien e déu theo dinh 1y Cantor (§1 1)
b) Ham Khong licn e déuwi lay v, = o™ v, = o™
a-1

Thi v __\.-”| = — =0 (n > + =)
o

NllLI'Ilg \f(-\_,,)_ /(_r'n )I = [—n fRy7 e 1': l>¢ Ve 1.
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Chuong 3

PAO HAM VA VI PHAN

1. PINH NGHIA VA TINH CHAT

1.1. Dinh nghia dao ham:

Cho ham s& v = fv) xdc dinh 1ai lan can diém xp, xét A thude lan can dé, dat

AV = A - v, Ay = A0 - flvg) =g + AV - flag), Av, Ay 1a 56 gia cia 36§ $6 vi ham
SO tal vy,

Néu (im A _ him f(x“ M Ax)—f(xu) 16n tai thi gidgi han ndy goi la dao ham
AGD Ay 20 Ax

ctia ham 6 vy = fx) @i ag Ky hicu @ v, ' 5 f), E’Z
dx

%4

Thi du:
1) Xét y = fix) =« = const
Vi taed Av=fln + AN - i) = -¢=0
Dodé. v = him —9— =0
-0 Ax
2y Xéty=a"n eN
Wi, tacd Av = (v + AY)" - 4" = " A+ LAY
Do d6 v = {im & nx'"”
A0 Ax
NXéayv=d"

Vo taco: Ay = "M - d = @™

!

o a*(a‘“—l) .
Dodoy = lim———2~ =a Inu
Ae Ax



Bic hict v =" thi '

= ¢
4V Xot = ey
Yaomed Av= s+ A - s = 2eon I N rl\ oin Ay
L ) D
. sin
Do dé v = \" 2
o doTy = im L(_)\l — |— = = cosx
Wl 2 /o Ax
2
Tirosng tyr. v = cost thi v = nimy
Av
Chua y: 1)y Theo dinh nghta (thi f(v) = Iim—-
Lo A_\
Neu \v = + 0 (-0)ymi §; L _l (On tat thi eidh han nay goi 1a dao
im | lim L Y £¢ !

Vot Av e Ay
hivm ben phett (bén tedi)y coa flu) i g,
Kihduw: fiy4+ 0y 4 (- 0))
RO rang dido kien cin viv du d¢ F Tegd 160 tar B f (v + 0), f (g - O3 o tad va
bang nhau.

Thidu 1) XSy = {\‘\ iy =90

I'a ¢o f(()+() 1”“.—\'-\- =1
nrAx

-A\v Ax . i . o
f0-0y= him— —=fim- — =-1. Vay tal 2 =0 f{v) khong 1on tan,
Wl Ay ol Ay
2) Canyg theo dinh nghla
. Ay oo Ay
flv) = lim == € Rondu jim— =«
Vo Ay Wou AY
(+ x hoiic - ) hi ta ciing md rong poi gidi han dé K dao ham va han cla
SR RTI
1.2. Binh nghia vi phan:
Cho ham 6 v = (1) xdc dinh i 1an cdn diem vy ncu trong 1an can 3o 6 gia
cua hiim s6 vict duge dudi dang: Av = A\v + 0(AY) (1)
Trong dd, A 1 mot hiing <6 nio dé (khong phu thude Av chi phy thuge 1),
O(AL) 13 mot vo cling b bic cao hon bac cia A x, thi bicu thie AAv got 1 vi
phan cia ham ~o do tai oy, vt ham <o v = flo got kb vi iy,



Ki hitu
dy = A Avhay dfivg) = A.A0

[ir dinh nghia ta S8 suy ra cong thie tingh vi phin, chia hia v& cta (1) ¢ho

Az Oce o A+%ﬂ
Av Ax
Chio A ¢ -» O tht theo dinh nghia AV
Ax

Vi (A biccaohon A G doda A=
Xdv=fiu=vihldv=rvAr=1 A=\
Nhime v = v nen dv =dr, dodo v =y

Viy ta cling ¢6 cong (hie tinh vi phin dv = vy
Thidu Theo ciacihi du o 1.7 (hi.

de=0

2y det” = ' Inady

) dsine = conudy

4y deosy = ssinxd.

Chit y: Tir cong thire tinh vi phan e == = f(v). Mat Khic ta Ky leu dao
dx
him 1a — - Vay ki hicu ndy cling ¢d nghia 12 thuang cda vi phin cda him <6 vit

AN

vi phiin ctia doi so
1.3. Tinh chat;

1700 Khd v tal v € Ax) ¢6 duo him i .

Thue vay, theo 1.2 a0 ) ki vi tai g la d3suy ra () = A nghia 1 (1) <6
duo hii i vy Nguoe lad gia st () ¢ dao hdm tai . nghia la

Flw) = tim Ar hay A fla) =

wou Ay TAx

b b ovo ciing bé khi Ay — 0 do dée

Av =) v+ a A

Theo dinh nghta, Av) 13 khd vi tal v, (v A B mot vo cang bé bic cao hon
bac cda AL).

2% A0 Kb Vi tar vy = o lidn 1oe 1ai v

Thuc vay, theo dinh nghia, A0 Kha vi tai xg nghta la:
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AV = A A+ O(AL), suy e A O tht Av — 0. Vay fo) Ta hien tue tai .

Didu nguge lai néi chung khong ding, chang han xét flx) = 'rl ham s6 nly

Hién we i v = 0, nhung theo thi du & 1 1, nd khéng ¢6 dao ham tai v = 0, nghia

13 khéng kha vi () d6.

3% Aoy Kha it g dat cuc i i vy = F () = 0

Thue viy, gid sit nguroe lai £ag) # 0, chang han f(4,) > 0

VIS = fim /Q __F_A_'x___{(\;')_) nén 1(i+i“_) -_/(El> 0, suy ra:

S oon Ax
Khi Av > 0 thi flvg + Av) > fl)
Av < O th fin, + Ax) < flyg)

Do dé. theo dinh nghla cye tri tht fu) Khoug dat cuc i tad v, mau thudn v

aig thic¢t.

Tinh chiit nity chi 1a didu Kién cin d¢ fix) dut cye i tai v, n6 khong 1a didu
kién di vi ¢é nhimg ham x6, dao hiim bang khong ai x,, nhung khang dat eae tri

tai do.

Ching han, xét; f1) = v, J(v)y = 7 f(0)y=0

Nhung f(1) khong dat cue tritaia =0

1.4. v nghia hinh hoc:

Cho hdmi 86 v = f{x) Kha vi
o va & 12 dé thi cta né:

XA M. Me B, Mg, fan).
M{v, + A, fx, + Ax )

Goi 0 1i gée giifa dudng thing
MM v ttue Ox, 1z 0 1 he s6 goc
cua no:

thi

o= 1 A rd)-s()
P Ax

Xét M dandi M, theo Z nghia
Bt Ay -> 0. Khi d6 dudng thang
MM <E dan 1o v i @i han 1
duong thing MM goi [3 1iép tydn
voi & tai My, poi o la gée gl
tép tuven dé vai e Ox i
120 — 1z vi 1gala 1 ham

4

Hinh 20
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lién tue Do dé. e ¢d tga = £(v). Vay vé hinh hoce dao him cda f(v) i o, bing
he %0 poc cta GEp tuyén vdi 4o thy hiim s0 tai diém c6 hoanh dé .

Bi¢t h¢ <6 voc cua idp tuyén vai 46 thi

ham $6 tai diem M, ta ¢ the vidh

poremy tinh coa Uep teyen tyi dé K Y o= flag) + () - 1) va phuong trinh cua

phdp tuyén G dé 1a

Y =ftyy - _I_ (V- )

/ I(.\h)
Theo Hinh 20 0 PM' = tpoce Av =y
Chi s

1) Neu f(y) Khang (6n i
nhumg f{a, + 0), £y - 0) 160 1
thi A6 thi cua f{v) €6 2 G4Ep tuyen
bén phai di¢m
(1linh 21).

2y Néu f{yy) = o6 thi dé (hi
caa f{v) c6 mot Uep mycn tal M,
song song vl aue Oy. (Hinh 22).

v trdd "

Mo

L.5. Y nghia co hoc:

Xét mot diem M chuyén
d-ny hing khong déu tinh i mot
didm U ndo d6. gia s hhaidng
cich OM phuy thuoc thai gian ¢
oM =An

Noudn ta got 18¢ do coa M
tai thoi diém 7 1
Fle+An) = £{1)

Al

Theo dinh nghia dao han tn
Vo= f(n Vay. Dao him cou
Lhoang cich OM (i thai ¢iém
bing téc do cia chuyén dong i
thoi diém d6é. Ngudi (4 cang md

V= {im
AV

Hinh 21

Mo

1ong khii mém dc do xét mol
him so f{v) bat k§ va gor e 4o
etz fl) e

9%

Hinh 22



JEHAY-S(3) L,

V=lim
N e Ax

3 2. QUY TAC TINH PAO HAM VA VI PHAN
Pinh Iy 1: N&u cdc hidm s # = u(x), v = v(x) kha vi tai 1 thi cac him s6:
wr oy X (v #0) eling kha vi tai 1
v

Va(ux vy =u' £V, dlutyv)=du+dv

() =1'v+n' dGay = vdu + udv

(Cuy =Cu’ , d(C1) = Cudu (C = const)
(_u) _ ‘_"“l—fl d( 1_1_) vdu— udv 0

y v v?

v

g-g g

Clumg minh = Ta chi ching minb tudng hop thuong, céc truomg hop khice,
tuong o,

v
v/ v

Xét v = l () #Mlacd

v
! o 1
Ar wWx+Av)  v(x) -l ‘_(“ +Ax) - \-'(x)
Av Ax N v(x +ax)(x) Ax
ChoAv > 0tacd:y = -v
vZ
Bay pid xét LA 1
v v

Theo quy tie tinh duao bam cia tich ta ¢6:
(1 A | ¥ vu vi'—v'u
L— =W—+u—| =——— = — =
S v v v v v
Theo cong thae tinh vi phan thi:
U vi'—v'u vitde —wv'dy vdu —udv
d(—j [ ] de = dx = =
v

S v' v v”
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Thidu: 1) Xéov =1

Tu biet av = Y (and) = cos ; (cont) = -

CuS X
L COSX.COosX —sinx(—sinx 1
Do dé: v =1gv = = s ( ._) = _; =I+1gna
COS™ X cos™ X
2) XéLy = corgn
Ta bidt cotpr =
tey
L ey - >
Do doy = [_l) :_(_LT'_): R ! _ = ] =- (I +cotpgny
ey [LERY cos™xtgTx  sinTx

Binh Iy 2: N ham 8 1 = fixy khii vl tai v vd hadm 80 v = g Khi vi
w=f) thi ham hgp v = g0 ] Khi v tay v v

Y=V

Clrimg minh: (ho v 86 gla Avthi o ed 86 g An vl y €0 86 gla Ay,

GidsrAn =20

Theo gid thict himy 86 v = glu) khit vi i e ncey

AV= g A+ aAu, a— OkIn /&r_ -0

Chid hat v& cho A ta ¢d: I?:ﬁt'ch !
;

Ay , Au Au

A )2 A

Ax Ax Ax

ChoAr 5> 0Ot A > Ovakhidéa -0

Do d6 theo dinh nghia va gla (hict i kha vitai a, taced: v, =, o0

Chit y: Dinh 1y trén ¢6 the md rong cho truong hop ham hgp cua mdt so hit
han ham so:

Ching han. v =g v =fv), v=@ (V) thi ¥ =y, 1 v,

Thi du:

1 Xétv=e"

Datnw=-vthiv=e¢" v

l—/“ _I
W= =

Dodé v =v, 1 =e¢-1y=-¢"
Suy ray =chy = £ e vi= £ ¢ =shy
2 2
Tuong Wz v = shathi y' = chy
v=thathiv = LI QI
ch™x
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v=cothvthiv'= _ !

s x
: . . 2
DXy =sm v daty =sindg oy =30 hrv=w = v = X

>
=1 -volth™y

V= 200, = cosr v =3

Vo= 2icos, 3 = 6sin3dacos3v = N6y
BPinh Iy 3: NCu ham o v = 7(0) don dicu tang (giam) v Kha vi trong mién X
N L N x s DU
vat fi(ay = O trong X thi hant nguoe v = £ 7 (v) cla fa) S€ kha vi trong mién gid tri

Y el flay v

Chitng minh - Xé1 v e Y. cho v <o gia Avibiv=f ) oo 2l
A= f "(y + Av) = £ bict - )‘“I(\‘) cing don dicn tang (gam) néy
Av # O thi Av = 0 do dd khi Ay # 0 1a viét duoc:

\\ B _J
Ar o Av
An

- . o gl R — . )
Mat khide ta bidt £ (v) eling 1ién tye tan y nén Ay = 0 thl Av — 0, do doé theo
dinh nghia viv 213 thidl ta ¢éd
. Av 1
lim— =y =-—
w Ay I

Thidu: 1) Xéty = loga

RN s v 3
Iry =a suvra = a'lnge

Doddéyv =y, = ay = _1__
X vina

Pac bitty =/mothi V= !
X
2) X& v = arcsiny, (ir v =8y i co

V= oy = \/l ~sin’ y = JI-x° (do - /:

\i
[N
0! *

~——

|_ _ P
'\-Il \/|’_ J\'2
|

Tuong . v =accoxv thiy =- - 1
2 . —

! z

vi-x

Dodove=y =
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{

y=aclgviy =

)4 X7

1

y=areeotpi thivy = —— —
1+
X&v=a"“"(1>0.aeR)
4 Inx

7 N} NN ~
Vi =0 M neny = ¢

u

PDatu=clm thiv=e" v, =¢" i, = o
X

[¥s
Do dé v =y =¢" I AN
X X
Lo [ . ]
Dachict @ = - liy=J/x vav= _L
2 Vx

Bang dao héam vi phan co ban:. Qua cic thi du trén ta di tinh duge dao him
hay vi phin cda cde ham s6 so ¢dp co ban, by giv ta viét ching vao mot bang
go! [ bang dao hinm hay vi phin co bin (& day ta vict dudi dang vi phin).

1" e =0, ¢ = conat 200 =ax v
T dy
A 41(‘\’ .\', = -

q-? J' ety = a haadh
X

6" doy, jxl )= e

S ey =eNh

xina
7" dinp]y = 45 o
\ & d(sim) = cosady
o . 10° ity = ‘}'f = (1 + 17 Oy
)" d(con) = -sinndy cos- ¥
Y dicotgyy= - _d\_ =-(l+ culg:\ Yl 12" daresing) = L/-\__
SINT X x/I—. S
13" Jarccosy) = __i; 14" datctg)y = - ci\‘_s
-y by
15" d(arcentayy = 7 dv_
1+ x° 10" d(shy) = shada

18 d(thy) = . - (1- lh:\')d_\

1 7% deehyy = shuda ch™x

12



d

19° d(cothy)=- _}_ =(1 ~coth™ud
sh™x
Ding bing nay vit cdc quy tic tinl dao hin ta ¢ thé tinh dao hdm hay vi
phin ¢z 1 hiim <o »o eiip bat ky.
Thidu: Tinh v néu:

ve X ]] + urclgi Insiny
N 2
i
, Yl x+ ]\ p) . cosx X
v R} 1+ = —Insinx + ——arctg —
x-N\x-1/ (x)" sy 2
T+
" 2
v+ 2lnsiny X
= -d—— —+—-—— t cotgx.arctg—
(_\‘- |) x™+d 2

Chie §: N&u v 1 hiun ~& an cha v xde dinh 2 phuong ainh fuy) = O tht v
Flov(v)) = 0 rong midn xdc dinh cua v nén mudn tinh dao ham cua v theo v ta
tinh dao hion 2 v& cda dong nhat e ndy theo v, sau dd gidi v ra doi véi .

Thi du:

U B . N o .

1) Cho v = v(v) xde dinh tr v + 37 - 1= 0. Lay dao ham hat vé phuong trinh
niy theo

Do+ 2w =0doddy = X

A“
23 Cho y = v{1\) xde dinh tir v = | + v’

< 1 4 L
Ta sy = 168 + e’y

Do dd v =

3y Neu him so v = f{n) duoe cho bai 1 tich 6 phite tap hay 1 bicu thite luy
thira mi thi a ¢6 the tinh dao hin cta y theo & bing quy 1ie sau diy goi L cich
tinkt dipo hiun bing logarithme

Thidu:
(x= 1) ¥x+2

Yx+3

1) Tinh y' néu v =

Iy logarithme ieper har ve ta ¢6

lnl‘\"' = 2]n|.r~l|+ ;Inl\ +2'—%lnf_\ 3l
3 : '
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Tinh dao ham hai v& theo a tacd

v 2 | 1

vox=1 3w+ 2) -5(_\ + 1)
Do doy' = ( I) V2 (—2 . I - l J

2y Tmh v néu v =14

Tico, Iny = vy
Voo b Sy = i
1 Y

3 3. DAO HAM VA VI PHAN CAP CAO
3.1, Binh nghia

Cho ham ~6 v = 1) kha vi tong mién X, 16 ring dao ham v = f(0) hay v
phan v = f0dy cting B mor ham so cda v trong micn X Gid s ham s nay
cang Kha vi rong X, kKhi d6 dao hiim hay vi phan ¢iia né goi la dao ham hay vi
phan ¢iip had cua /(1) ky hicuw:

VN d- ¥ o [zl\j
kT vl

Fy 0 = A
con dio him £(1) hay vi phin dyv = f{Odv cting goi [a dao hiun hay vi phan
cap b cua flvy.
Tong qudr: Ta 20i dao hiny hay vi phan ¢ap » et ) tai v 15 dao hium hay
viphan cta dao him hay vi phian cip o - 1 eda f(0) tai A,
Ky hicu '™, o, d” d’y t/ [d"! ]
U L )
AV A = dd oy
Tir dinh nghia suy rac néu vl bich s6 doc lap thi @ 'y = (0"
Thue viy: 'y = d(dv) = dif '(Odv)
=dvdf (V) = dyof " (WDde = f“(.\')d\'l...
Ld'y = fMOd

v cod"y - . - . L.
120 do ky hi¢u dao ham 4 cing 6 y nghia 13 thuong cua hai vi phan
o
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Thi du:
1) Xty ="

e b -2 Ay

Ve T malo- T Y s Yy e -+ I

il

Dy Xév=u. v =a'lng
. 2T .

Vo= VY = @ty o'y = ot Onaytdy"

1i1)

Bac bt ncu vy =¢ iV =07 Ny = et

3) Néty = s

' \
v=cosne =8 ( v+ ”]
)
A= -am = sy + 1) = sin (\r AR
Vo2
o onx ST
g 7 3 - I v
viU=sn ey \ Cd'y - SIHL.\-T -—]Ll.\"
: 3 ) R,
e N / nT)
Puong v v = cost thiv™ = con [ 117 ]
Vo2
4y Xdt v =lopp, v = T
xina
ir 1y
, 171 ! (N |
) T ) I G A
] Ina ' x Inu nu
o (Z0 e )
Inu X

velnvdiny™ = -0t @__”L)!
Y
Chit ¥ - Xy =0, = u(v) dy = f 'y = fuddo
Suy e vi plian ¢ip 1 ¢6 tinh chdt bilt bicn v dung mac du 1 bich 86 doc
ip hay phu thuoc,
D& ding thiay vi phan cip hai ird 1en Khong 6 tinh chat nay.
Thuye vy, Sy = d(dvy = dUf Godiy = dudifan) + faod(dn
= dnf "(uydu + f(u)d"u =f "(H)du2 + /”(u)(/zu

3.2, Quy ti¢ tinh

Ta ¢o 2 quy tie tuh dao hinn vivi phan cap ncua tong v tich s sau:

" ey =" e sy =d £ d'y
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“ {0 i n 2 ity Yy .
2 i (”\-) = ZC‘II”[/I l|"|’| : (} (,“-) = ZC’:,(I”‘ l’l‘/IY (o =iy =y
[

I n
i - B ~ ' ~ P - - >
Quy tie " ehing mimh dé dang. & day t chi ching minh quy tic 2°
Tus& chuing minh 2 bing quy nap.
=1 () = c-l“ a'yv+ (‘ = 'y 4oy ddng

Gid str 2" ddng v6i dao him cap n - |
(=41

o [ u 1 1 IR} 1
("= e el e e D N e i
Bao hiim hai v&wco
. I . | (o 1)
(" = e +(L':| 4 ,)u“' W
sfen e D e
" A N s _ AN PRI
T\hlrllg Eon T4 (— ‘) Ly 76, (_ 1) ¢, = + o
. n ” o1 i
Vay o™ = e e Y W !
Nolhia B 27 diing vai dao hienw cap
Thi du:
A , (o
Y Chov=sm™ =, tnhy
2
- - X l-cosx .
Vi Y I TEOSY e
2 7
i
A {1-cosy) | ) Lol T ) 1,
YOE L o T o= 0~ (cosx) = --cos x4 oy —<siny
2 2 20 2T
i, . 3
2y Cho v =& st tinh v
: . 2
Puti=c, v=smautht ' =3 " =61
w” = 6,7 = cony v E sy = -cosy
Gu_ g nin R Y P Y R T Y
yo=(w ) s|n.\'+c;(x ) (sinx) .’L'1(.\' )(sm.\') +oyx ' (siny)
. 1. 3t
= Gainn ACORY - 9UTRIN -\ cosv
¢ + 18 9
1. Tinh trye G&p dao him ca cie him so:
Dy =" 4) v =1 7) v = aresim 10) v = log
2yv =4y S) v =cotgn R) arccotg
3)v=com 6) v = arcigy 9) v = drccos
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.

vt =0

i

2iv = lcos i tin v=2k+ 1)y T k=020,
b

|
1 xsim r#0

J - N
0 x=0. =20

Hv= oy =kl

- Tinh dao ham cda:

L [
Dyv=2+v-Citaia=0, - 1
2
v e dmvdd v =0;-2, 10
3 2
v+ D+ 20+ 3y Hry=G+20" 034"
- L2 Y 2Yar
Hyv= Liy il ory= " A0 \_)
I —x+x° (|__'\.)"
N ARy . i | 1
Tyv=1+ Jx +Vx 8)_\—_+__*+_,__
X \./T Vx
lr_ﬂ- I'_;—____ . i~ ’__'—_
Y yv=yx+dv+ Jx 10y v = \;’H Vit Vx
I vy=(l+a) V2+x" 43+ ¢
Tinh dao hiun cua,
1) v = cos2u - 2sim 2yy= \'m(cusz\')(0\'(\“1"_\)
3) ) = xin"veom 4) v = sin{sin(siuv))
§yy = SMXTLCOSY O)y=1gv- l(g‘_\‘ +_tg'x
COSX + XSINX 3 57
T T — sin” x
Tyv =4 {cote x + ‘\/cmg“_\‘ Ryy= !
51X
2001 -3 2x
9) v = sm(cos™(tg ) 10) v = sin Sacos 22
3

. Chimg minh rang cdc hiun sd sau Khong ¢6 duo ham tai cice didm wong
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Ty v=1g™3y

5. Tinh dao hinn cta

iy ¢ 2)_\ =2
. . N u h

3= ot siny - heosh ayy= [:J L”) ( -\:) La b0
L Yo +b° ; h/ \x/ \a

A \ 't
M= +a + U

())\*:_l /,,(1+\-)_l1“(1+\1)-_ ! -
> 4 21+ v)
SR —_— -
Tiv= ) - b B)v = ln{.\' Py +l]
4o by

-

X - u RN
{ = T N & . ; I N
)"—3\.\~.u - Infx+vx \—uJ

A

(O)y = IncInding)

1)y = fuckn (I 'v)) 12)v=1n }i——sm_\
) Fsiny

N
13 v = Intg — - coxa In(igy) 14y v =logw

[

6. Tinh dao ham caa

v )
Pyv=mcn - 2) v = wesin
S u - 5
3y v = wccor _l“/l 1)y = \'!_\, _ arc(g\/_\'
\J"z .
- - b
S)y = aresindsimy) 06) v = 4recos(Con )
. \
Ty v = eSS - Cosy) 8) v = arclax + - arctgn
¢ \ Lo M R
N I L X [ v oud X
)} y = In| ar¢cos- I__J l“).‘ — —vVdad - X7 + —arcsin--
- Iy I D] 8}
) AURY - - 12
Py = arctgip™y)
7. Tinh dio hima coa:
D=1\ 2y vy = (i) M+ cosx )™
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MHy=a I'Il__:( 4y = (V)X - dy) ()
Vidx

Syv= ¥ [ 3-x_ 6) =[x+ {1+ )}
v l—xv(Ju)} ¥ x+\/{l+x)

8. Tinh dao ham cda cde him an v = f(v) cho theo cie phuong trinh:

1) \l+2_\_\‘—\‘:=2\' 2) \':ZZ/J\
S L 4 Jx+fy=va
a b
Sy xt4yt=a® 6) arctg Y =1n /¥ +y°
¥
9. T v, néu:
DHa=siny= coN’! 2) . = qcont, v = bsing
Ha= ucm']i. Vo= asin’t 3y = (1 - smi)o vy =a(l - cost)

10 Tinh '

1) v =In(chy) + _I - Ay= “hf _ In(cothlj
2ehx sh™x 2
Hv= '|I'L‘CO&(_I_} 4) v = arctg(thy)
chx

11, Cic dikmy szu day ciit nhau dudi gée bao nhisu?
s

Hyv= xTox= ¥ 2) v = sing, y = cost
3) V- _\‘1 =a,xy=0h

*12. Tinh (dng.
DPLY=T1+2v+ 3+ o+
2y Q)= Fa2i+30 ¢+

3) sy 4+ Sin2x + L. 4+ s

4) cosn + 200820 + .+ ncosn
3)chy 4+ 2ch2v + ..+ nchny
13.

DTinh f(a - 0), fa+0)néu: flv) = ]_\‘ - al @ ()

Va1l pv) dicn tue va @ (a) =0

2) Tinh 140 - O), FO+0) néu fiv) = Yl-e ©
14. Chimg minh rang:
1) Dao him coa ham 6 chan 1a ié
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2} Pao ham caa ham s6 18 i chan
3y Bao ham cta ham tudn hoan i tuan hoan ciung chu ky
15. Cho

1) f{) ¢6 dao ham tai vy, g(x) khong ¢6 dao ham tai x,

2) fir): g(x) khong ¢é dao ham tai v, thi fa) + () f(1). g ¢6 dao ham
tai v, khong?

Xét thi du:
AV =1, gy = ]x] flvy = Yx . gy = ]x] tai vy = 0
16. F(O) = flg(v)] ¢6 dao hiam tai Ag khéng néu:
1Y A1) €6 dao him a1 v = glag), gla) 6 dao ham tai vy
2) J(1) khong ¢6 dao ham tai x = g(v): g(v) khong ¢ dao ham tai y
Thi du:
Df=ig=pl
2)f= M‘X:-\l

Nf=2x+ . g= Ex -~ _.l_jxl; vo=0
33

*17.
1) Néu flx) €6 dao hiam va bi chan trong («,h) va limf'(x) =

thi lim f(x) =« ?
Thidu: f(x)= Yr. >0

2) Néu: f{x) 6 dao ham trong (1y, + 20) VA <O (im 1(x)

X-3r

thi Jim f(x) =7

Thi du f(v) = SnX_
X

3) N&u f(1) bi chin ¢6 dao ham trong (v, + ) VA €6 [im f‘(x)
thico fim f(x) ?
lim 7(x)

Thi du: fv) = cos(lan)
18. Tinh:

l)a’(ln(x + \/mED 2) d(l arctg fj

a a
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N
3) d{_l_lnl_\_—i{‘l 4)(/(.\.(‘)
V2a |x+ay/
5) d(xcosy) (_‘“](V:"(F;;:')
D] ) d(/'_“.-‘_']
C-at Uy
9 d{ arccos—1 \ 10y _4_‘ (- 200"
[ L/(,\’ )
ty _d .‘(5_‘!‘-}‘.] 12y dlsiny)
u’(_\‘:) X L/(COS_\')

19. Tinh gdn ding
b .02 3) arctg] 05
2)8in2y°

20 Chuing minh

T X ) i
Na'Aamar- — a>0, y<u

s
(N XEt fx) = 2/x
fog+ Ay = {,”.;:—r_\r ~ %f; ‘- _’l% thay vg = «". Av =)
wyYx?

Ap dung tinh:

Vs 4y 9

2 V34 5) 80

3) 120 6) Y100

7) Wi000
21. Ching minh:
1) v = 1 nghidm ding heé thie vy = (1 - )y

2) y =xe * nghi¢m ding he thie Ay = (1 -2y

I+ x+Inx
22. Hai ddu cua 1 thanh AB = Sm truot theo cic truce 1oa do Oa, Oy. Toc do trum
cua diau A 12 2m/s. Tim ta¢ dd cha diu B lic A cich O 3.

R) I v nghié¢m ding hé thie o' = —(.\'H)_v:
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23 Mot diém chuyén dong theo hyperbole v = 19 s20 cho hoanh do v 1ang déu
X

vai 1o dd 1m/s. Tun (6¢ do bién thién cua v (11 diém (5,2).

24 Tinh dao ham va vi phan cap 2 coa:

B, S 2 e X
J1-x°
MHary=e - 4) y = sin(lm) + cos(inv)]
Syv=(1+ .\1)21|'ccmg,\ Gyy=(1+ _\'g)m'clg\'
7) v = (aresing ) 8) Y= a({ —Sml)

= afl - cost)
YA = elcoss, v = elsing
25 Cho

. (5 3
1) v =iy, tinh ™ 2) y = ¢*cosv, Tinh _v( ’
o' . 10 10
Hy=Y  Tinh ,\'( ) 4y v =aco2v, Tinh d 7y
X

5}y =cosvchy, Tinh cf'_v
26. Chung minh
1} v = Ccosv + Cosiny nghiem diing phuong trinh

Viy=0
2} vy = Cchy + Cishy nghiem ddng phuong (rinh
y' -y=0

Ny=x "€ conllnny + C ,sm([n\)l nghi¢m duing phuony trinh
vy THU-2my T+ (1 4+ )v—()

Al 7 )
o= 5 x ¥ - X .X
FE e lecos =+, sin——| e’ €008 —= + ¢, 8N ==
N2 N2 V2 V2
hiem ding pl dnh yY + v =0
nghiém dang phueng trinh vy~ + v =
27. Tinh dao ham c@p » cua cde ham <6:

yv= ! ) v= 1__:_.
a4+ hx T Vavbxy

Hy= —I-T 4y y=e"sinhv
XN —u

*S) v = arcsiny, tinh I)‘{")(O) 6) v = siny

Ny= CoNy 8) v = sinaveoshy



HUGNG DAN VA TRA LOI BAI TAP

i 0, -1
2y-2,1-1 00 -4.\3 .
N2+ 2N+ 33+ v+ Y)

1) 20017 + 12005 + 20)°(3 - 40
12-6x—6x" +2x" +5x* —3x"

5y 2A1-2x) 6) |
(I—_\'+X:)_ {I’X))
AR UL R () gy Lo L1 s
eNERE S oaxdy 3
Yy l+"\/\ +4\/_\r+\/\ +2\/,\+\/_ (>0)
8\/\\/’_-1-\/3 X+AX +\/—
N D V20, -1, -8
7 I, a2 [ i
“7‘\1.‘_\--(|+‘\/; ‘/(T+‘ [+ r)
~ 2 3 3 3
”)6+3x + 8x° + dx -'-_2.‘( + 3x v ¢%/:3—
24 x? ‘(3 + xz)L
4.

2) -sin2a cos(cosy)

1) -2cosy (1 + 2sim)
4) cost cos(siny) cos|(sin(siny))|

B
3) -nsin hcos(n + 1)y

5) al

(cosx + xsinx)’

iy o'y
6y L1 xrte X ke T k=0, 4],
2

cos™ x 2

_ 25|nx(c05\sm\f — XxsIn X cosx” )

7 8___,\'#1;1( ]y 7
[ Y _ . 2
Jsin” xiftgx (smx )

2 2 . A w
CAEE] VACENUGY \'m(2lg§.\')cos{cos'(lg‘\)|’ X ;tz + ko
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10y 158in"5veosSieon” t“ - --I-sin‘ Sv sing\

11) 10lgSanee™Se

1) 2xe '
Lo [ b
20 2 seet ~In 2. | secy = — !
x° X \ cos v/
(= T ; r—h
3y Na® +hTe" sinbx Hdmd a0t (s o
N T
St + o'lng +a“‘ .u‘(hw)2 6) __’-L x>l
(1+_\}'(l+\:)
s L
V-l I Nyl
9 Valvat 1 _ ' ase
xln_\'ln(ln.\')
1y 6 s e

\'Inxln(ln\.\‘)
12) - e h-nZkez
cosy 2

13) simdntgr 0 < v - 2kn<§‘ kel

14) —l(!og\e): A>0, vz
X

') .
Dy = y xj<2
.\'" +u” \/4_,\'1
i _ -
3) . x- <2 4)—‘/“—, 120
1+2x-x~ 2(1+x)
. -1 nfu <P
Sy sian(eosy) (v (2F- 1) 3 keZ, signk=]| e > O
10 néu x =0



o) 2sign(sinx)cosx

\/I+c052;

7y SN+ cosx 0<X—kﬂ<§, keZ

N2hkn keZ

sin2x
4
gy 1+x7
l+x(|
9 x>
RIOVI arccos{ l J
Vx
10y Ju' = ¢
-
Iy = x:(zk—l)g, kez

sin' x+cos* x
|

Iy (d-Ilnvya>0
2) (sim')"c"'\‘(colgz.\' - Invsinn) - (cosy)

O<a-2Un<ch®
2

LY Hyy

.\'(]-.\")' wX-a

[EXTIITY

(tg2 v - Incoxr)

}) l—-x-x

1

5y 34-36x + x* +2x

3x(1- x)(9 - xz)

y,_\'¢0; 1;+3

6 _"__
A+ x”
8.
i) 1 ]_‘-1 2)1’:!3
X—-v oy
";) 1; _b X 4)}.>:_JZ
a’y X
. y . X+
P) y'= == 6)y'=>"7
X xX—y



N-1,0<xv<]

Dag =k + DX keZ
2
10.

1) th’y:

3) fign(sh,\') ‘
chx

x#0
11.

dretg é.

)

3)

(NRE I SR

12.
1

1y 1= "+

(-

2 : el son
yy Ll e (2 fzi‘);;”
(1-x)
sin " .sin (-'-7—+- l)x
3 2 2
. X
sin_-
2
X . 27)+] . 2 hX
asin - .sin ——Xx—sin” —
4y 2 2
2sin?
2
. l 3 S
nsh™ .sh(n+ - )x AR
5 2 2 2
25h? .
2
13.

2) _—bcotgt O<ltf<s
a

4)CotgL\I¢2kﬂ:,keZ
2

2) ;2 x>0
sh'x

|
ch2x

2) arctg 242 ~ - 70°30

- , Q) = A POOY

Dfta-0)=-¢ ((l),ﬂu +0) =@ ()
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2 F0-0)y=-1: f(0 + V) = |
15.
1) Khong ¢6, khong thé khang dinh
2) Khong thé khing dinh
16. C8 the ¢6. ciing ¢6 thé khong
17.
1y Khong thé
2) Khong thé
3) Khong the

I8.
i) '_d\‘_ ) _.\.Li\-_'
NES am+x°
R _d‘ﬂ (] + e
Xt -a
S)(cony - esinv)dy 6) .\‘d\';_
@ +x
2-1Inx
7 _d‘f_‘ e < 8) —3—\/‘,‘.?((\‘ x>0
s RASVAY
(I -X )
9 _H 151 10y 1-41'- 34
xJx' -1
0 L‘[cosx_siﬁ) 12)-colgy vzkmheZ
2x” x

19. HD: Diing cong thioe flx + Av) = flxy) + f{x ). Av. Avkhd b
1) 1,007 (bang : 1, 0066)
2) 0,4849 (bing : 0,4848)
3) 0.8104 = 46°26' (bang : 46°24")

2().
1) 2,25 (bing : 2,24) 2) 5,833 (bang ; 5,831)
3) 10,9546 (bang : 10,9545) 4) 2,083 (bang : 2,080)
5) 19907 (bang : 2,9907) 6) 1,938 (bang : 1,937)

7) 1.9554 (bing : 1,9553)
22D 0A=1=21, OB=y= 5 -4’
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2 T2 -1

b)) __7_‘\ + 2urclgy
l+x”
7y . 2 4 2xarcsinx
- x° !
(1-x7)"
9) ¢

/ {7
J2cos'ir+ J
4

25.
Dy = _ 6_
(10) n Yy
Z(-i) tm
1yd'% = -1024 (veos2x + Ssin20)dn
5) dy = sim. shy . d’
27.
= nb”
- (a+bx)""
3 RO (__1)",_;! _1 o _1
. a0 Lix- )" (x+a)”
™=

(" +b7)? (b + 1)
118
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2) _ X

I
. '.)‘|<l

(l—x:)1

I T
y Zsin{ln), x>0
X

6) 2arcigx + _x_
1+x°

8) 1

4asin‘(

stz dm kel
|
=y

4
2) v = -decosy

2) ylu) —

(-0'(2n-DH"

2 (a+bx)"\/a+h;



S = h

- cosp= _ ¥
Vat b

] N " _ \Ia'\+b'-
SiffMoy=o 00 = 12k - DU k=012

-1
6)-2""Ccos(2v + 17

>

7) 2™ cos(2x + nry
> 2
wy (u-b)" . nr| (a+bh)" .
) 2—5|n{(u-b}x+ 5 J+ : 2_) -sm[(a+b)x+ nzz}l
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Chuong 4

CAC PINH LY VE HAM KHA VI VA AP DUNG

§1. CAC PINH LY TRUNG BINH

1.1. Binh ly Rolle

Néu ham 6 flx) lién tue trong doan [a.b] kha vi trong khodng (¢.b) va
Sy = Kby thi 3¢ € (wh) saccho F(e) =0

Vé hinh hoc: Dinh 1y ndy xdc nhan véi nhitng gia i€t da néu thi ¢6 it nhat
mot diém thuoe dé thi ciia ham 56 sz20 cho ti€p tuyén véi dd thi tar dé song song
vai truce hoanh.

Chirng minh: Theo gia thi€t flxy lign we trong [e.b] nén theo dinh 1y
Weierstracss flx) dat mét gid tri bé nhat in va modt gid 1ri 16n nhat M. ¢6 thé xay ra
2 truang hop.

a) m = M kh dé viom < oy < M nén vy = M = nghia [h fix) khéng déi
trong [a.b} do d6 ¥x € (a.b)1acéd f(x)=0= 3¢ € (a.h): f(c)=0dinh ly dugc
chimg minh.

by m = M. gia sit fley = M. fic’) = m 5 vang it nhat mot trong céac diém ¢, ¢
khong thé trung véi « hoac b, vi néu chang han ¢ = o. ¢ = bahi vi fla) = f(b). theo
gia thi€l, suy ra M = i, ta las tro vé truomg hop trén.

Gia str ¢ = a.b nghia In

¢ € (ab) vi M ciling 1a mét cuc ¥
dat cla flx) trong (a.b) vd theo gia
thiér fly kha vi trong (a.b) nén theo
tinh chat cta ham kha vi-

Taco f'(x)y=0.

Chit y: Cic gia thiét trén rdl can
thiet d¢ dinh 1y diing. chang han xét:

xv=0

Yo 0
a) flyy = >
l—v:x =0 0 i X

Hinh 23
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Ham <6 ndy lién tue v v uur
A =010 ring khong ¢6 ¢ € (0.1) dé
{(y = 0 (Thoh 23)

b) fiv) = |y

Ham <o niy kha vi ¥V & ui
vo= 0 rd rang clng khong ¢
¢ e (-1 déf 'y =0 (Hinh24)

1.2. Binh nghia Lagrange:

Néu him 6 f(v) hién tue trong
labl Kha vi trong  (aw.h) thi
Jee (unh) sio cho

by - flay = F(eXh -~ (L)

Vé hinl hoc Dinh ly nay xic
nhan vor nhimg gia thict da néu 1hi
¢6 it nhit 1 dicm thude dé thi cda
hiun & 10l 36 11Ep tuyén vai do thi
song song véi doan thang nai diém
diu v cudi cua do thy (ITinh 25)

Chutmg minh: Ré rang dinh ly
Rolle 1 mén (rwsng hop dic bict
¢ dinlt Iy vly, ta s€ dua dinh Iy
nay ve traamg hop dinh 1§ Rolle.

XEt gl 1 hiy 6 ¢é dé thi 1a
dutng thing no1 cic diém

Ala, flayy, B(h, fib)) thi tai «
hoac b, f(v) vit glx) ¢6 gid tri bling
ithau, do do ham so:

F(oy = fiy) - g(0) i a via b <8
¢6 pid tri bing khong.

Vi
v = flay+ LI 1@

b-u

| |
| [
7 0

Hinh 24

¥

Hinh 25

(phirony inh cia dudng thing qua AB) nén F() ciing lien e tong Ja, b)
vi khad vi ong («.) nhu ), Vay F(v) ¢ day di cde gid (hict caa dinh Iy Kolle

nén. e € (ab)saocho F'(¢) =0

Nhung F 'O =f'(0) - g =f'10)- L(b_);_/. (LQ
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Suy i f () - PRI RFA I
h—u
Hay: /iy - flay =) Db - @)

Biy gid tu Vil cong thie (L) dudi mdt dgng Khide got 1a cong thde o gia

teeru hati.

Bua=a,.b=1,+Av=1

Vie cla.yndndacduse: e =1 40, 0<8 < |

Khi do (fyvict duoe: f) - ) =A G, +0A (L
Cho 8 = 1)2 trong (1) (u ¢6 cong thite tinh gan ding

L+ A0+ A0, + A

Thi du: Tinh gin dung arctgl,!

Bary, =1, Av=0.1 Tacd

arctg L1 = arctgl + _ 00 — = 08685
I+ (1.03)

1.3. Pinh Iy Cauchy:

NEu f). gl lien tue gong Jo, ) kha vi trong («.b) v g'(a) # 0 trong (ah)

thr Je € (aby

san cho, J D) = fla) AT
g -gluw) &)

Ra vhing dinh Iy Lagrange i mot utidmg hop diic bict cda dinh ly ndy khi
gy =v

Ching minh Ta cling ching minh dinh 1y niy bing cdch dua vé trudng hop

dinh Iy Rolle,

N

XEUham <0 F(uy = f3) + Ag() ronig d6 A 1 mdt <6 niwo do.
Ko ing F(O) licn e trong [a.b] v kha vi rong (a,b) ta s€ xde dinh & d¢
Flay = F(bY F(&) = flay + k() (D) = fib) + Au(hy,
Slay + hgta) = fidy + hg(h) = {e(h) - gled] X = -[f(h) - flen)).
RO ring g() # ¢(M) vi ndu ¢(u) = w(h) thi theo dinh Iy Rolle.
Ac ¢ (abYysuocho g(y=0
i van grnthice ¢'(v) = O trong (ab)
Do do: x=- JLb );fﬂ'l
by -gla)
Vay F(u) xdc dinh nha trén ¢ ddy du cie gia thict caa dinh 1y Rolle



Do dé 3¢ e (u,h) suo cho F'(cy = O hay j_(b)_—/@ - ﬂL)
gh)y—glay g0

14. Ap dung:

a) Piéu kién don diéu cua ham xo:

Dinh Iy: Cho hiim s v = (1) kha vi tong midn X

19 NEu £1(v) = 0 Ve Xthi f{v) likhong doi vong X

2° N&u f{v) I don dicu khong gidm (tang) trong X thi £'(v) > 0 (< 0} rong X

3% Neu f(v) > 0 (<), ¥v e Xthi f(v) 1a don dicu tang (giam) trong X.

binh 1y duge chimg minh d& ding, ching han 1° Vi, a2 € X dp dung cong
thie Lagrange vao doan |xp, 1] doi vai f(v):

S - ) = sy e € (v, )

Theo ma thich: f1(v) =0, Vo e Xosuy ra £ () = Ovi flus) - fiv)y =0

hay f(v,) = f10). V aq, vs € X nghia la /1) khong A6l trong X

Thi du

Xétfln) = 20 -l >0
4y -1

[ty =4v- 1=

X

Via>Oecnf'(O<0kbhiO<yv<1/2va

J'{O>0khi12<ai<+ =

Vay f(x) don didu gram trong (0,1/2) va tang wong (1/2, + =)

b) Quy tdc thir nhdt tim cuc iri.

Dinh ly: pid «i ham 6 v = fAv) licn we vong midn X vi kha vi tai lin can
digm v, € X ¢6 he uir ra i v, vi néu trong lan ¢l d6:

Nhia <o, /() >0 (<0)

>, (<0 0)

thi /() dat cue dai (ticu) tai A,

Ching minh - Xétirugmg hop cue dai (cye tidu xét tuong (y) viy thuoe lan
cin cla v, 2 #, dp dung cong thie (1) vao hic¢u f(1) - fa,) ta ¢o:

FO - == (O ¢ edm gifra v, vl x

Neu v <y thi v- v, < 0 vit v < e < v, theo gia thict /'(¢) > 0

Suy ra flv) - fla,) < 0 hay fix) < {(1,).

NEua > v thiv-,>0vav,<c<x,
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Theo gia thict £ () < 0 = ) - [ (v,) < 0 viy twong lan cin cua v
flvy <y

Theo dinh nghia f4) dat cuc dai tai v

Frown = f1,)

Thida: Xéty=(v- 5){/;

Tacé : yi

y=x? 2 —3) _S(x-2)
3x e
V=0khiv=2y=w=khiy=0

X¢&r ddu cda v theo bang:

N - 0 2 + = Ao B
. ;2

v + | - 0 +

)

[

|
y’///O\\\JVZ//)

Ta thdy : xr = 0 la diém cuc dai
cua y: v, = v(0) =0

U= 2 la diém cuec tidu coa y: Hinh 26

Mam = y(z) =-3 VX

Chi ¥: Qua cic thi du d3 xét ta thily, flx) ¢6 thé dat cyc tri tai nhiing didim
£'(x) =0, f(2) = = hodc f'(x) khong t6n tai, nhimg diém nhu vay goi ‘i nhimg
diém bt thudng cla 1) dac biét, diém v ma f'(x) = 0 goi [a diém dimg cla fv).

¢) Quy tac L'Hospiial (khit dang vo dinh 0 , {=/=)
0

Dinh ly: NEu cdc ham s6 flx) va g(x) thoa man cic diéu kién cha dinh 1y
Cauchy trong {an c¢an cliadiém x, (x, € R) tiir tai
G iM A = limg) =0 (=)

Corx,

vi lim SO =y e Rymi lim fx) =
ok gl('\.) 1 0\,, g(-\A)
Clung minh: Ta chi x8t (rudnp hap v, « € R (Cic ttuong hop khice chiang
minh tuong )
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Xét ham £y = /() x#x
0 CX = X,

Vi Gly) = g(x) x#x,
0 X=X,
R4 rang F(v), G{x) thoa miin c¢de diéu kién cia dink fy Cauchy trong lan can
cua v, do dé v thude 1an can dé ta ¢é:
FOO-Fl) _ FO) yom gilfa v va x,
G(¥)-G(x,) G'(c)
hay 00 _ S wsivey,
g(x)  g'lo)
Cho x — 1, thi ¢ — 2, theo gia thiét:
tim 1) =00 86y L) =4
¢y, g‘(c) =y, g(x)
Thi du:
5|n Sx

1) Tim lim =—
©-0 sin Zx

sm5x_ lim >c055x

fim 2—
0 ginl3x © ’“ 3c053,\

N . fex—sinx
2} Tim |im _g_.___
=0 x—sinx

w W

1
- T~ Cosx 1- 3 1 + 2
fimeos’xy 1 COs x =lim +C0SX+COS" X _13

m
2
x>0 | —cosx x50 cos” x(1—cosx) *° cos” x

3HTim lim a (a> 1)
Al - X x
a"ing

1
. a ) _
fim -—=lim e e

1orr y ¥ X l

Chii y 1. CS thé dp dung quy tic L'Hoéspital nhidu {8n néu f* (\) £'(x) lai thoa
man céc diéu ki¢n cla quy tic.
Thi du: Tim
et—et=2x . e+et=2 . et-et . e +e’
im-——

lim - =lim = lim—
=0 X —SsinX 10 | —cpsx =0 sinx 1D COSX

I
i
.}




2) C6 thé ap dung quy tac L'Haspital d¢ khis cac dang vé dinh 0., <o 7]

. . 0
0°, =% bang cach dua cdc dang niy vi dang g hoac —
0 o0
Thidu: ) tim {im x"lnx (o > 0)
x—y+)
[

. . Inx ' X
lim A% = fim 2 o Jjm —X - = lim — =0
Y— H) *~i0 y x-3+0 _ax_”_ «3+0 —p

L
2 Tim Jimx: !
x>
__l
Daty= x° ! thilny= "X
x-1
{

. . In . .
liminy = lim—— = limX =} suyra lim y=e¢
x ol x — | x 1 x )

3) Khi "mi:.(i) khong 16n tai thi khong dp dung duge quy tac L'Hospital
phai lam theo phi;;; phép khic.
Thi dy: Xé [im 2 SINX
vax oy
Vi “’“M = LiTa-(l + cosx) khong 18p tai nén khong dp dung duge
quy 1ac L‘Héspi((il); Bing céach khic ta ¢6:

x +sinx ( sinx) -

lim = lim| 1+ —=
Y-pr x T Y x

3 2. CONG THUC TAYLOR
2.1. Cong thie Taylor va Maclaurin

Dinh ly: Néu ham s6 y = flx) ¢6 che dao ham f'(x), £ “(x) ... f*(x) lien tuc tai
di€m x, vi ¢6 dao ham f"'"(x) trong 1an can clia x, thi tai }an can dé 1 6

cong thirce:
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fly= ﬂ‘o)‘*‘f(xo’( —x)+ f‘"(-fﬁ( —x,) +...

2!
IU6) o O ey
R e VAGRE A

(cagiy, vave=1v,+0(v-x) 0<8<]

Cong thirc ndy goi 1a cong thic Taylor clp n, 36 hang cudi cing goi 1A <8
hang dir cda né, bam f{x) goi {4 viél duge hay khai trién duge theo cong thic
Taylor. Bac bi¢t x, = O thi cong thie Taylor tré thanh cong thac :

fo=poe SO SO b SO, ST

1! 2! n! (n+1)!

(M) O<B< 1)

goi la cong thitc Maclaurin ¢dp n

Chimg minh: Ta & ching minh c¢ong thie (T) bang phuong phap quy nap.

Cho: n=01taco: flx) =fla) + (O -,

Pay chinh 14 céng thic (L) d3 ching minh. Vay (T) ding véi n = 0.

Bay gior gia su cong thuce (T) cdp n - 1 diing:

) =)+ ) -x) + L 00 eyt
l

- (n)
2 L7000 gt s Ly
(n—-1y n!
Ta s& ching minh cong thiic (T) cAp n 1a ding, theo gia thiét f*\(v) lién tuc
tai x, nén:
lim £ ) = £7) (v = vy thie = v)

Suy ca: ) = F V(v + o (2)
o la mot vo ciing bé khi v —
Thay (1) vio (2) va chuyén vé ta duge:

PO =0 ) - L gy T ey

n!
trong dé F(x) = alx—x)" (3
n!
Tir (3) suy ra
F(x)=0,F'(1)=0,.. F%)=0
F“””(.K') :flwl)(_\‘\ (4)
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Mii khic ta xét him sa:
G = (v - )"

G(x) =0,G'(x)=0,G"(x,) = 0,G" )= (n + 1) (5)
Ap dung cong thifc Cauchy vao cde bam s&: F(x). G(\) trong (4, ) ta dugc:
FO) = Fl) _Fe) Yo< (<X

G(x)-G{x) G'(c)

Lat d4p dung dinh 1§ Cauchy vao cac ham so #'(x), G'(x) trong (v, () 1a ¢6 :
_I-;(Lll);F‘(x“) = EIQ X <ea <0y
G'e)-G'lx,) G(cy)

Tidp tue qud trinh, ta di dén:

FUG) = F ) FG)

= =7 V<<,
_(__-;4'1] (C" ) _ <;mj (xl)) G(n- “((.')
Da dé theo (4) va (5) thi
l_- R A Y [CETPEN
FO)_ T hay £(x) = '—(L)(x— x )

G(x)y  (n+1) (n+ 1)

Thay F(3) va (3) va chuyén v¢ ta duge cong thie (7)

Chut y: 86 hang du rong céc ¢ong thie (1) va (M) @ rén cing goi la s hang
dir dang Lagrange. Ta cé thé viet:

R(v) = _fL“(‘_) (_\'—.\‘0)"” = O((x - v,)"), (vo cung bé bac cao hon (x - x,)" khi

(n+hH!

A — A\, poi ld s6 hung du dang Peano.
2.2. Cic khai trién quan trong:

Ta s& khuai 1ricn mot 6 haum »0 >0 ¢dp ¢o ban quan trong theo coéng (hifc
Maclaurin, ¢d rat nhicu dng dung trong thye (&,

1°. Ham 56 fln) = &

Taco: f(v) =e*, dodsf™0y=1, n=1,2, ...

" 7

Vayel=1+X X X € o 0<d<]
2! nt (n+ 1)

2° Ham 8 Ax) = sim

Ta hict: f(v) = sin(x +n %)
2

0. n=2mm=12..

Do d6: f"(0) =
(=N n=2m-Lm=12..
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Vay:

4 Im -1

Si“-‘21_£+i oA (=D
3 9 2m-1!
n n+l
+sin(n£)-x——+sin[ébc+(n+])—}T—]—-x _
2/ n! L 21+ 1y

3°. Ham s6 f{v) = cosy
Tuong (r ta 6t
2 4 2m

cosx=1- i -)-C—+...+(—l)”‘ .
21 41 (2m)!

" el
+cos(n£jx—+co & +(n+ l)z al
2/ n! 2 H(n+ D!

4° Ham s8 ) = (1 + )¢
Tacé: ) = ada - Do (o - n 4+ DA +.0°"
Do d6: () = - 1)...(a-n+1)

Viy:
(+x) =1+ s 221
2!
N a(a - N..(a—n+)x +a(a— 1)“.(cx—n)(}+&)0_" et
n! (n+1)!
2.3. Ap dung

a) Quy tdc thit hai tim cuc tri

Pinh Iy: Gia st flx) c6 dao ham lién e dén cap » tai diém v, va:
fod =)= . =f ") =0,/ 20

Néu n chin va f"(x,) <0 (> 0) thi Ax) dat cuc dai (tidu) tai x,.

Néu 7 1€ thi f{x) khong dat cyc tri tai \,.

Chting minh: Ta vi¢t cong thite (1) cila Ax) 1ai lan can v, (cdp n - 1)

Oy = feg) + f—"li)(.hx(,)+.‘.+f—["'—”‘—*lﬁ(x-xo)""‘ LDy
n:

(n-1)!
Theo gid thict: f(x,) =f (1o} = .. =f " (x)) = 0
Suy ra: fx) - f(x,) = L(—Nl(—cl(x—xo)" e
n!

Ciing theo gid thigt f(v) lién tuc tai v, nén:
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fim %) = 1im ") ="

Do d6 theo tinh chat cha gi6i han néu:

() < 0 (> 0) thi trong 1an can clia Az,

£Y%¢) < 0 (> 0). Do dé, néu n chin thi tir (1) suy ra: flay - fln,) < 0 (> 0)
nghia 13 ) dat cuc da (tidu) tai o,

Néu a1 1€ (hi f(v) - fix,) khong gi®t nguyén mat ddu nhit dinh, chiang han néu
M) < 0t Ax) - Ax) > 0khi v <x, v flv) - Ax) < O khi x>y, nghia Ja
A khong dat cye tri 1al x,,

Thi du: 1) Xét ham s6 v = cos2y

Hiam so nay cé chuky lannén chixét0<x < y = -26in2x. y =0

khi sin2v =0 hay v =47 ong [0, njthiy' =0 khix=0, 7 .«

2 )

Tinh " = - 4cos2y va xé1 dAu cua y",

W)= -4 <0 do dé y dat cue dai tai v =02y, = |

Y(Z)y=4>0,doddydatcyc i€unaiv= Ty, =-1
2 2

v'(r) = -4 <0, do 46 y dat cue dai tai v =T v, =

2) Xétham s0; y = W taix=0

Taco: y = 4, Y= 12,7, v =24k, ym =24

Dodotmy=0thi:y=y'=y"=0; V>0

Vay ham s8 dat ciuctidutaiv=0,y, , =0

3) Xét ham 86 y = & tai v = 0 thi:

y=3y"=0,3"=6=20 Viy vkhong dat cuc tritai v =0

Bai todan 1im gid tri lon nhdt va bé nhat:

Cho ham s6 v = ) lién tue trong doan (o, b theo dinh Iy Welerstruss: f(1)
sé dat mot @id (rt bé nhit m va mot gid tri 1dn nhit M wony doan dé, 15 rang m,
M cta f(1) chi 6 thé dat tai cde diém cuc tri cia f(x) hoac 1ai a hoac b, nhung
cife trj coa f(v) chi ¢d (hé dat L cic diém bat thudng cua KO '(v) = 0, « hoac
khong t6n 1ai). Do dé muén im m, M cla fx), a tim cdc diém bar thudng cia
() i tinh gid tri cta flx) tai cde dicm dé va tai ¢, b roi so sioh ta s& ¢é m, M.

RS rang néu trong lu, hl, fix) bign thicn don dicu thi m. M sE dat tal o
hoic b.

nun

Né&u trong o, b|, flv) chi ¢6 mot cue dai hode mar cuc 1i€u thi cuc dai cuc
ficu d¢ s€ 1 gid (i 1dn nhit hodc bé nhai ctia fx).

Thi du:

1) Tim o, M cha hm <8 y = M3+ trong doan [-3, 2}
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Tinhy =3x -3=3("-1)=0Khix=+ 1

Tinh y(-3) = -17.y(-1) =3, (1) = -1

Y(2)=3vaym=-17T,M=3

2) Mét vién dan bin 1én tir diém O véi van té¢ v, va nghiéng véi mat phing
nam ngang 1 géc a. Xéac dinh géc a dé vién dan roi xu6ng mat phang nim ngang
g diém A thi khodng ciach OA = R 13 ldn nhat.

Trong co hoc ta viét phuong trinh chuyén dong cla vién dun [a:

X =y, cosat

¥ =1,8ina.s - Eti ¥l

2

Trong dé t Ja thoi gian, g 1a gia
1oc (rong truong, kha 7 ta ¢o
phuong trinh quy dao ctia vién dan;

‘).‘ = _\-tga - 1‘QX .
2vycos” a
A
Tim tou do cua A, cho y =0 ta 3 ?

¢o:

R=OA = Y%Sin2a . gz

g
kicnO0<ax<?™ Hinh 27
2
2
Tinh R = 209522 _ yhige 7
g 4
Rr= “Hosinla o (Z) S <o
g 4 I
Vay R dat cuc dnitaia= %
4
Ru= 28
g

D6 cling 1a gia tri 10n nhat ca R. Do dé géc o cén xdc dinh |3 ©
4

3) Cho mot miéng 16n hinh vuéng canh o hodi phai cit di & 4 géc, 4 hinh
vubdng bing nhau 13 bao nhiéu d¢ gd thanh mot thiing hinh hop ¢é thé tich V 1én
nhat (Hinh 28)
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TacoV =(u- 2.\): X

Vai didu kién 0 < x <

V' = (a - 2x)a - 6x),

y=%2w.=2

a .

2 u
V' = 0 khi

2 6

V(0) = v[ﬂ) =0, v(ﬂj _2a
) 6) " 27

a

Hinh 28

24" NP .
Vay V.. = =2 va phai cit di mot dicn tich [a
27

aZ

49
36 9

b) Bé I6i, Iom, diém uon ciia do thi ham so:

Dinh nghia 1: Him y = fiv) hay dé thi cba nd goi 12 161 vé phia trén hay 16i
trong khoang (a.h) néu Y, 1y € {a by va v a, A 20, L+ ha= 1

thi

fan )+ Aava) 2 Afleg) + Axfinn) (H

Néu dau bat ding thic 14 < thi fix) hay d6 thi cGa n6 goi la l6m vé phia trén
hay 6m.

Y nghia ctia (1) la cdc diém wrén cung d6 thi & phia trén cdc diém trén day
cung cang hoanh d¢ (hinh 29).

9]
3‘()1 I,*)lxdr_ ******
]
Afixyenfg- — —— — ; :
| |
\ 1
l o
i p ! -

Hinh 29
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Dink Iy 1: Dicu Nicn c¢ian vi du d& ham fv) ¢6 dao ham dén cdp hai trong
khodng («.h) 12 161 (15m) trong khoang d6 1 £ () <0 (= 0)

*Chimg minh®

Diéw kién cdan Xét trudng hop 101, gid sirtrong (a0, fiv) 1a 165, nghia 1

SO+ Ao 2 fl) + A0 ()

Xpods € (@b Ao Ay > 0, A+ A=

Chon k== L vadatr= 2% n=5"% i) vict duge
2 2 2

Ay > LURDFSUD pos vy 5 fie -y - 2y < 0 Q)
2

Theo cong thic Lagrange:

O+ +fir- ) -2 =fu+ M) -] -1 - -] =

= U+ 0N -G-8 b=k 0 - (-850

=hf G+00-F N+ hf()-F(1-650)]

0<0,.6,<1
Chia 2 vé¢ ding thiic nay cho .
JUt+ U -h)-21() _ f(1+[”!)—f(1)+—f_(l)_i(l__0 -hy
h’ h n
Khi /h > O cie s6 hang & v& phai dén tdi f7(1) 1ir (2) suy ra f7(r) < 0.
Dién kién chi: Gia st £(v) <O trong (u,h) X8t v, 15 € (a.b),
d3t X = A v + Aava, 18 rhng « < X < b 1a viél khai trién coa j{1,). fa) theo
cong thuc Taylor cap 1 tat lan can caa diém X:

) =F0 + (1 - XF 00 + %o. X)) (3)

) =X + (1 - X0 £100 + %(.rl X e 4)

¢ 6 gilta AL X (5 O gitta v, X
Nhan (3) vdi Ay (4) v6i &, 161 cong v v@i vé vitehd § Xk + Xy = | va

(A -0+ Al - 00 =G0 + 20 - X) =

Ta co
An) + Aafla) = A + Ravo) +
T} 1y =00 @) + Qo - X7 A f e

Theo gia thict f"(x) < 0 nén



Xfle)) + M) € A x4 Aans) nghia 12 f0) LA i6E trong (a.b)
Thi du:
HHamy=1"c6y = 4., y'= 12207y, vy ham s6 14 16m ¥ x
Dy=lnee>0,y= L.y =- 1 <0Vx>0vay ham s6 13 16i V> 0
x X
Pinh nghia 2. Cho ham y = f(1) xdc dinh trong lan can cta diém x, lién tuc

(i x,, ¢6 dgo ham hiru han hoac vo han ta x,

(f (1) € R) va fu) 13 181 (16m) trong (x, - 8, x,), 12 1dm (161) trong
(¥4 v, + 0), 8> 0 thi v, poi 12 diém udn clia ham 56 Ax), diém (x,, fA1,)) goi

T4 diém uon cta dd thi ham so

Thi du: 1) Didm (0, 0) 12 di¢m uan cla dé thi cic ham sa:

v =.r3, y= {/; (Hinh 30, 31)

R inx - x>
2) Ham » :{smx $x20

3

X tx<0

\
/) 4
x3
J
Vx
- —
0 x 0 x
Hinh 30 Hinh 31

Diém v = 0 khéng 12 didm uén cioa him 6, vi ham s6 khong ¢6 dao ham hiu
han hoac vo han tai v = 0 (didm v = 0 goi 14 diém géc cha dé thi) (Hinh 32)

Tu dinh nghta, dé ding suy ta:

Dinh ly 2:

1°. N&u hium y = f(1) ¢6 dao ham dén ¢ip 2 tai v, va x, 1A diém udn cha him
s i £,) = 0 (dicu kien can dé ¢ didm uén)
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2°. Néu ham s6 y = fix) lién tue tai v, ¢é dao ham f'(x) hiru han hoac vo han
Lai v, ¢6 dao ham cap hai £ () tai 1an cin digém v (c6 (hé trir tai 1) vA trong cic
khodng (v, -8, x,), (¥, X, + 8) (& > 0), £"(1) ¢é diu khic nhau thi v, A di¢m uén
ctia ham s& (diéu kién di dé ¢6 diém uén).

¥
x2
Sinx
2 x
Hinh 32
Thi du:
Xty =at-6 - 60+ 1
V=40 - 12v- 6.y = 12v" - 12=0khi v =+ |
Xét dau theo bing
X -1 0 1
y 2 14
y + 0 - - 0 +
y lom 2 10i -10 [6m

Viay x =+ 1 (2 diém udn clia ham s6
Cic diém (-1,2), (1, -10) 13 di¢m uén cta d6 thi ham s

2 _e -
Dy=e " v=2e " v=40- e
2

e
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]

Y =0khia=% T - Qua xér ddu cba v* ta thay ham 6 14 16m trong
2
(- . - ), (_1_,+ =) va 161 trong (—L . ] ), cac diém v = £ 14

Sl -
Sl-

5 > 2

diém uon.

PHy= '\_Il xdce dinh trong (0, + =)

XV X

veo dao himtal Va e (0, + =) trirtai v = 1

3 5-x
o= 3'\_\ﬁ vdi O<v<l
I(x—95
](\-—‘—) vl < x <+
4x ‘\/T .

¥ =0t v =5 vi khong t6n tai khiv=1

V'S>O0KhMO<yv<lvaS<ai<+e; vlaldm

y<Okhil<v<5:ylaloi

Quax =1 vila =5 v doi diiu nhing 1ai v = | ham s6 khong ¢6 dao hiim hiru
han hoac vo han, cdn tai + - S flx) ¢6 dao ham hiu han. Do d6 chi c6 dicm v = 5
(A diém udh clia him so.

Tuong tu nhu déi véi wusng hop cla cuc t, ta co:

Pinh Iy 3: Ncu ham y = fx), ¢6 dao hiim dén cap » tai x, va

Free) = f (). zf"'“( z,) = O,f")( )= 0, 2 1¢ (hi x, 13 diém udn cla ham
0. 1 chin thi v, khong 13 diém udn.

Thidu: y = f; - te\ + sinv

0y =0, VI(0) 2 0. n =51, vay x =0 la

Tinh todn (2 ¢4 : ¥"(0) = ¥"(0y =y
diém uon cua ham s6
Chi y:
1) Dong tinh 181 16m eda hiim $6, ¢é 1hé chimg minh cic bt ding thic.
i

A} i
s . . e te
Chang han: ching minh o 2 <

2
Thire vity: xét ham fixy = ¢, f"(x) = ¢" >0
Viy f{u) la 16m Vv € R nghia la
fOx 4 Xova) <X ) + Aaflvs)
Ao 20,h +ha=1, vy eR

7 L,veR
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hay 7™ < 1 e +4,e™
buy=v =y A=k = 1w cobat ding thic phai chéng minh

2y Npwdsi ta ciing thuong xét mot dinh nghia khide vé tinh 161 16m cua d6 thi
ham s0.

Dinh nghia 1': D4 thi ham 8 v = flv) goi & 101 (16m) wong (a.h) néu nd
Khong & trén (dudi) Uép tuyén tai mot diém bat ky cla dé thi trong, (¢,h)

Do véi 16p hin 56 ¢6 dao ham cap 2 lién tye thi d€ ding ching minh duge
dinh nghia ndy 1a tuong duong vdi dinh nghia |

Thue vay, xét v, € (u,h), viét cang thite Taylor cap 1 cta f1) tai 1an can .
A = )+ - )+ LD (e M
2

vi phuong trinh cla U&p tuydn vdi do thi tui A
Y= /( \-n) +.f“(-\n)(\ B '\0) (2)
trir (1) cho (2) ta ¢6:
y-Y= I_(C_)(x_xo)l (3) ¢ b gilta v, v
o)

Bay gid gia sir ham s6 12 161 theo dinh nghia 1, theo dinh ly 1, f"(x) < O tir
(3) suy ra:

v - Y <0 nghia la dé thi khong & uen tiép tuyén. Nguoc lat, gia su f{v) (3 161
theo dinh nghia ' ta s& chiing minh £ “(v) < 0, theo dinh 1y 1, f{v) s& Ia 13i theo
dinh nghia 1.

Gia st nguce 1ai ¢6 g € (ab), £ (c,) > 0 vi £"(0) a lién e, nén tdn (ai mat
lan can (¢, - 8, ¢, +8),8 > 0 dE f"(v) > 0

Xét 2 dicmy (@y ¢ ; x,, 4 tong lan cdn ndy 1 €3) ta c6:

3

y-Y=f"() ﬂ__‘u)_ ¢ 0 @il g, ¥
2

Vi f"(c)y>0nény- Y >0, mau thudn véi gid thiét f{v) 1a 161 theo dinh
~ahia 1" y-¥Y< 0

33. KHAO SAT HAM SO Y = F(X)
3.1. Tiem can cua do thi ham si:

Xét ham 86 v = flx) ¢6 mién xdc dinh X Di¢m M(v,y) véi y = (1) goi la vé
nhinh vo han cta do thi him s8 néu it nhit mot trong cic toa d6 cua M 1 khéng
bi chan.
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Mot dutmg thing D goi [a iém can ctia dé thi ham s6 néu khoang cich M1
i | diém M trén d6 thi hiim <6 d&n D dén 61 0 khi M vE nhdnh v6 han ciia d6 thi
ay.

Theo dinh nghia thi M(x,y) véi y = f(x) v& nhanh vo han cha d6 thi ham s6
néu mot trong ba trudng hop sau diy xay ra:

Vo, v > O i O v Sy 0y - O

¥ Y

Hinh 33 Hinh 34

Do d6, ta suy ra ba trudng hop
tim 1iém cin theo quy tac sau:

Dinh Iy 1°: Néux — v,y -0

nghia 1a [im f(x) = 20 thi dudng

vy,
thang.
X = v, la tiém cln cha do thi
ham sd, goi 1a tiém can dang.
2°, Néu x —>00, y — y_nghia Ia
limf(x) = v, thi duomg thang y = y,

r>7

Ja tiém can cia d6 thi ham sg,
goi la tiem can ngang,

Hinh 25
3%, Néux > 00, y— o0 nghia 1A [jmflx) = 00 vl néu tdn tai cac gidi han:
o=1lim 78 b=im [0 - av
Y— ¥ Y x=

thi duong thing Y = ax + b I3 1iém can cia dé thi him s6, goi {a tiém c¢4n
xién.
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Ching minh 1° Theo gia thict x — 1, v— 20 do dé: MH = |x_xo| - 0.
Vay dudng thing v = v, 1a tiém can dimg.

2°. Theo gia thicty >0,y — y,dods MH = | - ¥ = 0.

Viy dudng thing y = v, 12 tiém can ngang.

3% Tacé MH = MN cos(MN, MH), MN = y - ¥ = f{i) - v - h — 0,

khi v 500 . viu= lim S(x) b = lim (fix) -wx] vda MH - 0,

r—> x Y »¢C
Vay dudng thing v = av+ b 12 tiém cdn xién,
Thi du: Tim tiém cin cua dé thi ham s0:

3
y= (x- I)_z ta ¢6 Khi v — -1 thi v — 0D, viy db thy ¢6 1iém can ding:ix = -1
{(x+1)

Khi v — 00 thiy —» o0

a=lim I = im X2D°

o x Yo x(x+l):
[im (flx) - ax) = hm (_x—_l)_’_x = lim _S'L:= -5
b el (x+1)” Vs xt

Vay dé thi cé tiém can xién Y =x - §
Chit y: néu y = fv) 1a hiam s6 hitu ty : y = ﬂ(ff)_ , (n 2 m). Trong d6 P,(v),
0,.(x)

0,.(x) 12 nhimg da thdc bac », m thi ¢d thé 1im tiém can bang cich chia 1 s6 cho
mau 4.

Thi die: X¢t lai thy du trén, chia 1 s6 cho méu $6 1a ¢é:

3 ] 2
—_ — + —
y= {(x-1) _x 3x" +3x _l__x_5+4(3x+})

(x+1)° x'4+2x+1 (x+1)°

Khix — -1 thiy —20. Vay duomg thang v = -1 I ticm can diing
Khiv > o0 thiy~Y=x-5, viy dudng thing Y = v - § [ tiém can xién.

3.2. Khao sat va vé do thi cia ham sd y = flx)

N6: chung cin tién hanh cic budc sau:

1° - Tim mién xac dinh, khodng dai xtmg, chu kY néu cd.
2° - Tim mién don diéu, cuc tri.

3° - Tim bé 161, Iom, diém udn.

4° - Tim tiém can.



5% - Tim thé cde diém dac bict (giao diSm véi cde (rue toa dd) lap bing
bién thién,

6° - V& dé thi.

Thi du. Khido sit va vE dd thi him s6: y = )

(x+1y

1" - HAm 88 ndy xdc dinh Vx € R, wirtai « = -1 né gidn doan vo han.

20y = u*'ﬁ,y' =0khia=1viyr=-5y ==khiv="-]
(x+1)}

Bing sau: cho mién don di¢u va cuc tri cda bam $6:

X - -5 -1 l + e

y' + 0 - 1 + 0 +

y / -13,5 \H / 0/+ o

Diu ctia y' 1A dau clia tich @ (x + 1)(x + 5)

70 ¥ = M , ¥'=0khia=1
(x+n*

Bang sau cho bé I8, [6m, di¢m uén.

v = 1 + =
v - 0 +
y (8 diém uén 1om

4° - D4 thi clia ham s3 ¢4 tiém can dimg 1 = -1 vA tiém ¢an xién y = x - §
(Hinh 36)

5" - Bang tém tit
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¥ + 0 + 0 +
JU——
\ - - - 0 +

6° - V& d6 thi (Hinh 36)

# 4 /3’5

Hinh 36

§ 4. HAM SO CHO THEO THAM SO
4.1. Phuonmg trinh tham s6 cta dudng cong
Cho hai himn »0 et cing mat doi s6 1

v=@0, v W hay s =x(n), y=y0).ast<p
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Gid s t6n tai hiam nguoc: 1 = ¢ (1) va tir cde ham s6 vy, ¢ 1a lap duge
ham hop.
y =yl ()]
thi ta dugc him 6 y cia déi &0 A 1y = Ax); nhu vay ham 86 v = f(1) ¢6 thé
cho theo hé phuong rinh:
[¥= o) (1 asr<p
=)
Khi dé 1a goi y 14 him $6 cia ¢ cho theo tham sa ¢ va h¢ (1) cling got 1a
phudng trinh tham s6 cua duong li 46 thi coa hiam s6 dé.
Pac bigt y = flv) cling c6 thé viét dudi dang phuong lrinh tham 6 A
r=xy=flv).
R& ring, tr phuong trinh tham <& ctn dudng cé thé dua vé phuong trinh
dang:
FQuy) =0 (2)
cua dudng dé va naugce ai
Thuc vay: theo trén, hé (1) ¢6 thé dura vé phuang rinh y = ylg (1)
Hay Fix. vy =0.
Npuoce {ai, tir (2) dat v = x(¢) vi giai y theo ¢ a ¢61 v = )(2), nghla 13 (2) dua
dugce vé (1),
Thi du:
1) Ta bi¢t phuong trinh chinh tdc cia cllipse {a;
L
a b

DAt v = acost vin ) <1 < 2m , thay vao (1) va gidi ra déi véi y ta c6:

1 H

¥ = hsint
Vay {x =4acost 1y phuong trinh tham s6 cia cllipse
y = bsint
Pacbiétnéuu=b=Rthi
X = Rcost, y = Rsint
1a phuong trinh tham s6 cia dudng tron tam O bin kinh R
2) Lap phuong trinh quy dao cia 1 didm M gén chat trén mot dudng ron,
duong tron lai 1an khong truot trén mot duang thang.
Ta {3y dudng thang fam tryc Ox con goe O ldy Ia diém déng thai M & trén
dudng thang va duong tron.
it géc (CH.CM) = ¢, ban kinh duding tron [a R, tam (A C.
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Theo hinh vC la cé Y
(Hinh 37)
v=0P=0H - PH,
nhungm = @ =Rt
PH = Rsins
Do do v = R(t - sinh).
Tuong w v = R(1 - cost)
Viy phuong trinh tham 3
i quy dao i
v = R(/ - sint)
v=R(1 - cosr)

Hinh 37

Quy dao goi la dudmg Cyeloide.
4.2. Khao sat vir vé dé thi:
Khao sac woeng o nhu ham y = f(v), chi khic [a 0 day kbhao sat gidn ticp y
theo \ qua bidu trung gian 1.
Thi due: Khio xdt va v dd thi cud him o682
x = R(f-sinf)
y= R(l-<ost)
1"~ Cic ham s6 v, v xic dinh ¥1 € R, do d6 ¥ xdc dinh Vi € R.
Chu ky cla y déi voi ¢ 12 2r. suy ra: chu ky cta v d6i véi x 12 2aR. Vay chi
xé: 0 << 2n.
2% Xét: X' = R(1 - cost). y' = Rsint

1 {
2sin—.cos—

)>‘Y:‘C£:M:ﬂ;= - :cotg_f_ I]'Ong “), 27[],
dx x'dt  R(1-cosr) i 2 ! 2
sin ;
v, =0khir=m

V=0 khir=0var=2rx

V>0khiO<t<my, <0 khi n<r < 2n

Khi ¢ = nt thix = Re, vy vy dat cuc dai khj v = Rn
Youe = 2R
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¥ e = ) = [eotg) oo

1N 2sin” R(1 - cos?)

o~

KhiO</<2mihi p, <0, vay 46 thi cita ham 56 (3161 khi 0 <\ < 2Rx

4", Bang bicn thién va dd bt (Hinh 38)

! Ii 0 T aid
A ] 0 — Rn — 2Rn
T T , 0 _ o

ks
!
2 L ______ ; :
i 1
|
0 PTT 21R x
Hinh 38

144



§5. HAM SO CHO THEO TOA PO POC CUC
5.1. Phuong trinh cua dudng cong trong hé toa do déc cue

Trong mat phing cho nia dudny
thiing Ox vi uén d6 chon myr chiéu

durong tr trdi sany phai (Hinh 39 q l

Xét diém M tong mat phing u

Pity = ,6[_\’/1,

@ = (Ox, ()_I\Tl) ____ M

RO rang vi (i cia M duge xidc dinh ¥ I|
b L@ cie so o, pogol 1a toa do doc & :
cuc cua dicm M, ky higu M(r, @), r goi 7 } _;
la bin kinh cuce. ¢ got [h géc cuc. hé
gom didm O va true Ox goi L he tou
do doc cue, Ox goi la true cye. Hinh 39

Theo dinh nghtu thi 0 £+ <420 , - 0 < ¢ <+0C. Néuchi xé1 0 < ¢ < 27,
thi dng véi { diém M chi ¢6 mot cap s duy nhdt (r, @) nghia 13 104 d6 doc cuc
ciing ¢6 su tuong img 1 - 1 nhu toa do Descartes, (trw diém O).

Naudh (1 cling md rong xét - 0 < ;< +90, - 00 < @ < + 00 bang cich xdc
dinh diém M(r. ¢) nhur sau: L

VE true Ou lam véi Ox 1 gée o, trén true Ou iy diém M sao cho r = OM

Khi 46 r, @ goi 1 10a d6 déc cue mé rong cla diém M. Ta thiy mdi ¢ip
(r. ) xdc dinh mot dicm M. Nhung nguge lai (thi mat diém M (g voi vo s6 cap
(r, @ + 2km)(-r, +r +2kn), nghia 1i toa d6 doc cuc md rong khong ¢é sy Wweong
ung -1,

Biy 2id x¢t he toa do Descartes vuong goc Oxy trong do Ox x¢t Ta rue cue.

Gt st vy [ oa do Descartes cia M vid r, @ 12 toa do déc cuc cua né, ta ¢é

cie cong thae lién he.
rcos ¢, r= Jx’ +y*

- U
ysin @, 9 = arctg ¥

X

\V

Trong hé toa da doe cuc, xét haim s6 r z_f(tp)(“ gid sir 4o thi cta nd 12 duong
C, ngudi La cing go1 (1) 12 phuong trinh doc cuc ctia C.

Theo cde cong thire 1ién he wren., 1ir phuong trinh dée cue ctia € ¢é the dwa v@
phuong triinh dang F(x,») = 0 cda né vi nguoc lai.
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Thi du:
AN L S
1) Xéte dudng trong: x” +y =R
Thay v = rcose, y = rsing la ¢6:
A a Y, ~
rcos’e +i7sing = R”
hay ; = R, &6 la phuonyg trinh doc cue cla dudmg tron dé:

2) Xétham 6 - = 2Rcong (R > 0)

Thay r = v"'x: +:}--1 . COSQ =

= =
-,

Taco : v"’xj +yt =2R__ ¥

NASEY

hay Ny S 2RV =0, day 1a phuong trinh duimg tron tam (R, O) ban kinh X
Vay r = 2Rcong ¢6 la phuong trinh doce cuc coa dudng (ron d6.

$.2. Khao sit va vé do thi:

B¢ khio st va v& dé thi clia hm 381 = ) ta ¢4 thé dua vé him s6 dang

v = v(x) hodc dua vé ham ~6 cho
theo tham s0 vdi tham 0 @.

v =reos P = fpleosy

¥ =r5ing = f()sing

Trong thye 1€ mdt 6 dudng dac
biét, ¢d (hd xét true tiép timg didm dic
bi¢t va tiép tuyen vai duomg tai diém
d6. D¢ dymg Gép wyén véi dudng tai
dicm M (a s€ tinh géc V gira ban kinb
vecteur OM va neép tuyén dé.

Theo hinh v (Hioh 40) ta ¢6 s x
o=+

Do dé:
tgoc = tg( +v)y = _BPTIEY () Hinh 40

(1-1gptgy)

- 1 v N
Mit khic: tga = yo = Yo _ 7 SMQ ¥C0SP
VIa ac: g Y == —_
YoX reose-rsing

v
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hay: tga = r (2)

So sinh (1) va (2) ta¢6 : ar = r

’
Thi du: 1) Khao sat v vé do thi cia ham s¢
1 =2u (1 + cosQ) (a >0)
Chu k¥ cta 1 ddi vdi ¢ 12 2% nén chi xét - < @ <n. Mat khéc thay ¢ boi -@
*thi r khong dor do dé dé thi déi xtmg qua Ox, nén lai chixét0 < <n

2 P
, —2cos”
tgl_:;:za<7lfgosw) _ L:_co,g%:tg(%&,%)
g T=asmeg 2sin? cos? - -
2 2
Suy ra - v = .2 ¥
202
Ta lap bang sau: Za
¢ 0 /2 bis Lo

v n/2 in/d T

Hinh 41
Cin ¢ vaa bang nay ta vé duge dé thi cua hiim s6 nhu hinh vé (Hinh 41)
D6 thi goi 1a duong Cardioide
2) Xétr =@ {a>0)
Thay @ bai - thi » thanh -r, do d6 d6 thi ctia hiim s6 d61 ximg qua Oy. ta chi
XAO0< Q<+

0} { 0 n/2 n 3In/2 2n

r ( o unj2 /’m / (137[/2/1127[
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D6 thi goi la dusng xoiin 8¢ Archimede (Hinh 42)
3) Xétr = ae™ (a, b > 0)
r xdc dinh véi moti ¢

Ta lip bang: ¢ ‘ - 0 + ca

r i 0/11/+°°

D4 thi goi la dudng xodn ¢

logarithme (1linh 43) 9]
4y Xétr=94 (¢ >0) rxic S
4 7
dinh véi moi o, it @ = 0 thay ¢ //
bdi - ¢ (hi » thianh -r, do dé dé / ﬁ' 3\
thi cua ham <& dai xing qua Oy l\ A

nén ta chi xét 0 < ¢ <+ 90, khi
@ > 0 thi r > + 00, Do d6 dé
thj ¢6 the ¢6 tiém cén.

RG rang liém can néu ¢6 thi Hinh 42
n6 phai song song vdi Ox va né
phai cich truec Ox mot doun.

d= lim OH (Hinh 44) Ly
» >0

nhung OH = rsing = 2 sing

@
Do dé
d=lim OH = [im 2572 =
@ 0 e (/)

Vay d6 thi ¢6 tém can cich
truc Ox mét doan d = u

Hinh 43
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Lap bang

¢ ‘ 0 n/2 n /2 2n
r ! 00\‘ 2(1/7[\ u/ﬂ\ 2“/37'(\“1/2“
|

D6 thi ¢l hiim 6 goi 1a dudmg xoan ¢ hyperbole (Hinh 45)
Chit y: Chi¢u bi¢n thi¢n trong bing & cic thi du trén li theo dau cha dao

ham r',,

Y
g
H_______
/(/;,
a

Hinh 44 Hinh 45

BAI TAP
1. Nghi¢m lai dinh ly Rolle, déi vdi cie him sa:

Dty =(c- D@ -2) (-3 uong [ 1,3] tim ¢
2wy = v trong |-1.1] tim ¢

HAY=1- Vx? trong |-1,11]
2. Gia st fia) €6 (1) hing han trong (o.b) vi
lim A= lim A=A

Vel R Y,R¥)]
Ching minh 3 e (a,h) . f " ) =0
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3. Gia s
1) f(v) cd dao ham lién we dén cip - | trong [(x,, v, )}
23 f(x) 6 dao ham cdp n trong (v, x,,)
D) =fix) = o= ), (< < < 1)
Chitng minh 3¢ € (x,, v,): ") =0
*4, Chidng minh da thice Lagrange:
L.d"
2" ntdx”
(-1 1)
5. Nghi¢m fai dinh ly Lagrange doi vai ciac ham sé
D f(v)y = (- D wong [0, 1]
2Vl = - Dong {1, 2)
) (1) = sinv + 2v trong [0, 7|
Ching nuinh ring chi t6n tai | diém ¢ trong moi trudng hop.

P =

[(,‘-3 ~ "] ¢6 moi nghi¢m déu thuc va bao gém trong

6. Chung mmh:
D) [sinx~siny <'x - 3
2) laretga — arctgh| < |a - b|

3 a--b a a-b

<hl < 0(’)((!
b

u
7. Nghiém lyi dinh ly Cauchy déi véi cdc ham 6
fivy= 3 gy =x" trong {-{, 1]
8. Ham 56 fi ) kha vi rong (v, 43); v, v, >0
Charng minh:
_1__ i e | = fley - of () Ly<e<y

X, =X, f(x|) .f(xl)

9. Xéu tnh don dicu cla cde ham 6 sau:

Dy=37-40 Ny= 2%

1+x*
Hiys= e 4y y =\ +sim
S) v = 280 4 con2, 0<ag2n

&)y v=1n(r + Yi+x ) y=are"

10. Dao hiam clia mat ham s6 don dicu ¢4 1a | ham s6 don di¢u khong?
Xét thidy f{vy =x+ siny



1. Ching minh riing néu flv) tang (gidm) trong |a,b] thi f'(v) = 0 (<0)
khi o <x < h.
12. Ching minh:

Det>1+v. vzl - <in(l +ay<y 1a>0
)
X -
Hrv-  <sinv<y A >0 g >v+ L 0< < T
6 3 2
2 .
3) 2 <siv<r,O<ye e 7
T 2
l \ I el
G) 1+t <e<| 14— >0
\ AN x/

£3. Ching nuinh: N&u flv), g(v) €6 f7(v) = ¢'(0) Y e(u.h)
i fl)y =gV + ¢, Y elah)
14, Tun cue (ef coa hiim 8-

Dy=2+ -6 +9r-4 2 v=a0- D -2)
Hyy= ::‘;_ —dw¥2 4)y= \/’f’.—x—xg
2+ 2x+1
Syv=a Yx-1 6y v=ae"
Ty v=y Inx 8) v =cosy + _lcosl\'
9) y= ‘xe-l\—l

15. Tim cdc gidi ban:

-x ety - 12tgx

1) lim Lg} 2) lim -2 =
U e —siny 0 gindy—|2sinx
11 -_] ) R H 2'.—_ P X
3 Jim \/. g\ M lim aresin2x ]2 ArCsin X
L 2sinmx =1 0 X
4
. in ey . In(x+1
5) Jim In(sinax) 6) lim In(x+ 1
VY In(sin by) o ny
ln \Au lk.l\
. [4 — - 5
7 lim 8) lim2-x)
Ve oy —y) ol
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: " . S
9) lim(gx)™* ) llm[ln—_J

\ ey X
4
. _I
B0 |im(L— ' j 12) lim [ﬂj i
v ol ]nx X—l T X
X~ sin !
X~ sin -
13 him - In(gtu_)_ 4 lim —X
o0 ety =Y che Vo0 siny
. | +x+sinxcos
I5) 1im ! XEOSX

s

v (x+sinxcosx)e
16. Vit cong thie Maclaurin ctia cic ham so:
o
. \ 3
Y fivy = ™ dén ¢
g A
AR = A e ©

3y V) = In(cosn) dén N
HAVH=In(x+ \/I +x7 ) dén 3

Sy = ln( smx] dén
Uy
17. Tim cdce gidi han:
. cosy—e’
b 1im “
v ol X

2) Jim & Sin¥ —‘x(l+x)
vl X

H Im Yt +x° —‘{/x6 -x

voaex

18. Tim cure tri cha cdc ham <o
Dy=J& -1y

2)v= 2con X+ 3cos X
2 3

Hy=alnv

1
Hy=, ~--(ﬁ+sin l] khi v 0 vi v(0) = 0
X

1

19. Timi gid tri [6n nhdt. bé nhit coa cac ham so:
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Dy =yt —~3x +2|trong {10, 10]

D=+ L trong 10.01:100)
X
Hyv=J5-4x wong (-1, 1}

20 Tim gid i 1an nbat ca tich céc Iy thita bic m v s caa 2 56 dueng néu
1B1g 86 c11a 2 83 do hing «,

21. Tim mot hinh tru ¢6 thé tich 16n nhat not bép uong | hinh ciu bdn kinh
R.

22. Tim chicu cao ngin nhilt cua 1 cwra thip ABCD: /1 = OH sao cha gua cua
dy ¢6 the dua vida 1 thanh citng MN = |, biét bé rong coa thap lh d < |,

23 Mot lien lac vién cin di tir didm A bén pay séng sang digm B bén Kia
$Ong. hict ¢ do i trén by gap K 1in 16c 46 di dudi sang. Lién lac vién c¢in bing
qua £0ng dudt mot gée bao nhiéu dé dén B nhanh nhat, Bi¢l chidu rong ciia song
Lt i viv khodng cdch gilta cde didm A, B (doc theo ba song) 1 o,

24, Tim cdc khodng 161, 16m, dicdm udn cta dé thi cie ham xo

y=3 - Dy=Alex’

3}y =1+ aim 4y =l +)
S y=asin(In) >0 6)y=1", >0
35, Tiém can ey dd thi cdc ham s6:
| ) Y=o _] — 2) = . “-_____
{x=2) X —4x+3
2 Rl
BHv=_ L dyy=_Y_
-4 X +9
S)y= —E_l— 6y = o
\/—\*_ -1 1-¢
Tyv=1y=t+2arclgs
Rya= S0y A (@ >0)

YA Y
26. Khao sit vi vé dé thi cia cic ham sé:
. 2
v+ -2)

It

2)-\': ,\':-I

X =5¢+6

3y v =ainn + _|_ sinZa + -l NTTREY

2 3
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4y =2y - tox
5) v = varctgy

6)y=In N ooxte

27 Khio sdt va vé& do thi cda cdc ham s6 cho theo tham s6:
> 3
Dav=2r-7, y=3¢t-1
=Y e0cf — .
2 fx =2acost —uacos2t
iy =2usint —usin2/
1 1
A= acos L y=asin
28. Khio sat va vé dé thi cua him s6 cho theo loa d6 doc cuc.

1)1 = asindg 2= 2(:“'c052<p

HUONG DAN VA TRA LOI BAI TAP

Lhafiry =0 - D) = DG+ D"

161 4p dung dinh ly Rolle
6. Ap dung dioh ly Lagranpe d¢ chitng minh.
9. 1) (- =, 0); (2, + =) Giame: (0, 2): Tang

2) (==, -1y (1. +=): Giam: (-1, 1) Tang

3) (-, 1) (O0 1) Glam; (-1, 0)(T, +=): Tang

4) (-=, +=): Tang

») [05 Z):(Z,S-@J:(sﬁ,zn) - Tang
6/ 276/ "2

(1__”):[5 73 ﬂ_-) : Gidm
6 2 6 2
0) (- 0, + ) Tang ]
7) (- 20, 1): Tang, (1, + ©0) Giam
12. Ap dung tinh don di¢u ctu han 8 d€ ching minh

14' I ) .ymax = _)‘(l) = 0 N ,me = ,\\(3) =- 4
2 ¥y = ;{5;\/@) =(023)=-076
6
Youn =Y (5"——\/!‘3) = V(] ;43) =- O,Uj
6
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I\1.\( \'(l) =

Hyva=vT)=-
16
B v =w0) =32y =05 v, =3(1) =1
) von = V(3/4) = -0.46; + = 1 khong ¢6 cue i
6) Vo = ¥( 11 = ¢ = 0,368
7Y ¥y = WO = 0) Yoo = V(&) = y(0,135) = 0.726
R) Vo = VAT = (1) + 172
N = V(& 20/3 + 27k) = -3/4
9) Yo = 91y = (,'3
=yv((0) =
e =¥ =1
15. I) 2,232 H 134 15161

2t na-1):8) e7:9) + 10y 1+ 11) 1

¢ =

||1l|l

16 1)1+ v+ 1127+ Ryw)
)
1

Dl+v+ 2+ L2+ R0

!
2

7
_I_.\‘4 - l.\‘b + Ry(x)
45

3) -_1_.\'2 -
2 12
4).x- l‘\"} + —3—_1'5 + Rq(v)

6

sy Lo B o0y
6 180 2835

| 1 i
12 )3 )3

18. 1) Youn = _V(' l) = y( N= 0
.ymu.\ = )‘(()) = l
2) Youux = ¥(12k7) = §

Viax = ‘Iiilzﬂk + 3] ”] = 5(20‘121
5 5

= |62k + )nt} =}

l"ll‘

e

1
n

13

m.n

h—m
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Vign = V lz(}( + lj” = -5¢on z
5 S

DV =W+0)=0

Yo = _t'(t'") = _l
e
DV = O =0
19.0) 1320
232100, o]
Hl:3
20. u'j""m"'n“

(m+ny""

21 3T g
343

22 = (,3 _dijl

23 & = m 1 h

=3 &= max| arecoy — |.arctg —
k a

24 1) {- 22, 1) 1dm: (1. + 20): (6t v = | diégm udn
2y lom
3) (2&m, (24 + Hn); 161 |25 + Dm, 2k + 2)m; 16m
v=kn :diém uon

4) N < 1, lom, M) 13161, 4 = + 12 dicm udn

S) [ )ilv i
( 2a.
\

te
FoagqsT
1% + € 103 16}

a
QT

4) ; 1om
J

’(/T'f.? .

r=e¢  *diém uon
G) (0, + =), lom

235 1)a=2v=0
Dv=l,v=3,vy=0

Na=22 v=]



v=20
Ny=vxtx
Ryy=-1-u

26. 1) Dol xing dét vai A(1,2) cat Ox iy =-1 v v =2,
Youn \'(/)) ={
Vi = 30) = 4; diém uon (1.2)

230 =2 vit = 30 diém gidn doan et Ox tai v =+

7—\/—4J = (10 - 96) hay
¢« 5
Voun = 0(0,42) = -0,20

Vinax = ¥ (Zi"/—_J (10 + \/—_)hav

3

nn

Viax — \r(‘) ‘%8) = -I‘) 80
Dlun asn (-0,58; 0,0 tiem can; v =2, =3 vy =1
3) Tufin hoin, chu ky 27, d6 thi déi xidng qua gde (4 y(0) = v(n) = 0,

Tren [O0mh Vo = y[ﬁ) - (_3+4"/2_)

4 6
Vl"i]‘ = \ 3”) __I
' ( 4 S 2
.VH\I“ = )I(E) = —\/——3_—
3/ 4

—
Pidm udn: v = 0, x = T, ¥ = arcsin _“7—1‘ =T - Aaresin ‘/l__ !

6
4y Tam 461 ximg: (km, 2kn) ¢dit Ox: v =0.v= 0,377,

Viax = \(5{— + }()T) = Ty 4+ 2%kn
4 2

[ ) A EI

Didm usn (dm, 24m) liém can x = 2k+1
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5) b1 xing qua Oy, cat Ox: 1 =0

Yoan = “‘(0) =40
Tiemcan: y=+7 v - 1
2
6) Mién xdc dinh v < 1 va x> 2, ¢ét Oy: (0, In2), Ox: (10]
3

_Vm.\x = ()—_‘/—]0] = _\5('0.72) = 1,12
3

Tiémceanv=1,v=2,y=0
27. 1) Cat céc truc toa do: (0,0) khy r =0;

(£243 -3 . 0)khit=1/3

0, -2ykhir=2, 04, =x(D) =1V =y(1)y=2

Vo = V(-1 =-2 Idm khiz < 1 va 16i khir> 1

2) Duonig cong khép dang hinh ltim. d61 xting vénr truc Ox (dudng
Cardioide).

3) buong cong khép doi xing dai vii céc truc toa dd (dudmg Astroide).

28. 1) buony cong khép, dai ximg doi véi Ox (duding hoa hong ba canh)

2) Burong cong khép, dai xing ddi véi Ox (duong Lemniscate, hinh 0 8

niim ngang).
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Chuong 5

TICH PHAN BAT DINH

81. KHAI NIEM VE NGUYEN HAM VA TiCH PHAN
BAT PINH

© Ta da xét bii todan quan trong: Cho trude mat ham 6 (im dao ham cda nd,

trong chuong dao ham. Trong chuong nay ta xét bi todn nguoe lai ¢6 tam quan
(rong rat 1én (rong thie tién 1 Cho trude mot hiim 56, tim mot ham sé khic c6
dav ham 13 him s6 ay

Thi du: Do thi nghidm ta bigt duoe gia (8¢ @ cia mot chuyén dong thang
khong déu (3 mot ham <6 cua thisi gian 12 ¢ =a(f), cin fim t6c do V = V(1) va qui
ludt chuyén dong § = S().

Do y nghiy ¢o hoe cta dao ham, ta phai tim V(7) va sau dé tim 8(¢) sao cho
Vi =a(nvaS'a)=V(n.

am s6 V(1) phai tim nhu th€ goi 1a mot nguyén ham cla a(r) va S(f) goi 12
mot nguyén ham cia V{r). Cach giai bai todn nay goi 12 phép tim nguyén ham
hay phép tinh tich phan bat dinh.

Mat cich @dng quit ta di dén:
1.1, Binh nghia:

1I"-Nguyén ham: Cho him s6 v = j{x) trong mét mién X nao dé, néu ¢ mot
ham «& khac F(x) sao cho.

F'(x) = fix) hay dF(x) = flod(x) Yx € Xtht F(x) goi 1a mot nguyéa ham cia
F) trong mién do.

Thidy :
1) Nguyéen ham cta fln) = via F(o) = v (f_) =x
. 2 2
2) Nguyén him cia flx) = cosv la F(v) = sinx vi (sinx) = cosy, Tir dinh nghia ta
2 2 P
thiay mot him $6 ¢6 rat nhiéu nguyén ham ching han x . 43 ; X +5 ,
2 2
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. LT NN
tong qudl —— + ¢, ¢ 12 mor hing s0 wy v cling déu 1a nguyén ham cua v vi dao
3
ham cda chang déu bang A,

Cing the: sy, sim + 1, siny + \/E tonge quit siny + ¢, ¢ la mél hing 6 (uy
v ciing déu 1a nguyén ham cla cosvy

Ta thay cdc nguyén ham cia 1 hay cosy chi khdc nhau mot hing s cong.
ong qual ta cé:

Pinh Iy.- Néu trong mot mién nao dé ham 6 F(x) (A mot nguyén him cua
JUO, th mor nguyén ham khae cia /(1) trong mién d6 déu ¢6 dang F(1) + ¢, ¢ 1A
mot hiang s6 tuy §.

Thue vy, theo gia thiét F'(v) = f(x), bay gid xét mot nguyen him tuy v khic
M) cba f1), theo dinh nghia D'(x) = Ax)

Do d6 ) - FLol = ') - F) = £ - Ay =0

Suy ra. d(1) - F(a) = ¢, 12 | hiang so iy §.

Vay ®() = F(O) + ¢. VI DY) 1d mdt nguyen hiam wy y cda fv) nén moi
nguyén ham cua fla) déu ¢6 dang F(x) + ¢

Nhu vay, mat him s6 ¢6 vo s6 nguyén ham, déu & trong bicdu (hife F(v) + ¢,
vai F(v) [a mot nguyén ham nao dé caa f(x). Dé nghién cdu mot nguyén ham cuta
SO ta dura ra dinh nghia:

2°- Tich phan badt dinh:

N&u trong mot micn nio dé him s f(1) c6 mét nguyén ham 12 F(1) thi bicdu
thifc F() + ¢, ¢ [d mor hang 8@ tuy y goi 12 tich phan bat dinh cila ham <6 flv)
trong mién do

Ky hicu / = J'/(_ur/x =F()+¢

(doc 1atich pluan cua flx).dv).
I ¢o1 1A dau tich phin, fv} goi 14 ham »8 dudi ddu tich phan, fu).d x go1
12 bicu thic dudi du tich phan, vi \ goi la bign 56 hay doi so [y 1ich phan

Theo dinh nghia, mudn tim tich phan cbGa mdt ham s& <hi cdn tim mot
nguyén ham cla n6 161 edng vai mat hing s& wy y. Do dd phép tim nguyén ham
clia moét hivm 86 cling goi Ja phép tinh hay &y tich phan caa him s6 8y, mot phép
tinh nguge véi phép tinh vi phan.

Mot van 3¢ 1dn dat ra: Khi ndo mot ham 86 ¢é nguyén him (vin dé 10n tai
cua nguyen ham). Ta s& ching minh rang moi him 5o lién we wong mot mién

ni0 dé déu ¢é nguyén ham trong mién dd. trong chuong sau.
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1.2. Bang tich phan co ban:

Theo dinh nghia, phép tinh tich phan 1a phép tinh nguge cua phép tinh vi
phan nén tr bang vi phan co ban ta ¢6 bang tich phan got 1a bang tich phan co
ban sau:

1°- ‘-Orl\ =

-

2% I\'n/,\z.x ‘e (o0 -1
o+ 1
- j—‘g:]n lxl+(' (v 2 0)
X

4°. Ia"dx =4

Ina

gu (1\
A J.P)\/\ *\/_\ + C

6" J etdv=e¢"+0
7°- J-cos\d\ = \m o+ e
8 J Siny dy = - cosy + ¢

v [ dx

Cos™ X

=gy 4+

10"- J d’f =-colgy + ¢
sin” x

11°- J' dx ~ = Arcsiny + ¢
1-x

12¢. j dx — = ATCIRy + ¢
l+x°
13- J.'('h_\'d.\' = sl + ¢

14°- J shydv = chy + ¢

J———Ih\+c
ch™x
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dx

sh™x

16°- = cothy + ¢
Ta ¢6 thé thir la1 bang niy mot cach dé dang, chang han cény thic

J‘ﬁ: In IX\ +i- voi a2,
X

Khia >0 thi [x] = v nén (n x| =+cY =Un() + )y = !

X
Khi v <01 M =-vnén (/n M +eY=n(-v)+ ) = :.l_ - _l
-X X

Vay cong thde nay la ding.
1.3. Tinh chit cua tich phan bat dinh.
1°¢ J’ Rdr) = fix) hay d( j A = flaydr

(Dao ham cua tich phan bat dinh bing him sd dudi diu tich phan hay vi
phan cua tich phan bat dinh béing bicu thic dudi dau tich phan).

Thyc vay. theo dinh nghia j Ady = F(3) + ¢ va F'Q)y = flv)

Do d6 ( [ finday= (F(x) + = ),

hav I f)dt = dEQ) + ¢) = dF() = Rody

2°- [ F()dy = F(x) + ¢ hay J dF(x) = F(x) + ¢

Thuce vay. theo (1M- ( J- F'(\)dx)'= F'(x), mat khac (F(x) + ¢)'= F'(v)
Do d6 cong thic dau la ding, cong thic hai tuong w.

3% J cfiydy = ¢ J.f(.\')d.\‘, ¢ 12 hing s8

(hing s6 ¢6 (he cho ra ngoai dau tich phan).

Thure vay theo (1°. ( j flo)deY = cfty) mit khice (¢ _[ FONdYY = (AQ).

¥ [ £ ewldis fwde £ [ods

(Tich phan cta tdng bing tdng tich phan, ciing ding cho mot tong hitu han).
Thye vay, theo 1°( | ) £ U0} = /1) £ ()

Mat khic -

162



( J fOdy + j eL)dx) =( j fde) *( j. O(O)dX) = flo) £ o).
5° Néu If(.\ ydv = F(x) + ¢ thi I fl)du = Fu) + ¢ véi 1= u(x) bat k3
(Tinh bat bién vé dang ctia tich phan dai vai déi s6 1dy tich phan).
Thue vay, tir If(.\)d.\ = F(x) + ¢ ta 6 dF(x) = f{x)dx theo tinh bat bi¢n vé
dang cua vi phan cdp 1 ta ¢é:
dF(u) = fUundu véi 1 = ¢(x) bat ky.
Do doé vi theo 2° jﬂu)du = J'dF(u) =Fu)+¢
Tir tinh chat nay suy ra: Cé thé thay déi s6 ldy tich phan v trong bang tich
phan co ban bai déi & i bat k. :

ol

s (a=-1)

Ching han Ju"du =X
a+l

j sinudie = - cosu + ¢
1.4, Thi du: Bay gig ta dua ra mot $6 thi du dp dung bang tich phan co ban
va cdc tinh chél cia tich phan,
1) J (6_\1 30+ S)dy = j 6\ ly - J 3vdv + J' Sdv =

=6 I_\':tl_\' -3 I.\'d,\' +5 I dy =

3 -
X .x 3,
=0. - —3.—+5x+c=2x —Jx 4 Sx+c

D Z
243
2 J,‘/(z.r—l)zdx=%J'(2x—l) d(2x-1)
0 "
LU PSS P
3

3) Jcos(3x +2)dx = % Icos(3x +2)d(3x+2) = %sin(Bx +2)+¢

43

4) Ix — ~—J- . :—arctg +c, a#o.

()
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{3)

5) J‘ d"_:I = arcsin+ ¢
N J:(;]z a
6) _[ J‘ dx _ (—)[Mdr—

(x+a)x-a) 247 (x+a)x—a)
1 a’(x—a)_ d(x +a) _
2a{-{ (x-a) J'(x+a)}

= —»—[]n[x ~d|- ]n[r+u]]+c = Zln

X’ —LI

~-4a

ceal

I +cos2x

7 J-cos1 xdy = d :—Idx+—_[cos2xd2x=
2 4
1 1 .
= —x+—sin2x+c¢
2 4

Tuong tu jsinz xdx = —;—x —%sin2x+c

. ) 1 1sinSx 1 .
&) jsm3xsm2xa‘x =—— ﬂcosSx —cosx]dx = - +—sinx+¢
2 5 2
dx Cos™ X +5in” x sin®x  dx
9 | = | dx = j + ===
cos’ x cos' x cos’x  Jcos’x cos” x

= J‘#d-r——+ _l'tg xdigx = tgx +

e
oS
10) Irly_rdx = f%{ = _[i(-c}ii) = In{chx)+¢
¢ chx

§2. HAI PHUONG PHAP CO BAN PE TINH TICH PHAN
BAT PINH

2.1. Phuong phap tich phan timg phan (hay phan doan)
bé¢ tinh tich phan / = Iﬂ.r) dy nhiéu khi khong dp dung bang tich phan co

ban truce 1i¢p duge, ma phai bieh d6i réi man dp dung drge.
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Phuang phap sau day cho cdch tinh tich phan dé bing cdch dua vé mot tich
phan khic ma ta c8 ging bién doi d¢ tinh todn don gidn hon goi 13 phuong phip
tich phian (img phan. Not dung cda phuong phip {a: NEu ¢é cic ham s6 kha vi
o= i) v = v fakdy = adyv thi e eong e

J'f(_\')d.\ = j. wlh = uv - J velu ()

2ol 12 cong thie tich phan timg phén.
Thuc vay, vi d(uv) = udv + vdu hay udv = d(ur) - vdu

Do dé J iy = J d(uv) - J velit hay I tiehe = v - I v

B¢ dp dung cong thie (1), tinh duge J_/(,\')dx, ta phai chon u, v sao cho f v
tinh d¢ dimy hon j udv. Mat khic 1a cling ¢6 the ap dung cong thie (1) nhidy lan
d¢ tinh J RO

Thi du:

1 I_\'e‘ dv:

Dat u = x, dv = " dv, suy radu = dv, v = ¢

Do d6 J‘_\'ele_\' = j‘.\'dﬁx =.e" - I e dv=¢"(v- 1) 4

Tuong tu cho dang J-_\'ke”d_\', datu = G = ety

2) j vinvedv dat v = Inv, dv = wdv suy ra

= 9% x*
Ui = — vV=—.
X 2
. X de xt/ I
Do dé: [ ¢ lnxdx= —lnx - —*:—-L[nx——j e
2 2 x 2 2

. ¢ . \
Tuong ty cho dang J‘_\' Invdy, datu=hun. dv=v dy

BPac hiét £ =0, lic d6 I Invdy = alm - J(l.\ =a(Inv- 1)+«

3) "._\' arctgvdy, data = arctgy . dv=vdy
thi
dx x*
du = _ y="
1+ x" 2
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Do dd j X arc(gydy = ———arC!gx J'_ S
I+ x )
Ta tinh 1+ x J'dx J‘ dr = x —arctgx + ¢
T+ x°
N ) ; - l I
Vay | varctgidy = zc—-arct ~—{x —arctgx) +c (c = ——)
,[ 5 Bx ) ( &V) 1 | 5

Tuong ty cho dang j ,\'karc(g,\‘d_\', dat u = arclgy, dv = v,

41 = I vsimdy, dat u = v dv = simdy

thy  di = 2adv, v = -conx ldc dé /= - v'cony + 2 J-_\'cos\'d.\'
Tinh f = J xeosvdys, ddt v = . dv = cosxdy

tht i =cd, v =siny,val = vy - J' SIved = ¥SiNY + cosy + ¢

b -
Vay = - 7cosy + 2(asiny + cosn) + oy = 20)

- k..
Tuong tu cho dang J v sineide hay J' eonardy,

5y, = J. e coshxdy, dat u = coshy. dv = ¢ dx

R eﬂl’ R L2
Suy ra  du=-hsinbrdv,v= Z_val, =
a a

Tinh /, = J eMsinbydy, dat « = sinby, dv = e"dv

coshx + é Ie“‘ sinbxdx
a

ax L
thi  dit = bcoshady, v = Vi ] = ¢ sinbx—P— J};" coshxdyx
d ) a
cll.\ . b
hay [, =—sinbc— -1,
) a 7}

Thay lai (1) ta ¢é:

oy 24%
€ ble® . b
I,:—cosbx+—-( smbx——]J
a\ a 7

hay:

14}

2
{ .(l+-l—) ] =e“(CObe +£smbx)
- - a

a

(M

(2)



Dods gz [ASSEEDIIN L o, g 0,
a” +bh°
Tuong w [, = Ie"’ sinhxdx = fin-—)f—[zf—os—bic”’ +c
- a-+b°
Chid y rang tr (1) vi (2) ta co:
)LJA b dy X b
7, =5 coshx+—1,; Izze -stnbx —— 1/,
a a u a
Do dé ¢6 thé tim /), I, tie hé nay.
6) Tinh [, = J‘ ax , neN, (o+0)
(x: +az}”
Dat u= d_l__ | dyv = dr
(x: +a:)
Suy ra dn= _ —2medx v=
(+a’)”
] X 2mx dx
CE ot T o
(.t:+a3) (x*+a2)
dx 5 dx
= 2 ol 2\n +2n_[ 2 2an —2na' __“_—»4—[
(x +a’) (x~+a’) (x’ +a:)
X 3
ly= ———+2nl -2na’l,,
(x’ +al}
Vay = p2nzh h
2naz(x1 +al)" 2na
T.’:l biC't Il = I 4a’x S :larctgi_‘_c
X +a a a
) 1
Do d6 [:; x - +_l_larctgi+c

20° x +a°  2a a
Ca I, tatinh duoc /, ...

(1) got 12 cang thire truy hoi, bit 7, ta s& tinh dugc 1,
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2.2. Phuong phiip bién déi s6
Ciing &¢ tinh tich phan: / = J'./(.\')Ll_\'. khong 4p dung duoce bing tryc ép.
npudi ta dua vio bicn s6 mdi ¢ vaa = @(2), @(t) 1t mot ham cia ¢ thi lai ¢6 thé dua

vé dp dung bang dugc. Phuong phdp ndy goi 1A phuong phip déi bién «6, ndi
dung nhir sau.

Cho tich phan I_f( v)dv néu dat = (1) trong d6 ¢fr) 12 ham s6 ¢6 dao ham
lén tue @ (1) # O thi ta ¢é cong thie:
j fde = J'fl(p(r)l @ (0t
Goi 1a cong thue d6i bign 8.
Thue vay. (ffiodxy, = fv)
Mat khic
A eore ndd ={[flomewa) »,
, 1 i
= Sl (1) === flo]= f(x)
Vi = _]- _1__
Do dé cong thite trén 12 ding. Sau khi tinh tich phan 461 véi 1 ta phii (18 lai
bién <0 cid .
Thidy V1= | X daty=£ (> 0) thidy = 21t
2(1 + \/;)

L s 2tdt 1+7-1 dt
L d I = = N P N
e do I 1+t) I -~ 4t Idl jt+l t=Infr+1)+0

Tro lai bién so cd ¢ = Jx thi T=+Jx- 1n(J;+ I)+c

D= J'\faz —xidx a>0dity=asint, — 2cyg < thi dx = acostdr

Na =+a? -a’sin {*q/ 1-sin’t) = Ja*cos’t = acost

Ldc do f= J' acost.acostdt = & j cos’ted = o (i + M} e
2 4

()

S

{Theo thi du 7 5 Q1).
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Fralar bién s0 cD tlr v = asint. suy ra 1 = wresin —

a
sin2r = 2sintcost = Q_J (_\j _ X T
al \a a’
) _dt . x X Y
Vay I=% arcsint+ X Vot -x* +¢
2 u 2

Chid y rang <6 khr khong dat v = @(1) md dat 1 = @(v) (hi tién loi hon, né dic
biet tien loi khi / ¢6 dang:

1= { Now) gy

M= j _Sgsx,_dr dat 1 = sinv thi cosady = dr

1+sin” x
va [ = _-d_lT =arctgf + ¢ = arclg (sinv) + «
1+
Myf= [P da r=xita thdr=
x* td’ ¥ ra’
hay _i =t
!
dx dt de+dr dr  pd{x+t
Suy ra 22 _:—-——:[—:I( )—h)I_\'HI +¢
{ X X+t vt R

Trés lai bicn so clita cé: J=1n

N (
x4+ Fat ke
i

Sy J= j\/f tatdx ,dat n=Ax*+a’ dv=dv

xrix =
VX +a
C e - = ‘dx
Lic dé I=xJ +d° _J'_i_ —
N

nhung

xdr ¥ ra ¥a’
I\[ S \/;34;(13 j\/r ta deFal j

Theo trén J'\lx-‘ +a° dv=1vatheo thi du rude:

d\'___
\[\': +at
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=1In

o x 1o |
IVY ta* ‘
Do do. /=xw/.1‘3 ta’ — Ita, ln()H\}x'tuTi s
hay I— x° +a—_+—_ln'x+\/r *a ’+L, (c = ;)

Bay @i0 ta Viel lar mot 58 cong thic tich phan dién hinh & cdc thi du da xét
trong § nay, bo xung vao b;’ang tich phan co bin:

]
I—— = —arclg +c
+x a a

o dx Y

2 —\-_—_‘=1n.\'+\/;‘ia ~+L'
NxTtuo

o dX —

3 ——=—"1n +c
xT—a” 2a \x+a

4° B B X a’
4 J-\/a -x dx:: a’ —x* ¢—2—drcsm—+c
2 a

545

cx . X
1‘1'—“ = arcsin—+¢
Va -x* a

6" j\/x?i—azdpg\/x_zﬂi“?'m

x+v/x‘ *a l+c

33. TICH PHAN CAC HAM SO HUU Ti
3.1. Tich phan c¢ic ham sé hiru ti don gian

Ham hitu ti don gidn hay phéin s6 hiu ti don gidn 13 cdc ham hiru i ¢6 mot
trong ban dang sau:
A A C Mx+ N (V- Mx+ N

e —0 i/, "3 > : 0
x—~u (x~a) X“+pxty (x3+px+a]

Trong dé /)2 - 4¢ < 0, k nguyén duong 2 2
Bay gidv 1an Iuot 1 tinh tich phan cita cdc ham hitu U don gidn nay.

Dei vai i.Il,lucd:I:j de= Alnjx-a)+¢

X—d
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I ——dx—A x a dx—a =—/—1~.—-——]—-——+c
J‘()c a) ( ) 1-k (x——a)H

o6i vai 1, 1V dau tién ta phan tich.

_\1+[)_\'+q: (x+£)_ +(q_£]
2 4

Theo gl thict 4 - P 0 néndatduge ¢ - P_ 2
. 4 4

Bay giv dGi bign sa. dat x4+ £ —; thide = dr
Khi dé

, M[z - ”-j +N
e J' Mx + N dy = ‘[ 2

x* 4 px+q

'—Af.l. {dt (N_Mg)‘[zdl

1* +a?

M
= ——]n(z2 +a2)+(N - nglarctg-t—+c
2 2/a

u
:—?In(xz +px+q) (N Mp]

arctg
vig-p’ \)44 P’

) M d
V. ( Mc+ N Lt ,.'*(N‘Mﬁ)_{—‘dtT
(r +px+q) (1 +a ) 2 (1’+az)
- M | ] D
21—k (17 -a’)" +(N' ME)"
< -a
Véi /, = IP___.__da bi¢t cach tinh trong tich phan timg phin sau d6 tré
(' +a*)*

la) bien 6 ¢ii ta s& ¢6 kél qua.
3.2. Tich phan cic ham hiro ti bat ky
4 bidt dane 16 A cil: St hivg 6 T - v — 75y = Fa(X)
Ta biét dang t60g quit cGa mdt ham hiu ti la: y=f{x) = L2127
\ 0,(x)
Trong d6 P(v), O0,,(x) 1a nhitng da thic bic n, m vi khéng ¢ nghiém chung.
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NEu 72 < o ihi him hito G gof 1a ham hidu u thae s
N 2 4 thl ham hitu ti goi 12 ham hio b khong thue su.
Mot ham hitu f khong thuc sir ¢6 the phin tich thanh (dng cia mot da thide
v mét hiim hiru ti thue sif bing cach chia (i $6 cho miu s6.
S et ) ) . .
Chang han y = X _T_X_ _8 ¢hia 10 56 cho mau 86 (4 cé:
) x —4x
< 1
Vo U -
- ) ._l___T AN
-4 ~ A4+ 4

_T+ o8

. Vg
O+42 + 427 -8
4y - 16¢
0+4x + 16y -8
Vay = _\ *‘\Ag;s exiavad +ﬂ: +16x -8
T -4y ) = dx
Tu chi xét ¢de ham hitu ti thye sy y = L) (1) voi n < m
g, (x)

Trong dal 6 cao cip ngudi ta chitng minh ring mdt phuong tinh dai s§
bac nr: 0,,() = 0 cé didng m nghiém (thuc hodc phic) k€ ca s6 boi va hic dé
0,,(1) €6 (hé phan tich thanh tich cia nhitng thita 56 bac nhat vi bac hai:

O (D) =A (- . (Crpr )P (2)

Trong d6 a 14 s6 boi CL'l;cl nghiém thue v = «; f§ (4 s6 bdi cda cde nghi¢m phidc

fié¢n hap coa phuong tinh v +pv+ ¢ =0
(p~ - 4g <)

Thi du: O+(x) = ¢4y = N~ 2)v +2)

Ch(v) = C#Se+8v 44 = U+ I+ 2)2
Q) = ool ea= _\(_\'2 + l)1

Trong dat 86 cao cdp ngudt ta cong chiing minh duoge rang. mot ham hiu u
thue sur dang (1), vdi mau »6 ¢6 dang (2) thi phan tich duge thanh 16ng cda nhimg
ham hiu u don gian dang 1,11, 01, IV da xét @ trén nhu sau:

P(x) A, A, A,
y= = —+ ot +
0,(x) (c—~a)* (x-a) (x—a)
Bx+C, B.x+C. Bx+(C,

- +— oA —
(W Hpx+g) (e pxva)! x*+px+yg
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Trong dd6 A\ AL By, By o O Ca o acde hang <6 goi 1h cde hé <o bat dinh
die ade dinh nhu sau:

Quy dong mau ¢ 2 v&. 1ol bo mau o6 di. 1a duoce 2 dathie &2 veé dong nha
nhau.

Bong nhat hé s6 ctia cling luy (hirts eia o 2 vé ta duge 1 he phuong trinh
dE xde dinh AL B, C, ..

Thi du:

1 v i\ilé;—_ii Vi ot -d= v -2)(v+2)
v -4y

Nen - A 4l6v-8 A4 L__B_+_C._

Wr 2)x+2) x x—2 x+2
Bong miu <6 va ho miu s6 ta cé:
G100 -8=A0-2) (L +2)+ BO+ v+ Cla - 2)v
Hay U + 160 -R=(A+ B+l +2(B-Ch - 44
Déng nhat ciac he 58 cha cing luy thitd cia v 3 2 vd ta o
A+B+C=4 . 2B-O)=16 . 4A =3,

Suy 1a A=2, B=5. C=-1
Viy 43" +16x -8 _ _2_ N 5 _ 3
x' —4x x x~-2 x+2
2) 1:____‘;_ _ vi \'§+5_\2+8\'+4:(_r+ |)(.\+2)1
T 5T 4 8u 4
N A B C

nn oy = — =T 4
(v D +2Y x4+l (e42)y a2

Tuong tu nhu thi du trude ta co:

CEA+CO+ @A+ B+ IO HAA+ B+ 2C
Suy 1 A+C=1, 4A+B+3C=0, 4A+B+2C=0
G hé ndy ta céd.

A=Y, B=-4 . C=0

< ! 4

1o do _ =
X' +5x +8x+4 x+1 (x+2)
3 \»:_'\:_"8._ vi _\'1+4_\:\(_\2+4)
X4y
nén 1._‘f_ﬂ_ zﬁTﬁ‘:_c

o T+ x o v+
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hay VB =(A+ BN +Cy + 44,

Suy ra: A+B=1 . C=0. 44=8 hayA=2,; B=-1:C=0
Do do: )(—4‘8_:,2__~ \x
' +4r x x +4
~ 4 3 2 b 3 3
4y :i\;.):iﬂ Vi oC 20 s Y

. T4x+4x’+1 4 Bx+C Dx+E
nn o T 7 T2 T
x(x” +1)° x o (FC+1Y xP+l
hay 3 + G+ 4+ 1 = (A+ D)+ EC+ QA+ B+ D)W +(C+ Fye+ A
SuyraA+D=3 . E=1 . 2A+B+D=4 . C+E=0.A=1I

fay A=1., B=0, C=-1 . D=2, E=1

Do dg- 3¢ +x +dx  +1 1 ] 2x+1

x +2xtHx x (xFH1) x4+

Ray gi0 (a chuyén sang tinh tich phin cua cdc ham hdu 0 bit ky, (heo trén
mot ham hitu ti bat ky phan tich duge thinh ong cha mot da thic va 1 him hiu
1 thue su;, mot ham hitu ti thue sy lai phan tich duge thanh tdng cda cdc hdm hitu
ti don gian, ma da thdc va cic him hitu ti don gidn A3 biét cach tinh tich phan. do
A6 viéce linh tich phan cda ham hiu 1 bt ky duoe hoin (0an gidi quyét. Ta <& dua

ra cdc thi du trong cde trudng hop ¢ thé xay ra sau day:
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1) Truding hop cdc nghiém cta mdu s6 déu thye va khidc nhau, thi dy:

Theo thi du dua vé ham hiru i the sy vi thidu 1 0 trén ta ¢6:

5
I:j{x2+x+4+l+ > 3 )dxz
X x~-2 x+2

XX |
—?+7+4x+2lnlxl+5!n|x—2'—3]11,x +2]+C=
x] ¥_2

2 _" 5
U N P (x=2) +C
2

(x+2)
2) Trudng hop céc nghiém cia miu s6 déu thuce vi c6 nghiém boi
Thi du: /= J'_hrﬂ_._

x?+5x7 +8x+4
Theothidy 2 dréntacé :




iy i
1=y —-—;-—— In|x+ll+
x+1 (x+2) x+2

+C

3) Trudmg hop cdc nghiém & miu $6 ¢6 ca nghiém phite don
T x +8

Thidu: |} - j__\___ dx

Theo thi du 3 g 1én ta cé

2 d(x’ +4) _
I—-[(; S +4Jd)L 2'[‘__ CxT+d

——2In|x——1n(x +d)+c¢ hay I—ln——x——+c
2 +4d

4) Truong hgp mau <8 co cd nghiem phite boi

23w xt A ]

Thidu: /= J

N2 +x
Theo thi du 4 O trén a ¢o;
dx dv . 2x+1

I= — ; i =
X {x~ +1) X+
1 I
ax j‘l(‘ D e
X T+ N
vin /. = __10'_)( —
) {x~+1)
Ta bict trong phdn tich phin timg phin:
1 ]
+—arctgy + ¢
2 i+l 2

Do do

- L X
! = 1nlx(x + 1)\ + 5a1ctgx~ 2()::-:[—) +
34. TICH PHAN CAC HAM SO VO Ti

Ta & xdée v loai haim s6 vo 11 ma viée tinh tich phan cia chang béang cach
A6t bicn <0 thich hop ¢6 thé dua duge vé viée tinh tich phan cie ham hiru 4.
4.1. Tich phan dang

I= J‘R(x,d.;....‘ x')dx (1)



-
trong do R 12 hiwn hiru ti cva v 3™, VY

Thidu:
3 1
X —Jx 4 x .o
I - [Ld_\- 1= J-i—--ﬁdx 14 ¢6 dang (1)
Sy x+Vx+2
. c o+ ) .
con o J' '\ ld_\. 7= J'S'n \/" « Nhong phai dang (1)
X VX +)
H dura (1) vé hitu U ta dit v =~ tione d6 & 3 boy <8 chung nho nhat cia
miu o cie phinsa 2 " e do
noo

(Iy-\_ - A_’L Id[ ‘ " _\_m — \_mhl - ([k)ml'll - {A'. -
bkt -
R

. m kroy. R o N
trong dé hy =4 "2 o Ay = "L lanauyen vik chia ding cho nvin e
] 5

Do dé f= IKUL; NS e ldr faich phan ¢iia mgt haun hao o

L2
Thidu: = J‘\/\d‘ = j*r —d
Va1 el
Boir 6 chung nho nhat caa 2 va 312 6, do d6 dat .« = £
Lic d6 dy = 61°dr, \/T = \/T =r
' .61 .d . !
1:J‘ \_Gﬂ 10 -1 F— ]dtz

£+l - +1

7 < 3
t ! {
- 6{— - -—+——1+arctg1}+c
7 5 3 1

; —L \/1 \/x+1rct‘.!\/\]

6

hay 7 - ¢

L
Bay 2id ta xét tch phin ¢6 dang (6ng qudt hdn:

SN Engh .
ex+d VWex+d

Tuong (v nhu dang (1), dat w=bh

e Fd

\1

K= jR X,z
= ¢ . trong d6 £ [ boi s0 chung nho nhat
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ctan. ... & thi s€ dua duge (2) ve tich phan cua ham hio b coa 1.
Thr du.

! J..'Jl_—__d_l . (Jijll l;i :[_)‘ (r>0)
View v .
b-1- 2 —4
-\'—'—{—_ hay y=——-1 , dx :____Iﬁ__/’_‘_
et er® (1 F1°)°
Do d6:
] -4 i
T ) i A
Lo gd+ry (=11 v 17
Pl ) Y \
=2 [l - ———1—‘1/ = --"[ln'—‘—, —arcter 4+
S T A R A -1 j
hay l\“ T -1 x ;'1___\—
Wy 1= l+=\lCtU {— .

|\/1x+«/1—\| Vi

4.2. Tich phan cice vi phan nhi thic
Xéttich phan / = I_lm(u + "My (1)

vdia. by, p=conste w20 b0, nympeQ

Bicu thie dugi dau tich phan (1) goi 1d mot vi phan ohi thic.

C6 the chimg minh rang néu:

1", p € Z (nguyén)

o mil - + -
hoao 27 "2 ¢ /0 hoae 3¢ m=ly pe’z
i i

th tieh plun (1) dua duge ve tich phiain ¢ac ham hto 1 vd do déthicu iy duoe
Guia vie hanm sg edp.

N.N. Uebbiter di ching mmh ring, ngolr ba trudng hop urén tich phan (1)
Khang licw thi duge qua cde him so ¢ip.

s 1 . ' ‘ -
e vay, dit Vi=zotht o v=2" 0 do= 22
n

va (1 vidt dusc:

1 | | 1 mel

] = j "Mla+ b)Y =z d= =—J‘: " (a+b)d=

" n

D b mel
n n
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thy-
=1 j M + H=¥dz

n

Xét cdc (ruomg hop:
r o -
= - e Q,(hfuti): Jdac = =n

1"peZ ¢g="
s

. & 14 P
(2ywvictduoe 1= 2 Ju Y '(z1+hu )du
n

D3 {2 tich phan cda mét ham hiu (1 cla v,
2. g e p:£ eQ (weZ & md A

s n
uo-oa

bat (v + A zuthia+h-=1' - =
b

I va (2) dira duge vé teh phian cda mot ham hitu u:

R s1du
dm= i T2
b

\ K
s du—a) |
1 't du

=T

¥ptye?Z & m +pe’Z
7

- 4
1hi a+ by = P (" +b‘)
" -\ o
D prg=t . p=T i 1=1J:’f”+i) -
8 nd L=
lai dit wtbs =5 thitich phan nay duge dua vé tich phan cua mot ham hau
1.
Thi dy:
d J—

)

‘)‘d\

1) Tinh _ [ . X
) . '[i/x‘-;(l IR

= [eaee

Ta thdy
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eo dang (1) voi m=-= n= .p=-l

La [ N
VR V]

Pat v = =¥ thi

3 an a
I==Z Yz 7°(1+2) 4z
>

ddayp:—] 62.1[:-1 e Q.
2

Ta ¢o
trudng hop 17, Patz=7
< dt
taco 1=3 = daretgt +¢
j. 1442 &
hay ! =3arctgdfx + C

2) Tinh /= J{/T}de
.

Ta c6 I= ‘.\'[/3 (1 + "3 e

bat i/;: = thi /= j4:(| +z)mdz>

G day p =1 q¢=1€Z tacétrudng hop 2°.
3

bitl+:= u« ta c6:

/= _[4(1(3 - l)u..’m:du = -172 a3t e

= %WH%/;)? 3+ +¢

3

X
Pat Vzz b I= ! Il /I_"__i dz= L I:'m(1+ s
279z - 2

G day P =

I
3) Tinh: /= J“” Y de= J.\"l(l +.9)"de

. prg=-1€Z lacé truong hop 3°

.
19| W
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: . s e -
: -1 (v 1)y

/= % J‘(“: _ l)u‘__?lldll _ _J‘ll “du J-(l ’ -\I—Jdu
Ré \

w—1 T

= u——lln u+('—— ]+:——ln|J -+‘
2 |l+u ‘J—+J-+||
== I+V\ZJ l+\ +c (x>0)
X 2 ‘ \/I+\ |
4) Tinh: ):I Id'\f _ dat v ==
4! z
Vit+x
ihi N BT
2

Gday p = .l L= A P+ ¢ =-2 Kkhong roi vao 1 tiong 3 trudng hop trén.
4 2 4
vay ich phan nhy khong bidu thi durge qua cdc ham sa cép, ta biét tich phan nay
vin 18n ta do hiun dudi ddu dceh phan {a lien e (Vv € R)
Chu y:
C6 (heé 1ém L céch tinh tich phan (1) nhu saw

1" p e Z dat v =", < 1 miu s6 chung cta m, n

m+ 1 - . .
2° e Z data+ h" =1, v lamiu 86 ciia p.
"
m+1 S Y
32 pe Z daax + b =1, s lamdu <6 cla p.
n

3. Tich phan dang
/= jR(.\‘.v ax’® + by +c‘)¢1_\' (
trong d6 £ 12 ham hiw 6 etia y va y = Jax® + bx re

a) Cdc fruomg hop dac biét

1" 1= J Jax® + hx + ¢ .dy d&tinh 1. ta bicn do.
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bl daca + b = ythidy=drva
2

~ s
aCEhvre=a 8
LYt i}
" 2u da

[de d6 iy theo dau cda ¢ va o - Z— mid [ ¢ dang J‘*/'”l —wdn
du-
hodc J.\-"'u: +m du

Ap dung cang thire tich phan bo xung ta ¢ ¢6 ket gua

Tht du:
e 32 o =d- (v )

} = J.\S REY __\-: NISRY
néndita+ =7 thi /= J‘-\/:i_——/_ L dt

Ap dung cong thiie l[ch phin bé xung ta c6
r=x41

! ! .-
- f\/ + mcsm +¢ vat
R 2 2

Ncu khong dp dung cong thae tich phan bo xung thi dit 7 = 2aine tccting

den ket quib).
PN JA___f_h__.___ tramg ty nhu 1% tich phan niy 88 dua duge vé 1
Nav  +hx+¢
trong cic dang:
du J- du

\/m: - vut

Ap dung cong thie tich phian bo xung ta 8¢ ¢ et qui

Thi du:

I di ! .
= ‘[———_ = QFCSIN— =+ ¢ = Aresin——+ ¢
: 2 2

L
= [——= =
I\JS—-2x~xz ERN

(xem thi du wrén)

v my+n
P
avt +hx+¢
Bién doi (r <6 thinh dao hi cta mu »6 thi / cd dang
dx 2 12 } hang <6 nio do

dav+bh
o d [
by

'f\/a_\': +hy+c ux



Cic tich phan nay da biél cdeh tinh.

Thi du:

. j (2}'#3)(1)( _

VX" =2x 2
Bién ddi WAH3=20-245 , v a2v42=(- 1Y +1.
L.de d6:
x-2 fx
1= = dr +5 [y
TAXT=2x 42 \[(x—l)'+l

Tich phan diu ¢d dang J'iji tich phan sau thudc Joai tich phan bé xung.
Do dao:

1=y _x+7+51n(x—l+\[r —2x+7‘+c

S dx Al -c= — N 83 c6 dang 43 xét & 3
(.\'—a)‘\/;.\': +hx ¢ 4
Thidu:
) | -
/:J d_‘,_ ditv= —, lh‘ld\z_?.’
22X - 2x+ 1 t .
[i¢ do
= _ __:d’__,I ﬂ___J‘_df R
S22 r Jrr 2042 -0

I
(N
Ap dung cong thite tich phan ba xung 1 ¢6:

——|n||t—1+x[{_:_—21 +_2} +c
1

hay (ré lal bicn s6 ¢i:

(1—\ F2x7 _2.\'+1

/= —!nl—

+¢
X

/= J' £, (x)dv P.v) 1 1 da thire bac i chaa, ngudi ta ¢i chung

Nax® +hx +¢

minh duge ring:



P {x)dx - - A
- | 2= ===0, (x}WWar 4/)\%L*A|_—F_—_:—_
JaxT v bxc VU +hx - ¢
Tiong dé Q, (1) 1a mot da thie bac 7 - | cua x vl hé 86 chua xdc dinh viy 4
12 mot 86 nao d6. Cic hé s6 ciia O, (x) va A & duoe xdc dinh biang cdch dao hiun
dang thue uén 1a duae hai dang thite dong nhit nhau, .
Thidu:

Tiih ] = j_

Ta o,

/- ‘H = (vt + by # o) O+ 2+ 24X dx _.
J-«./ v e2 SN J.\/x—r2x+2

18y dao ham dang thie ndy. via ho mau £6:

VxT 1-7\ r"

Vvl = (2av+ h) (\" + v+ 2)+ ((1.\: +hv+ ey v+ DY+ R
ddng nhat hé 8d caa cling luy thive coa v 3 2 v&
Ja=1.%+2b=0,40+3+c=-1.2b+c+r=1
1

—rird(/): (1=_l_‘}):—§.'(‘:_,}\‘:

6

N |

Tinh todn cudi cung a duoc:

/= _I (21 - 5¢ + ) Jx +2x+2 +§|n(\ + 1+ \[;3 +232x+2)+ ¢
6 2

b) Trieong hop téng qudt - phép thé Euler
I= J.R(\: Jax? + bv+ ¢ )da (hH

Cac phép the Euler sau day x& dua 1ich phan nay vé tich phan cac ham hiw ti,
do dé bidu thi duoc qua cic ham xo cap.

1°. Néua >0, dat Vax* +bx+c¢ =1- «./; v (hoac ¢ +-fu )

Tir dé: h+e=r-2Ja.n. va
1F-c Ny Jar +ht +edu
= N a.xv+bx+C':—‘—T__—*———‘
2Jat+b ar+b
4 +h .
dx:zﬁ, + ’“,/Z.d(
(2Ja.+ by

Thay vio (1), ta 58 ¢6 1 L tich phﬁn cta 1 ham hiu i coa v

2' NEU ¢ >0, dat: Javi 4 by +¢ = o+ J— (hoic vf - Jo
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khidoé:av+bh=wv+2 «,/:( Vi,

2o - s 15— br e
v M R X" 4-/)_\'+¢'—J: -bl\‘JL‘
a—1- u-—1
oy = Zx/a"-'_b‘, f\/’i»d’
la—t YV

thay vio (1) 1a s¢ dutge 1 1a tich phan coa 1 ham hivu i ca 1.
3% Néu G (hite ¢v + by + ¢ ¢6 cie nehigm thue khde nhau %, p

Klndo v +ba+e =a (0 -2y (4 -()

bar \/’(.1_\"—-_ hy = ¢ =Hv-20h wlv-10) = (v-1) va

I P S S )
(" —u " —u
2u(A— it
S alim o,
(" —ua)

Thay viio (1) ta duge tich phan ¢ mot hinn ki 1 cva ¢
Th du:
dx

—_— adaya=1>0
wrdy oy

Ap dung 1% @ dat: VX' —v4l =r-0
Y

1) Tinh /=

-1 (F—1+1
d .odv=2 ('+—‘L
20— 201y

329 ) 3 3
=J‘"l ;tzm:ﬂl— 2 2 ,1.dr:
((20=-1)" iro2=1 (-1 |

-

#2022 -+ e
Iy 2

X =

WG i hicn a0 ¢l 1= v+ V7 —x+ 1.t duge
- [ -

2 - .———ill\]Q.v+2«JA': —_.\'TI— 1]+

[=-2—.

294y —xadol 2
+2|n,|x\!x" -x+1-1

) Var thi du teeén, 0 day ta ctng cé e > 0

(i)

+¢

4 |
Apdung 2" wda: Yy —x+1 =7 - 1 hi
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2 17 —1 4 (o m-1+1

Y=~ Lode=-2 — = dr N -x+l= — —
=1 (1 -1y -1
24202 TS T T 300
R
- I+ 172 =1 2y )y
B i 3
- -'—2]111[(—;11\(1—“-—)1|'\(l—()*c
{1+ 1 2 2
Tra b bicn so et = vxtoxal-l o
X
3x VT -
[ = —:,_—:—):——— +21nl\/\ Al ll—
V= v+l 4+x+] (hHy
| ——— A _
- -lnl\/\" B\ R ?llll\/\ - \+l+_\'+ll+c'
2 ’ 2 i
Nt bicn doe, s¢ thay () (0) Bunbir phiau vor o' = ¢ + 2
p
3y Tinh ]_j ___\(_ﬂ_____
\/(7\—10 X7y
Vi Ty - 0 - = (0= 235 - vy nén diimg phép the 37
B \//\—ﬂ)—\ =1(x - 2} 1a € ¢
S5+2r° Otdt — 31
v= — c/x:—————(\—,— . \/7_.\'—l0—x‘: ),
T+1° (l#r) T+
N 2 5 2( 5 A
vi —ﬂ—N 2]d1:—(——+21]4—c'
9 ; 9\ ¢ ]
Dol icinso cr, ¢ = _Ji_ —10- ¥, duuc:
y-2
. of sw-2) acio-d 2 7xe 0 X
= e ———— | == — =+
0\\/7\-10—\ =2 | O\f_\—l()—\

Chay:

1y Phép ihé 17 va 27 ¢6 thé dua duge v@ nhun bang cich datv= -~

2) RO rang voi phép the 17 va 3" trong mor trudng hop ¢6 (hé dua tich phan
(1) v& tich phin cua cde him hitu . Thue vy, ndu tam thiic «v + by + ¢ ¢6
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nghiem thue thi nhu dii thiy, ta ding 3", Néu tam thie Khong ¢ nghiém thie
neha v b7 - due <0 thi

A+ byt = _l [+ bY + (darc - h)I.
4a
luon luon ¢6 diu el a. néu ¢ < 0 tht Yax® +bx+ ¢ vO nghia (tronp &p hop
¢ so thue 16
Vv chy xéta > 0 va ta ding phép the 1,

3 5. TICH PHAN CAC HAM LUGONG GIAC
5.1, Tich phan dang

[ = jR (sinx, cosv)dn (1)

Trong dé R La ot ham hiu ti cua cosv v sina,

Thi du:
o 1 . sin x
" i+siny rcosy I 2 +sinx
o tg’x
T ltsintx
la cdic han <6 hitu 1i cda cosy v siny (Vi gy = SN

Cosx

Con = YSINX HCOSX 1ong phai 13 ham hitu 1 cita cosv, sin
Veos' x

) Trudng hap chung: BE tinh v = Jk(sin.n cosd trong truong hgp chung,

ta dit 1g Y = 1 thi dua vé duoe rich phan ciia ham hitu U d61 vai 1.
5 .
N X o , 2di
Thuc vaywrtg = =rsoy ra v = 2aretgt, dv= —
2 1+

Mat khae theo lugng gidce hoc:

X
-
. -tg) 2t
sty = = = “1—_4_
I+’ i
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, X
L G
oSy = ——= = — —
|+tg'\ X 1+
2
Do do /:J'R(. 2(\ ] L__{:_W_zdL
NEYS 1+27)1+1°
Day chinh la tich phan cia mot bigu thite hitu (i ctia ¢
Thi du:
24t
oo - j_gf__ L[
1 +siny+cosy 2 -t I+t
~ - . + .
1+ =1
) J
Do do: I=Inlt+s+c hay 7=1nll +tg—:—! +e
i -1
dx 2dt 7]
N 1= [ s [ = [ s e
sinx 2 (1+11) t
[+1°
hay [ = lmgi te
2
(
di  +x
dx dx (2 ) ( x 'r\
3) [=}|—= = — = injtg —+ —! ¢
Jcosx J j ‘L?_ 4/

. (n j (r ]
sin| © 4 x sin| - +.x
2 2

b) Cdc tricong hop ddc biét:
1°. R(siny, cosv) = -R(-siny, cony) = R.,(sinl_\, COSUISINY,
R, 12 ham hitu ti cta sin’v, cost :
R‘,(sin:\, cont) = K [(sim ). con))
Dat 7 = cosy, ta ¢6 sinvdy = -dr.

sin:.\ =1-cony=1-1 v
[= IR(sim\ cosvydy = - J‘Ru(l - 12, 1)de.

bay 1a tich phan coa ham hitu ti cua ¢
2° R{sin, cosn) = -R{sim. -cosy).
Tuong wrta cd
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Rixiny, cosvidy = R (i, cosvcosada,
Dt = s, (a s€ 08/ L tich phan cda mot haum hiffe U e v,
RSN Cost) = Ri-xinn. -coAy)

. . _p ainy )
Khi dé _ Risinvccony) =R 270 coscost L A

NCOSY
Y
=R (1gv. con) = R (tev cony).
R,. K, L cde hiun hitu 4 ctia cde doi <o, dat

/ 5
R TS AN T E
L2 2

v
— e ot . 1 1
b= o v —— 0 cosTx= - - = .
| P+tex dei”
Yoodr
Vi f - J‘Rl f— _J_ _la 11d1 phan cin 1 ham hit tedu 1,
Ui+
SThi du:
1) Tiah = jsm xf-i'i
’ cos' x
. —siny) —sin’x
e ( _)_: —sm ¥
cos' v cos® x
Vay dat cosu =g
=217 4 2 !
I=- J —a’l —COSN = — —+————+¢
! COSY  3cos x

2y Tinh - J‘C_OS_\_“J Ta €6 R (-cost s ) = -R(cosy, st )
2 +sinx

Viy ddt 1 = siny

Ta cd
1 —1% )t 3 I’
IZJ-(—'#=_[(2—I— ‘ de:Zr———3ln[r+2[+c:
2+1 \ REY 2
. 1 - 7 ~
= 2siny - —sin” x - Slnfsinx+2) 4 ¢
) Tinh 7= J-_sin .\u)s;d\

SINX - COS Y
RO simp R(smu, cost) = R(-si, -cosyy. Dat7 = 1gn.

188



/] 11 -t 1 -1
—_— — j—>———.—7—+ S|t =
(L+e)(t+17) 4 t+1 4 ¢ +1 2(1' l)

|
=-InN—m=———=~- ——+c= Zlnlsmx +cosxl»—4cosx(suu +cosx)+ ¢

5.2, Tich phan dang

l= jsin".\cos“_rdr (1)
Trong d6 v, e O (him1) 0 < v < g
Dat = = sin’ v, dz = 28im cosvdy )
ta dugc:
:_J'(:-- 5_-~d- (o}

(2) chinh 14 tich phan cba vi phin nhi thife. Ta biét né chi 6 thé bicu thi
dirge qua cde ham so cdp trong cdce trudmg hop:
" p= nd) 12 1 8 nguyén hay pld | 56 nguyén le,
3

2y = Y1 nguyén hay 113 1 86 nguyén 16
)

PYopt+g= HIV 5 mot 58 nguyén hay pL+ v 1t mot s nguyén chan.
2

Pdc biét: 1) Nu y, v déu 1a cie 86 nguyén thi biéu thie sin"v.cos’x 1a mét
ham h@u et siny, cosy ma ta da xét & 1.
2) NEu 1 1 ea 2 déu a cde so nguyeén duong chan thy dang cde cong thace:

. sin2x s - cos2x N l+cos2x
SiNVCosX = . sinTx=— . oSt x=—=—
2 2 2

1a 8¢ ha duoce bac coa bidu thice doé.
Thidu:
1) Tinh ] = Jsin‘ xicosxdy,dday v =15 & ,datr=cosy, Tacd:

~J(]_/:)EWdl = —J.(;"3 _o T P ‘)d[

__33 cos® x +§%/cos'“x —i%oswx +c
4 5 16
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5.3.

190

2)Tinh J = J'_ﬁ,_ & day \'-:-é,gL:— §51-+p: -4 chan.
2 2

- 3 <
sin’ xcos' x
{acod

[ jl+lg

JLOS X tg:x \/lg X
= -2 Jeotgx + ‘,)tgxﬂ, . k7r<x<§+kﬂ'

D

3) Tinh 7 = '[\/Sinxvs cosxd

LU= ! v =7 khang 13 s6 nguyén chin.
5 10

Vay I kheng bidu thi dugce qua cac him so so cdp.

Odayv=

IJ,_.

Tich phan dang

]= I sinay coshy dy, _[sinu_\' sinbydy, I cosuy coshady, u.h e R.
Dung céc cong thie bién d6i:

sinax coshx = _1_ |sinu + h)x + sin(a - h)x]
2

COsUX Coshy = l [cos(a + h)x + cosu - b)r|
2

sinay sinhy = l lcos(u - by - cos(u + h)r}
2

Dé dang 1inh duge cdc tich phan nay.
Thi du:

1) Tinh /= J‘sinh cosdadu.

Tacé: I = IS“‘ Txdx — ! Isinxdx = costvt Leosy 4o
2 14

!
2 2

2) Tinh: [ = _[cos é xcosBxda.
3
( 19 ) 3 29 3 19
= J cos—x+cos—x dy = —sin—x+—sin—x+¢
3 S8 3 38
Chit y: Tich phan ham vo U dang:



I = _[R(.\ . \-’a\‘3 ;bx +¢)dv da xét g § tude

c6 thé dung phép the lugng gidge dua vé tich phan clia mgt ham hire ¢ cila cos
VA sin i ta d3 xét trong § nay.

Thi du Tinh ; _ dx __
‘}(5+2x+x:)!
Taco: §_ ‘_,."dt . s=x+ |, laidalz= 2
(\,’4 %—:3\)
o
! 1 . 1 g
I=—|costdt = —sint +¢ = — =
4‘[ 4 4 i+
! > X+
= ==t = = =4
4 | ol V34 2x+x

6. TICH PHAN DANG jR(e‘)dx, j R(shx, chx)dx

6.1. Dang [ = JR(e‘)dx.

bate' =/thi v =l da = i’
!
L. dt s . e,
Liac dé /= Ry ZL la tich phan cua harm hittu G cta ¢
{
Thi du:
e’ ( d .
I= j— —dx = [s—— — =arctgt + ¢ = arctge’ + ¢

¢+ ol )

6.2. Dang I = _[R {shx, chx)dx

A v
Thay shy = £ -e . chx=
2 2
thi 7 ¢é dang & 6.1 vira tinh. Ciing ¢6 the tinh J truc tidp twong t nhu déi véi
tich phéan céc bién thitc hitu ti ¢l coxy, siny.

e +e”
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Thi du:

dt

ST LA S
chx ¢ +e I+

2 4

dr
= 2_[ =2arctyt + ¢ = 2arctge” +¢
V447

shix

2) /= I_s'h'xchxdx = Jsh‘xd(sh\‘) = +e

Chit ¥ chung: Ta sC higt trong chugng san moi ham <6 licn tue déu ¢6
ngaycn him tde (4 ¢é tich phan bit dinh, ty nhién tich phan bat dinh cia ham o
licn e khéng phal bao 2is cing bidu dién gua duye cdc ham 86 so cdp nhu cdc
trudmg hop da xét o chuong niy. Ngudt ta di chiing minh ring cic tich phan sau
day khong bidu dién duge qua ciic him s6 ~o cip:

&y sinx cosx dx
J-e dy J - de J , dx nx
V1= k% sin® x.dx ke

Tuy ing cac him & dudi dau tich phan 13 licén e trong nuén xdc dinh caa
ching.

Sau ndy, 1a s¢ ¢4 cich tinh gdn ding cde tich phan nay.

BAI TAP
1. Tich edc tich phan
. —\ 4
) - 49
D~ —= 24N D — 753
>J, \,.\.' - ) J- ‘\,/;L\'
[ 2-0-_\.‘2_—‘\./2—_\'2) dx
Il A 4 -
K \/Z—x* * )12—3x‘
xdv
6 .
j«f’ —3x7 ) 44y
[L\ d'\'
D J‘l+sm)( 8) .
sin
a
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9 J.COSX

11)]‘—’(—:1¢/r
A-Y

arcsmx

13) j\l
15) jL T e

5inxcosx

17) [

\/cos‘ X —sin®x

lO)I dx

xInxin{lnx)

+ l
]‘))J"x xil+

14) j \/arcthY
U+ 4x°

16) J‘(cosax +sinax)” dx

R xIn(1+x7) +

18)j dx

1+ x?

2. Ap dung phuong phip tich phan timg phan, tinh:

)} j(_r: +5v + 6)cos2xdx

3) Ilnj xefy

XCOsX
|

~dx

sm X

7) j(arcsin x)" dx

9)JVz11 - dex

2)-[,\“6’ Cld
4)_“|~de

6) jsin(lnx)d.r

S)JAAln(v+x/|+x

I+v

arcig

xe
)-[(]+

3. Dung phuong phidp bién déi <3, tinh cic tich phan.

D [x(2x +35) "

1+ x
DR

4 J-ln2_\f£1.—v

indx x

6)J- dx

x\/1+x
R

lO)I\/a: 4 xdy
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4. Tinh céc tich phan:

l)_[e“zi\ 2)]\]11— —d\
arcsinx sin’x
)J' —dx 4) I—- ——dx
3) jcosl(ln x)dx 6) _[xsin Jxdx
5. Chimg minh cdc cong thide: (n, m € N)
. I
. —sin” ‘xcosx n-lgp. .-
l)jsm" Xdx = — ¥sin” " xdx
n n
I -
cos' xsinx rn-—1 -
2) J‘cos” xdx = + jcos" = xdx
n n
3 dx 1 cosx n-2 J dx
N5~ o
sm” n—1sin"'x n-1°sin" “x
sinx n=2 dx
cos’x n-lcos”'x  n—17cos’
) cos™ ' xsin”' x - T
*5) j.cos'” xsin” xdy = — Icos" ‘xsin” xdx (in<n)
m-+#n m+n
sin” " xcos™' x
. - - - - b
*6) J‘cos"’ xsin” xdx = + Icos"‘ xsin” " xdx (m>n)
n+n m+n
cos 'x acosx +nsinx) n(n- \
*7)_[6' cos” xdv = < ( )+ ( )I " vy
o +n a’+n

mel

*R) '[x"‘ In" xdx =

m+ 1

n
In" x— ] fx"‘ In” " xdx
m+

6. Tinh tich pth cac him hitu ti:

Sxt+

C- 6y 4120

3) jx

dx
|

5)jxf4
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x) —6x® +12x—

x =1
2) 1= Ix
)I4x‘—x“
+6 2y -3
* 3
8 ( —-3V+2) v
[
6) [F e
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7)'[\' + 1 )jx +1

dx
0
)j(_\'+l)(x: +x+1)° O)J l)”IU

7. Dung phuong phdp Ostrogradski:
Néu O(x) ¢6 cac nghiém bot thi:
j{’(X) e = XD J'Y(X) de M
N Qx) YO0
Trong &6 Q,(\) la ude s6 chung 1dn nhat cla Q1) va dao ham cta né §'(1),
Qx(0) = () Q(0).
X(x), Y(x) 1a cdc da thic véi he 6 bat dinh, bic cla chiing kém hon bac cia
Q,(v), O.(x) trong ing mot don vi.
Cic hé so cta X(x), Y(v) duge tinh béang cich dao ham (1)

Thidu |— L_d_‘)_
X

T Va

O day : O=0"- D0 =6707-1),0, =4 -1
0= 00y =" -1
Viy = Ax* + Bx+C IDx +Ex+Fd
x =1 x* —T
Duo ham 2 vé: 1 = QA+BY(x’ - 1) -3r (A + By + OHDy* + Ex + F)(- 1)
Suyraj/\:()\B:—l ‘C=(J,D:()‘E=0,F=-E
3 3

pelx g ox 1 atesn

3x 21 33 T3S 9 (x- 1y

+—2—'1rct>2x—++
N

Tinh cdc tich phan:

X
l)J(x+l)1(x3+1)3 )'[(x -1y
dx —2x° +2
3)J'(x2+l)‘ )I(x ﬂ2x+2)
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S)J ;1_\?'\ -1 2 d)c 6) J‘_}dx

(x -x+1 (x"+1
*8 Dung cic phuong phidp khic nhau, tinh cdc tich phan.
X x +x}
1 - 2 elx
)J(x‘ CI(x' 4 8) )J DT
dx dx
3 [—2 a9
))J‘x(x‘H)' )jx(x7+l)
o vl x'dx
5y [
) -1 )I -10)’
x* = Ndx
)J' (x' -1
x(x* =5 (x = 5x+1)
P 2» L
o) 2
(x—u)

Véi P, (x) 13 | da thife bic n cha x
9. Tinh céc tich phan cba ham vo ti

2)_[ Nx+1+2 ar

Jx -1
[ & _ NxFl+Z2
)L\/EH N (x+1)" ~Jx+1
Jx-1 Vr -tx
3) [x,[—d 4) [T g
28 e )J.x(i/;-ﬂ)

_ x+1 2—x 1
/ v ,/ . .
3| PErh 9] T

*10. Tinh tich phan cdc vi phan nhi thac:

Jx . xax
RRFr e 2 h

3) [+ 26%) ax 4)] :
\/ +X

ax
N JFow

11. Tinh tich phan cdc ham vo ti:



1)_[ dx o
Vxt+x+|
)I (x+3)d.\f

\/; +.’t+
G- =&

Xvx’ or—l

X d‘(_

\/;_ x+1

7 (-

J1e2v— i

'_)_)I___dﬁ___
V3x-2-x"
4)}‘ {3x — 6)cdx

Jx® - 4x§

6) J_ cix____

(x+ 1y’ x4+ 2x

10)[

xWx —x+1

12. Dung phép thé Euler tinh tich phan cdc ham vé u:

1
)IA+VY +x+1

3)_[ X- +n+2dx

X+vxi+3x+2

x—l_dx

) -
(x> +DVx* +1

2 f_ﬂ A

+1=2x—x
4)[

6)JXJ; v 257 —1

(x* +d’ )\/a -’

13. Tinh tch phan ¢la cédc ham lugng giidc.

1)J' — .dx

8-4sinx+7cosx
. [3sinxy +2cosx
J‘2sinx+3cosx
5 J‘——dx—,“
3sin” x+5¢0s” x
dx

7 jw
sin” x — 5sinXxcosx

dx
oyf[— =
)Isinxsin2x
.y 'dx.
1y [— sinx A
acosx +bsinx

Hf—&
CoOSN+2sSinx+3
dx
4y f-—
)J.] +3cos’ ¥
dv

6) [— .
Sin~ X+ 3SINXCOSX — COS™ X

dx

Cos2x
8 [—
cos® x +sin' x

COS X
10) [ o

12)
j(smx+°cosx)
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dx ax

13) ——— ) | ———
'[\/sm xcos' x J‘cosx\/‘ sin” x

s l+,((0tgxd‘ sin’ x
)I smx }6)jx/cos X

18) [sinxsin2usin3x.dv

I7]J‘sin§.c053}c—dx

h}

19) [ \/3"—‘d 20) [ xde s
€os X cos” x.Jtgx
14. Ding phép thé lugng gidc, tinh cde tich phan :

1) J. (.\'2 + v+ "y )I
(x* —2x+5)’

3 S 4) —
)J—(I+x2)\/}_—_x_§ j(l~x2)Vl+x2

15. Tinh tich phan cde ham mi vi hyperbole

e dx
| 2 —_—
)J’He‘ ‘ )I1+e +e'3 er
[ ‘b 4) J-ch'l\'z/.\'
‘\./—-1 et + 4 [ (.’
3) [shxsh2xsh3xdle o Shydy
ch2x

*16. Tinh cdc tich phan
1) {llte A 2) [[le + 1)~ e - e
3)J'e"‘dr 4)Imax(_ Ix™)dx
5) IE(;{)‘sin e ((x) + phan nguyén cia A)
6) jf(\ dy néu flo= —x* khi ‘ ]<k
l—\).‘ khi y>1
*¥17. Tim 1) néuw:

o1 (i
l)/’(x‘)=; -2)/'(In.\:):ix

O<x <!

x>1
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*18. V6i dicu kign no thi pf l}e-‘ de

X/
Véi ]W a, a,
ol Pl—l=aq,+—+.+—=
x/ X x
a, = const
i=0,...n

I4 ham so cap.

HUONG DAN VA TRA LOI BAI TAP

1
2Jxx™ Adex™ 20
n ~ = .- — +c
dm+1 2m+2n+1  dn+1
- . 2 Kl
2) 2uax —4dax +4x\/a -2x ¢+ —),(_— +
Svax
X = =
3) arcsin— — In(x +Vx? +2) +¢
2
I 12 + 3! 2
4) ——lnL&+c x#i\/-—
2J6 NE— J3x 3

(3 ]
5) farcsm Ex +c x<\;5

N

1 X
6) —arctg— +c¢
) 7 e

/ .
7) —@k%—’—;—]w: _\‘¢—§+2kn
8) uln

X iy
ty ;+'4—

10) Injin(inx)| +¢

1) x+I2x+1|+¢

tgi‘+c
2ua;

bid
9) In +¢ x¢;+k7r
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] i

X X 2 N

e+t x 20 +3Inx - 1+ ¢
3

12) -
4

94
[3) =y(arcsinx)’ +¢
I

14) %In(l +4x3)—13‘\/(—arctg2x); +e
t

2"

15) —

1
16) x -~ —cos2ax +¢
2a

| —
17) —:\/cos‘_’x +c

L Im eyt
18) ™™ +n_(_4+—x)+ arctgy + ¢
J2 10x
1) 3A+40—A+Hsin2x+2x+5cos2x+c
2) =3¢ “(x +9x +54x+162)+ ¢
3) xIn®x-2xlnx+2x+c¢ 4) 2Wxnx—4dx +¢
5y +Intg1 +c 6) i[sin(lnx)—<:os(lnx)]+c
sinx 2 2

7) x(arcsinx)’ + 241 —x” arcsinx - 2x +¢
H VI+x  In(x+V1+x* ) -x+¢

9) §m+%—arcsin£+c {a=0)
2 2 a

10) x—1 - Arcty +c
RAYAIE S\

3.
I 12 5 11

n 1 (Cx +5) _3(2x+98) e

4 12 11



f —%* 2«/.——2In(\+\/;)]‘+c
3 < {

3) 2arctg\/e( ~l+c

4) Inx + In2infinx +Ind|+ ¢

5) —(cos X —5¥ceosx + ¢

6)ln

I+ \/\ + |
7) IT(\E )22 oa e

8) ——V—4— -+
4y

9) 2arcsin Jx 4

10) - \/— +d’ +—In(JH Va' +x ) +¢

aresinx
)— — = I +L
I—x

1) e (cos2.\'—2sm2x IJJ’"

== -

5
9 5
5) §+ios( In_x)+2x:|n(_ln1‘)

6) 2Jx(6-x)cosvx +6(x - 2)sinx +¢ (x> 0)
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i { X" |
v e 1L
PR T IR I

X~ 11 8
3

2 (x-2y a2

+

Y —— T+
2xT =3x+2)

- b= ll !
5)x+ -lnls —| - —arctgv + ¢
4 xrl] 2

X

\HJ—X"—

6)x+1n +c

x+2 2x+1 1 N
9) Inlx + 1[4 ——f+— —+ - arctg—% ~—In(x"+x+ D +c
x4+ x+1) 33 V32

] 3 l 1

ool

~X +X

fy — — -——J—Inllx+l'[—lln(x: + l)+—!—arctgx+c
4(x+D(x"+H 2 4 4

3 x 3,01
2) —aretgy — ———— ~ —Inj——
8 4x" -1 16 |[x+1
o 15X +40x7 +33x 15
3) —————————+—arctex +¢
48(1+x7)" 48
dyx - —2 0 2n(at = 2x +2) 4 arctg(x - 1) +¢
¥ -2x+2
) P ——;
N+ x+l

a ~

) Y3 ¥4y 2+1+ 3 arctg x/2 e
— - n— —— o —— r——— ¢
Hxt+ }6«./5 X7 —xy2 4! 8~/—2_ - x-




) 3§

1 IA’Z_A‘* _ g
2) lln_\-1 'll’llnx"a . -1\'——]—-ln—\ +1 J;l
i ! N NS
3) 1o~ Lol e
3 5(x" +1)
| s
4) Infx|- :,Tn\x’ + I[+c
5) lln‘————_larct&x ‘e (x;ttl)
8 x|
)] x& | \ _m ( I]
6 S R +C Xz H10)¢
) - ]OU( 0 _ g ~10 2J- % +\/‘10J (10)
-‘_
7 lh\—x{—("__.sl Iy
S N Rl
.4_
) ) o

4\5 2+ 1]

nl P{kb(a) P(ll)( )
9 — »
) ?:Uk!(nw)(x_ay ct

Inlx "l+¢ (x #d)

10) ](1 - n‘x +1|)+(
n

- < v <+ > Khinchan, v 2-1khinld.

9

.\-\[— < 3, ¥t +24x - 3x -6y ‘31”1+JX\+6arctg‘;/I+(u
2 In ‘(\/\’kl—” —2—'lrctg2_—wi4f_]+c

|‘+2+f+1 N N

J (Y"))+—|nl,\4\/x - '
4) 4ln(ﬁ+|)_sarctg@+c
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5) %ln :(v_t:‘;—l+72_3-—arctg2i/‘—;l-9- _32: +¢  VOI
I(L+\:\
8\[\7—\
10.
1 -(’)I\—411+l8f+-—3[f—2]urctg1+c‘ . IZA‘%
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DO B .
RN
JTIH 1
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A o) 2
. (2,(1—])‘\/1.-4—)(2
- k¢

5
) 3y
Z—lz 3 2-
6) —in(,—)—+—\/_£arctg +1—+¢_‘ - oa=Yi+x
10 =" +z-+1 5 3
11.
h— |
l|+’\—7vr +x+ll
- T
) ~ a2 —3arctg\[3\— e

X - 1-

3 Vet v 2n 2 4 20n(x F L4 dxT F 20 +2) e

4) 3N — 4y 45 ae

2-x
3) -arcsin=——=+¢
BRVA)
6) ! —VxT +2x »-larcsin—l—+c
2Ax+1) 2 x+1

7) —zx—JrE\/\ Syl éln(fzx A1+ 200 —x+ 1)+ e
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8) 8+4T5 +3x \/I_—Xl

9) NESRELSulld +2X+IQM+4arcsinxJ%l +c

10) Vx’ —x:_1+ln[x]+§ln(x—%+\/x2 —x+1) —ln[l—g-Jr\}xZ ~x+1) e

12,
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_Nx+3x 42
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!
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2 '+l
. ~x3~l+\/x4+x3+2
6) signx.ln +¢ ; x#0
| x |
I x>0
signx = x=0
-1: x<0
13.
1) In
2) arctg(l +rg§) +c

—]—7In]1+1]+£|n\1— I}~£In’t~2’+c
1 27

a+x

a-—-x
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3)'—2'x——ln(9 sinx + 3cosx|+¢
13 13

4) Earctg[tix) +cC
! \/gtgx]
3) ——arct{ +c
S5
6) 1 I 2tpx +3 - \[—
\/1—5 7tgx+3+\/"
7) -—l kil +L
1gx |
8) 1 xf_+sm2x
—\/— «/——sm%\f
9) — —]—+—1—lntg[x ﬂJ +c
2sinxy 2 2 4
1 N x,
10) —cos” x +cosx +Inftg— + ¢
3 2]

1)
pE

2sinx —cosx

x 1
g+ 3 arctg?| +

1) !
12) —|—=In —_—
) IOLE (sinx-2cosx)”
-2 jcotgx +%th3x te kﬂ<x<%+k7z', k=0zl..

(l+1) ( Al J’
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t = sinx
km

X #F—
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19y Khéng bicu thi qua him so cﬁ'p
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N2-¢e+c  x20 , e"+c : x<0
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Chuong 6

TICH PHAN XAC DINH

3l. KHAI NIEM TONG QUAT
1.1. Bai todn dan dén khai niém tich phan xic dinh

a) Bai toan tinh dién tich hinh thang cong

O trung hoc, ta d3 biét tinh dién tich ciia cdc hinh da gidc, hioh tron. Bay gio
ta dat van 48 tinh dién tich cia ma1 hinh gidi han boi mot dudng bat ky.

Xét hinh gidi han
b dudug v = f(x) véi
Slvy > 0, rue Ox va ha:
dudng thang x =a, v = b, 9
ta goi hinh nhu thé la
mot  hinh  thang  cong
(Ifinh 46). Chd y rang
mol hinh gidi han b
mot dudng bat ky cé thé
chia thinh nhitng hinh
thang cong,

Do d6 ta chi tinh
dién tich hinh thang
cong

Pau tién ta tinh gan 7
dang. Chia lab| ra lam
n phan bal ky boi cdce
digm:

Hinh 46
U=x <<€ <0, <N <o < <Xy =D

va da

X3 -y AN L - =AY LYy - X F AY

Tir cée diém x|, Xs, ... .,y ta dung cdc dudng thang song song véi truc Oy.
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Chiing chia hinh thang cong AabB ra thanh n hinh lhaxl\g cong nho ¢é day la
‘-\\-l' A\: .-'\\'",

Trong mai doan |+, v, 1 (F =1
1

L2 .onY 1Ay 1 di€m £ 1y y. Ta s& thay méi
hinh thang cong con ddy Ay, (/7 2, ... n) gan ddng la hinh chir nhit cling c6

diy Ay, va chiéu cao la AE))

s

Nhu vay, dién tich § cta hinh thang cong AabB s€ duoc thay gin ding bing
ong dién tich §, cua cde hinh chit nhat dé, nghia G

S=8, =& YA + flE- )Y Av, + .+ AE,) Av, hay ki hiéu gon hon:

S=S, = Z F(E)AY, (dsu 3. - chi tong).
, | PO
Ta thdy di¢n tich gan ding S, cang gdn § néu » cing 1dn sao cho moi do dir
Ax, cang nho. Ta gui uSe khi 1 > = thi moi Ay, — 0, hay cing (hé, ndu dat
A = max Ay, thi A — 0, mdt cach ly wdng ta dinh nghia dién tich § coa hinh
thang cong la:

S =i £ -
lim 2 /(A

b) Bai todn tinh cong cua mét luc bién thién

Xét mot vat chuyén dong thang tir « dén b dudi tic dung cha mét hee ¢6
phttong 12 phuong cla chuyén dong. va d3 16n F cha hre phu thuse vao khoing
cdch a cta var tinh tir mét diém O niao d6: F = F(s) (Hinh 47)

Ta s& tinh coény
cua hre bién thign d6.

Dau én ta tinh
gén dung.

Chia dogn (¢,b] ra 0 a M b
lam s phan bat ky bai
cde dicn: Hinh 47

A=8<5H< <SS < << =h
vadat s, -, =As(1=1.2, ..., n).
Trong doan thi i |s;, s, (1= 1,2, ..., ) 1Ay mat diém bat k¥ &, va trong doun
d6 coi lyc 1a khong déi va bing F(Z), lic d6 cong cla luc (3 F(&).As,.
Céng A cha luc trong toin doan |u,b] duge cot gin ding bing Ong cong A,
cia lye trong cae doan s, 8,1 (i= 1,2, ... 1)

A tAu: ZF(:,)AYJ
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Tuong tu nhu bai todn tinh dién tich hinh thang cong, ta dinh nghia:
A=lim Y F(&)Ax,
=1

trong dé A = max As,
Qua hai bai 1odn trén va rat nhiéu bai todn ciing loai khac ma ta khong dua ra
3 day, ta thily ching ¢é ndi dung thue 1& khic nhay, nhung phuong tién 10d4n hoc
d¢€ giai cdc bii todn la nhu nhau, phuong tign wén hoc dé ta s& nghicn cdu trong
chuong nay goi 12 phép tinh tich phan xdc dinb.
1.2. Pinh nghia tich phan xac dinh
Cho ham 6 v = f{1) xdc dinh va bi chan trong doan [u, bl, chia [a, b| ra lam
» phin bat ky béi céc diém:
U= << €<, <. <V, < =h
vidatx,, -, =Ax, (1=1,2, ... n).
Trong méi doan [v, xi,,] (=1, 2, ..., n) ldy mot diém E, ty y.

Laptong [/, = Ef(fl)Ax.
=1

Quy udc néu n — = thi moi Ag, = 0 hay A = muax Ay, - ()

Neéu /,, ddn 181 mdt gidi han [ xéc dinh khi A — 0, khong phu thude vao cich
chia doan |a.b] vi cdch chon cde diém £, thi ta goi { la tich phan xdc dinh hay
tich phan cita ham s8 fix) (rén doan Ja.bl.

h 1
Ky hi¢u J = =i b goi 1h cde can 14y tich phan,
yhicul= [y = lim 27, b ol Ih ede can Iy ek phin

« 12 can dudi va b 1a can weén, J‘ goi la ddu tich phan; f{x) v f{v).dx goi 1a him

56 va néu thae dudi dau tich phan; x 13 doi s§ hay bith s§ 14y tich phan; con
I, poi la 16ng tch phau thd n; néu f(x) ¢4 tich phan trén [a,b] thi flx) goi 1A
kha tich trén fa,b). Bay gid theo dinh nghia tich phan xac dinh va trd lai cic
bai toan md dau ta chay:

" Dién tich § cla hinh thang cong gi6i han boi duong v = flx), fx) > 0, truc Ox
va cic dudmg thang © = g, x = b 1a tich phan xdc dinh cla ham 6 f{v) trén doan
[a.bl|:

b
= [f(x)ax
P6 1a y nghia binh hoc cua tich phan xdc dinb.

Cong A cva luc bin thién F(s) lam mot vat chuyén dong thing tir s = a dén
¢ = b 12 tich phan xdc dinh cda bam F(s) trén Ja,b:
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A= ]F(x)ds-

D6 1a mot y nghia co hoc cia tich phan x4c dinh.

Chit y: Tir dinh nghia suy ra:

1) Tich phan xdc dinh 14 mot con 58, nd khong phu thude vio déi s6 {dy tich
phan nghia la:

b b h
[700dx = [f@ydu= [ £

2) Néu f(xv) = 1 thi:
A h R
11=II= 1 =h-a.
I dx dv l){x}}; Ax =h-u

a

b
3) Ta da dinh nghia jf(.\) dyvdia < b
e
b a
NéEu a > b (hi ta dinh nghia J'ﬂ.r) dx = - Iﬂ.\‘) dx
a h

b
Néu b = o ta dinh nghia: Iﬂ_r) dx=0
[’
1.3. biéu kien kha tich
Tich phan vita dinh nghia 0 1.2 ciing goi 14 tich phan Riemann. Vay véi diéu
kien nao f(x) 12 kha tich Riemann trén doan |a,h]?
DE tra 131 trude hét ta xét:
a) Téng Darboux : Xét ham y = fx) xdc dinh va bi chan trén [, ], gid st T
{3 mot cach chia la,b) vi 18ng tich phan thit n dng véi T la:

=3 £(&)Ax,

Vi flx) bi chan 1rén |a,h} nén né cing by chan trén cic doan |v;, v, ],
i=1),2, .., n, theo nguyén ly Suprcmum thi ton tai.
M, = Sup/(x) . m, =inf £(x)

lvxal (RS

i=1,2,...n
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Cic téng § = z MAx, | s= Zm,AX, goi | cdc tdng Darboux cua ham

5t -1

Fv) dmg v6i cdch chia T trén [a,b).

thi -

S(+) goi la tdng Darboux trén (dudi)

RO ring s<I, <8

* Tir dinh nghia ta suy ra cdc tinh chat:

1. Néu s, § dng vai phép chia T,

¥, § img véi phép chia T,

T'la phép chia ¢6 duoc bing cich thém viie phép chia T céc diém chia méi

§<8 va s<y,
Thue véy, chang han thém vio gifta hai diém \,, v, diém ¢ va xét trudng

hop céc18ng S, S.

Cac téng S, S chi khic nhau § cac 36 hang.
Mgy -x) . —M_‘ (c-x)+ X’f__‘_(-\'m -0)
Trong dS: p, < sup f(x) , M, =supf(x) . M, = supf(x)

RV | Iy el [ oy
R4 rang : M, <M, . M, <M,
Do d6 : M, (- x) SM@-x)
Xff—, (et - O S M - 0)
va M, (c-5)+ M, (i - O SM, () - 5)
Viy $'<S.
Trudng hop s < ' chitng minh tuong tu
U. Néu s, § tng vé1 cdch chiabat ky - T
', S img véi céch chia batky khdc : T"thiv <SvaS2 s
Thuc vay xé1 phép chia T" gém cic diém chia cha T va T" ¢6 5™, §" tuong

ung.

TheoI: s <™, 8™ <8 mit khac 5™ < 8™

Do d6 s <&, trudng hop S > s* chitng minh trong tu.

b. Diéu kién khd tich

Pinh Iy Riemann : diéu kién cdn va di d€ ham bi chan f{v) kha tich trén

doan [ab] 12

lim(S-$=0

20
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hay Ve>0.38>0 A<d->§5-s<e

Trong d6 S(s) 13 16ng Darboux trén (dudGi) dng véi moi phép chia {a, bl,
A=max Ax.i=1.2... n

* Chimg minh . Diéu kién can : Gia s f(v) khd tich wrén |u. Al nghia ja
lingl.‘ =1

Mt khdc voi phép chiada cho: M =sup f(x)

[x %]

theo dinh nghia cta sup, v - £_ >0 ¢6 thé chon dugc £, efx;, 1,y ] dé
—u
fEN>M - £ hay M-fig)< -t
-a -a

P . ”n . " A b _‘a)

Do d6 : S-1,= M- f < i Ax-_—___.r( =£
DM -Gl <o D A ==

Vay 1limS = (im 1, , theo gl:‘i thiét thi |imS =1.

7250 A A0

Tuong Wy lim s =7/ nghiala [jm (§-5)=0
A0 A0

Diéu kién du : Theo 11 thl (dp hop cdc 10ng Darboux dudi {+] 1a bi chan rén
(bai S, chang han). Do d6. theo nguyén ly Supremum : Tén tai /| = sup (s} va
1, <S§

Tuong ur: Tontai . =inf {S) vafy 2y |, Vae |y (1)

RO rang I, < 15, vinéu khong, I, >I, hay I, - I, > 0 thido [, = sup {~}

theo dinhnghia Ve>0, 35y € (s} iug>l -2, 18y e=1, -1,>0

it sy > 1, - () - 15) = 1». Diéu ndy mau thuda vai (1).

Vay s<l<h<S§
Theo gia thiét 1im (S-5)=0 suyraly=1,
A0

Pacl =L=1thi s</<S, matkhdc s </, <§
Tir d6 suy ra : |im /, = / nghta 2 fix) 12 khd tich trén [«, b].
4 a0

Tu dinh 1y Riemann ta suy ra mot s6 h¢ qua quan trong sau

1° Moi him f{.v) lien e trén [a, b déu kha tich wén (g, ).

A Moi ham fix) bi chin vA ¢c6 mdt s¢ hitu han di€m gidn doan trén |u, ]
déu kha tich trén Ju, by,

3° Moi ham fv) bj chiin va don dicu trén |a, b| déu Kha tich trén [a, b).
Thuc vay, ching han xét 1%,
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Vi ((x) lién tue trén [a,bl, theo djnh 19 Can tor, {(x) 1a licn vue déu trén [a,bl.
Mat khAc theo u’nhlchgt caa ham l\iénAtucl,) trén rpéi (!oan Ix;, Xi1l, f(x) dat
moL gid tr 1dn nhat A7 = sup f (v) Va mot gid i1l nho nhét m, = inf f(x)
[yl ryo |
Tir dinh nghia cia ham hén tuc déu suy ra :
V_* 50,3850 . A<8=M -m< _*_
b-u b-u

£ E Ay =eva lim(§-4)=0
! A0
-1

b-u
nghia la f{v) 14 kha tich trén doan |a, ).

Vidy  S-v= 3 (M, —m)Ax, <
-1

Cic heé qua 2°, 3° cling duge ching minh tuong wr.

*Cha y : Ta da xét diéu ki¢n khd tich Ricmann va tir d8 biét duge mat s6 16p
ham kha tich quan trong (cdc hé qua). Vay con nhitng 16p ham nao nda kha tich
Ricmann ? d€ gid quyét van dé nay, Lebesgue dd dua ra dinh 1y sau day : Picu
ki¢n cin vd dU dé ham bt chan fx) kba tich trén doan [a, b] 1a tap hup cdc diem
ardn doan clia né cé dod do khong.

Mot 1ap hop didm A < R goi la ¢6 do do khong néu tim duge mét diy doan
ma tong dé dai clia ching ¢6 thé lam nho wy y (< ), sao cho méi diém cia A ¢
the dat vio mot doan chia day.

Mot hiim bi chan md Ap hop cdc difm gidn doan cia né ¢ 4o do khong
cling goi 1a mot ham lién tuc "hdu khip noi” (h k.n).

Nhu vay theo dinh 1y nay, Ax) Ia kha tich Riemann, néu f1) lién tuc hk.u
tde 1a fln) "khd lién e, D61 véi cic 16p ham khic, khang (hé kha tich Ricmann.

Chang han ham Dirichlet :

fn=ll X €0 (Q : tap hop 56 hiu ti)
{0 cxel (1 : tap hop s6 vé 1i)

X&L tang tich phan /, cda ham trén [a, b}
=3 fEnay,
-1
Néu g € Qi fi8)=1vh 1,=Y Av=h-a >b-a
i

NEuE e lthifik)=0val, =0 0.
Viy flv) khong kha tich Riemann,

Ta bi¢t ham nay, 13 gidn doan ¥V 1 e R. Trong (hyc & ¢dn nghien ciu tich
phan cua cde ham "kha gidn doan” dé ddp dng yéu cdu ndy. Lebesgue di dua ra
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mot khai niém tich phan mé goi la tich phan Lebesgue ma ta khong dé cap & day
vi no1 dung cua né vugt ra ngoii pham vi gido trinh nay.

1.4, Thi du tinh truc tiép :

Ta s& dua vai thi du tinh tich phan xdc dinh tryc 6i¢p tir dinh nghta :
Thidul :

b

Tinh I = [e‘d,\'

u

O day fx) = ¢ lién tue véi moi v. nén né kha tich trong moli doan [a. hl.

Do d6 ta mudn chia [a, b] theo cdch ndo va chon cde diém &, thé nao, két
qua ta ciing c6 moét I xdc dinh. Dé tinh toan duoc don gian ta chia |u, b ra n
phdn bing nhau bd cic diém v, i = 1,2, .., n+ 1 va chon céc diém £, chinh la
cdce diém v,

9 =12, ...n, dat Av=Ay, = b-a
n n

Vi chia bang nhau nén A y; = b

Lic dé :
Ni=d, a4 Av, xy3=av 2 Ay,

N=da+U-1)A . x,, = d+nAx
=3 flEMAs= e A=A (ke MM
r-1 JE |

Ta thdy, trong d&u ngoic 12 téng clia n s6 hang ddu clia mot cip s6 nhan, s6

hang ddu la [ va cong boi la e .
HAx

Do d6 : I = e"Ax_e !

" e™ -1

Theo trén 1 Ay = MO =A)  pap e b mat khic khi n — = thi Av > 0
"
Theo chuong gié1 han

_HTO gA‘ -1} =1
Viay I= liml, = - )=
Ae—0

V¢é hinh hoc [ 13 dién tich hinh thang cong AabB trén hinh vé. (Hinh 48)
Thidu?2:

i
Tinh 1= J-xzd.‘c
0
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Lam tuong tr nhu thi du trude, & day ta 6 :

=0, n=Ar, =2 A0 N =AY A\-—l 14y
n

J\'{

iy

Do d6 .

1, z.\l,ﬂ Ay, = Z(l AV Ac= Ay (A + (2 AY) + .+ (nAY)

= /=

I

AV 2y D)= L (1+2% )

n
Ta iét P42+ 4= MntHCr+D
6
Nén ]":_]}_ﬂ'_?j_l)gn_ﬂl:l( IW(Q,L]J
n 6 6 n/ "
ViAx = l nén 7> X thi Av->0
n
\
Vay /' = fimJ = |iml(1+l\(2+i|=l
0 »x " lx6 n n} 3

Ve hinh hoc 7 1a dién tich hinh thang cong OAB trén hinh (Hinh 49), di¢n
tich d6 bang ! dién tich hinh vuang OABC.
3

5}

Hinh 48 Hinh 49
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§2. CAC TINH CHAT CUA TICH PHAN XAC PINH

1Y Néu cic him 6 S0 . g(v) khad tich trén fa. b] thi téng f0) £ g(1) ciing
kha tich rén doan dé va

il [ f
J'[f(_\) + (D)) = Jﬂ_n) da j £(Ody
Chiig minh : Theo dinh nghla :

,\
[0 £ 2kt = tim STUE D) = 88D Ay =

n ~
=(im X fE YAy, £ 1im Zg(i, ) Ay = If( Odv £ Ig(\)d\'
. Al 400 -l . a

2" Néu fla) kha tich weén doan [a, b] thi Kf{v) (K=const) ¢ling kha tich trén
doan d6 va .

h h .
J-Kf(x)dx =K J- fiv)dx, chiumg minh twong tu vai 1°,
u a

3’ Néu F(¥) kha tich trén doan 16n nhal trong cic doan : |a. b, |u, ¢|, |¢. b]
thi f(v) kha tich trén hai doan con lai va

p . b
J' Sy de = I S dx + I S dx
. o d 3
Chirng minh : DAu tien (s xét ¢ < ¢ <h. Xét mdt cach chia doan |a, b| ing
vdi 16ng tich phan

I =Y f(E)Ax,

-1
Xét ¢ (2 mot diém chia thi
ladl _ placl (c.b] —
107 = 1". + /H: M, thy =0

Cho A =0 , ta c6 dang thic phai chimg minh . Bay gidy xét e < b <
Theo trén :

]' f) dx = hJ' Ay dy + ] fx) dx
a a h
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hay :

]‘ SV da = LJ- o) dh - i[ flydy = ] flxyde + []-_/(,\') dx
a u h o c

Cic truong hgp khie ciing duge chimg minh tuong
h
4° Néu flx) kha tich va flv) 20 wen |, b|, (@ < b) thil = If(.\')d.r > 0.

o

Thue vay xét L= f(E)Ay, VifIE) =0
1l
nén 1,20,/,»>1 > 120

5" New vy, gl khatich va flv) 2 g(x) trong |a, bl (¢ < b) thi:
b b
I ey dy 2 j 2 dv

Thire vay, xét F(r) = flx) - glx) 2 0 va dp dung 4% 14 s cé bt dang thic
phai chitng minh

6° Néu f(¥) kha tich trén |a, b (a < b) thi (f(x)‘ ciing kha tich trén (a, b| va :

b

< {If (ot

a

[/ ()

Thuc vay, d€ chitng minh ‘f(x)\ kha tich trén a, b] ta dp dung bat ding thic
'"l“ lb' < 'a —bl vao cdc 16ng Darboux §, s-cla flx) va§', s cha ,f(x)‘ .
Ta cé : S-y<8-

Tir day suy ra su kha tich coa i‘f(x)‘, Vi - ‘f(x)l < A 5"f(x)f nén theo 5° -
h b h
_ I [ f( x)] dv < J Ay de < J' ‘ f( x)' dx

| [/ (xyax

a

Vay

< [If (o)

7° Uc Juong tich phan :
Né&u fin) kha tich trén Ya, b) (a < b) thi
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h
m(h -y < I J)dx € M(b - )

Trongdo: = inf, f(x) M =Sup f(x)
a<xtr u'\.\"_-ﬁ

‘Thue vay, theo gia thiél : m < flx) <M . Do d6 tir 5* d& dang suy ra tich chat
ndy. .

Chu y : Néu fv) 1ién tuc 1rén |a, b| thi m, M 12 céc gid tri bé nhat, 16n nhat
cua f() en [a, bl.

‘Tinh chat nay cho phép ude lugng cdc tich phan.

Thi du : ubc lugng tich phan

/= J-smx

4
32|

Ham fiy) = ﬂfla lién tuc trong L

X

xcosx smx COSX

T
—tgx) <0, trong | —,-
f{x)= “(x~tgx) g [4 2]
S0V la don didu giam trén d6.

Da dé : m= f(f) = 2 .M ;.j‘[ﬁ) = &
2/ 0 4

v 2[1_z)s,g2ﬁ(z_z)

a\2 4 a \2 4

hay 0.5 </<0,71
Vay lay 7 = 0,6 th sai s6 mac phai 14 0,1.

8° Pinh Iy gid tri trung binh -
Néu flvy kha tich wrén (o, A thi 3 g m < <M véi
m= |nf f(x) M=Supf(x)

<h
a=x< axesh

sao cho ! Iﬂ,\') dyv=pulh - u)

u
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{ I3
r= ;[f(x)(b

poi 12 gid i trung binh cua fa) wrén o, b
Pde biét . Néu flv) lien tuc (rén [a, b thi T e |a, ] dé AH=pn

nghia la ﬂc’):__l_ J'f(x)dx
b-a
Chimmg minh * Theo 712 ¢6:

h
mb-u)< If(.x) dyesMb-a) (a<h)

a

| b
P [fx)ds <M

hay m <

b
bHat W= —]—jf(x)dx thi m<u<M
b-a?

Néu a > b thy xét j/-(l\')tl.\ dinb 1y vAn diing v ta ¢6 ding thigc phai ching
h
minh. Pac bi¢t n¢u Ax) lién tuc trén |y, 4}, thi theo dinh 1y Bolzano Cauchy :

Iéelu b A& flH=u
/)
b
nghia la o= _.1__ ff(x)dx hay jﬂ.r) dx =fl&b - a)
b_a a a

V¢ hinh hoc diéu nay xac dinh rang :
Vdi f(x) > ¢ : Dién tich hinh thang cong 2aABb béng dién tich hinh chit nhat
cung day chidu czo [a ung d6 A& i mot diém "trung binh”
Ee lu, b] (Hinh 50)

Thidu:
1) Usc luong tich phan
T odv
[= j—l——
¢4+ -cosx
2

Theo dinh 1y trung binh :
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dx . T
[—r——=m@=—— by
t1+ cosx [+ -cosé

O<Zi<n
. 2
g’=0tac6ﬂ0):§ E=m,
acd A& =2
p)
Vay I cl<n
3
\
2) Tim limj
et tex 1

heo dinh 1y trung binh :

Hinh 50

L
dx 1
=(l-0)—— , 0<&<|
(')[5(31—] ( )£§J+l d
‘ l
Vay lim (———=lim —
0 text +1 20 g8+

“Chit y :
Ngudi ta di chimg rainh duge dinh 1y sau day goi 12 dinh 1y trung binh téng
quat :
Néu fiv), g{v) kha tich teén [, b, g(1)> 0 (<)
Viela,hlthiTp:m<p<M véi
m= inf f(x) M= sup f(x)
xe{a.b]

x a,bl

3 b
$a30 cho J f) g)dy=p I JUANYN
a 2]

Dac biét g(x) = 1, thi ta ¢6 dinh 1y trung binh 8% hom nia, nguol ta ¢ing a3
chiimg minh duge mat dinh 1y khic goi 12 dinh 1y trung binh thi ha) hay dinh ly
Bonnet ;

Néu flv) kha tich trén [a, b| (a < B), g(x) la don diéu khong tang teén {a. b
thi 3 £ € {a, b| suocho .
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5

[/ (xrgxdx =gla) [ f(x)dx + gUb) | f (x)dx

Dac biét néu g(x) 1a don diéu khong ting va khong am thi 3 & € |q, b| sao
cho:

[/ (gt =ga) |/ x)ax

33. LIEN HE GIUA TICH PHAN VA NGUYEN HAM
CONG THUC NEWTON-LEIBNIZ
3.1. Dao ham cua tich phan theo can trén
X¢t tich phan
= J f) dy
Néu ¢8 dinh ¢, b va fix) thi tich phan nay 13 mot con s6. Néu chi ¢6 dinh f(v)

thi tich phan nay |3 mot ham 8 cua cic cn a, b.
Bay gid xét a ¢& dinh, b thay déi, dit b = v

thi [=1I(x) = I f) dx = I A di

{Tich phan khong phu thude dai s6 1ay tich phan). Ta ¢6 :
Dinh ly 1 :

X
Né&u fiv) 1a kha tich weén [a, b] thy I(x) = I_f(r) dr |32 mét ham 6 lién tuc trén

la, b
Chimng minh :
Cho v sd gia Ax, & + Ax € |a, b
Tacé:
eY

AI(y) = j/m dr - j ADdt = Tﬂr) i

Theo dinh 1y trung binh 8% 3 prnar< <M

223



vdi m=inf f(x) ., M'=supf(x)

r-{x__r‘-_\x] u—{x.xvirl
sao cho AJ(\) = L Av RS rang - m < u < M, trong d6
m= inf f(x) M= sup f(x)

xqub xdah)

(Vimsm' s M <M);cho Ax 50 thi AI(x) >0
nghta 1a /(x) lién we Ve € |a, h)
Dinh ly 2 :
Néu ft) \ha tich trén |a, b] va lién tuc tai t = v € |a. b] thi]'(1) = flx)
Chiing minh :
Theo tren Af() = Av, m'sp<M
Theo gid thier fi7) licn tuc tai r = x thi Ve > 0
38>0. A4 < 8 = fl) -e<fin<fix) ¥E, Viely, v+ Ax

Mitkhde: flv) ~e<m <pM <flix) +¢

Do d6 |y—f(x)|<8
R LAY
v F)=lim=r==lmu=/

Tir dinh ly nay suy ra

Dinh Iy 3 (Su tén tai cba nguyén ham).

Mot ham s6 lién tuc tén |, b] déu tén tai nguyén ham rén douan dé. Vi theo
dinh nghia I'(x) = f(x) , x € |la, | nén I{x) 13 moOt nguyén ham cia fla) tcn
(a, b|.

Chay.

Ta d3 xét dao ham cha /(v) = Iﬂt) de.
a

wy
Néu I(\) = Iﬂr) dt, thi theo cong thie tinh dao ham hop. v u(x) kha vi

trén {a, b -

Ta ¢6 1=V 0 = Au()| 1,
1y ()

Hon nita néu 7(y) = Jf(,)d, vai 1, (1), 1-(1) kha vi teén g, b|
NeY!
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r (1% 3} by (x) nda)

thi )= 1[ far jf(z)dr: [rwydi— [far

M}
va ) = flus(O () - s () (v)
Thi du :

1= J-I(II

<mnx

[ = cO&V (-SinL) - SINCOSY = - sin2x
3.2. Cong thite Newton - Leibniz

Ncu fiv) lién tue teén g, b| thi ta ¢6 cong thie -

A
I oy dv = F(b) - Fa) (hH
Trong d6 F(x) 12 mot nguyén hium cia flv) wen {u, b
Thue vdy. theo (3.1} thi j(x) = If(,)d, 12 mot nguyén bam coa fix) trén

{a, b], do d6 :

Iy = Jﬂt) dr = F(v) + ¢

4

Chox=a Tacd Ka)=0=F(u) +«

Viay ¢ = - F(uay va J.ﬂf) dr= F(x) - F(a)

h b
Choa=bTacéd I Sy dr = J- [(xX) dv = Fb) - Fla)

Ta thutmg k§ hieu — F(b) - Fla) :F(_n]f,

Vay ,:l‘ floyde = F(.r)‘z

Cong thic (1) cho su lién hé gilta tich phan va nguyén ham, né cho phép tinh
mot tich phan xac dinh mot cdch don gian néu bict mot nguyén ham cda ham
dudi diu tich phan. Ta biét trong chuong trude. mot s& 16p ham lign tuc ¢6
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nguyén ham biéu thi duge qua cic ham so cap. Do dé. ¢é thé ap dung cong thitc
nay dé tinh tich phan cia ching mot cich dé rang.

Thidu : Tinh .
Xn-] b ba—l _auvl

h
l)j'x"dx: —_— , a=z-l O<a<b
: a+l a+1

a

2)’]‘3‘dx =e”

r

bho_ b i
=€ —é

"=lnb-Ina (a,h>0)

12
4) Jsin xdx = —cosx|” = cosa - cosh

au’

a
-
2

Ay} J.\/Zz - xdx =[;lu/z7:: +(12—_arcsin£J

a

voi a >0
(Tich phan nay biéu thj dién tich cta nia hinh trdn ban kinh «)
*Chiy:
h
1) Ta ¢6 cong thite Newton-Leibniz dé tinh tich phan { = J- flx) dy ki R
la lien we trén a, b). Ta s& ching minh cong thice dé van ddng trong trudng hop
Ax) 6 mot s6 hitu han diém gidn doan loai mét rén {a, h). Thuc vay, chang han
xét flx) lign wie Ve €fa, b)) trirtai v = ¢ € |a, b} fx) 6 gidn doan loai 1.
Ve>0,c-e>a,c+e<h, xét:
h £ LHE b
J- flx)ydo = Jﬂ_r) dv + ’[ﬂ_\') dx + j'ﬂ.\‘) dv (D)
o It} —F Lte
Tren cac doan |a. ¢ - gl e + &, bl f(1) 12 hién tuc nén theo cang thde
Newton-Leibaiz :

J‘f(\) dy = F(e-€) - F{w)

u

A
jﬂ_\') dv=F(bh)- F(c +€)

e



Trong d6 F{x) |2 moOt nguyen ham cba flx) . Theo gia thiét thi f{x) 1a bi chan
rén a. bl.

nen | ff (x)dx| < j Mdx =2eM
vdi M =supf(x)
wZx<h
Do dé l\in(]) .[f(x)dx -0 2)
Theo trén (1) cé thé viet :
h (233
I Ry dx = F(e - 8) - Fla) + Fib) - F(c +8) + j ) da

Cho € — 0 vi F(v) la mét bar lién fuce (dinh ly 1) nén

lim F(c - ) = nnn] F(e+e)=F(c)

h

Do dd vitheo (2) J'f(.\') dx = F(b) - F(a)

2) Ta dinh nghia nguyén ham cta mot ham s6 trong mot mién (trong chuong
tich phan bat dinh). Theo dinh ly 3 thi moi ham lién tuc trong mot doan déu t6n
tai nguyén ham trong doan dé. Vay mot ham khéng lién tuc thi the nao ? DE tra
131, ngudi ta dua ra dinh nghia bo xung sau : Néu f(x) 12 lién we trén [a, b), triy
tai mot 86 hitu han diém, tai dé Av) c6 gidn doan loai 1, ta goi nguyén ham cla
AX) trén [a. b Ta moi him 6 F(v) lién tuc trén [a, b : mi rai méi diém lién tuc
chza f(x) thi F'(x) = fx) con tai mdi di€ém gidn doan x, cia f(v) thi:

F'(xy - 0) = flyg - 0)
F'(xq +0) = flxg + 0)

Thidu ;
. ) 0 -1<x<0
Cho ‘/(x):{l O<x<l
Fix) = 'medt:{o © x<0
i x: x>0

R& rang F(x) 1a mot ham {ién tuc trén [-1,1}
Tai cde diém lien tuc cha fv) : F'lx) = fx)
Tai diém 3idn doun v =0
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F(-0=0, F(+0)=1
Vay F(x) A mot nguyén ham cua fx) trén [-1. 1]

34. HAI PHUONG PHAP CG BAN PE TINH TICH PHAN
XAC PINH
4.1. Phuong phap tich phan tirng phan (hay phan doan)

Tuong ty nhi tich phan bat dinh ta ¢6 phuong phdp tich phan timg phin dé
tinh tich phan xac dinh theo cong thie :

h b b

Jﬂ.\') dy = Jud\* = m'lz - J-w]u (N
Trong d6 it = 1(x)

=)

la cac ham s6 ¢6 dzo ham lién tuc 1rén |a, b)
m-lﬁ = u(h) v(h) - u(a) v(a).

Thye vy theo cong thie tich phan Wmg phin cua tich phan bat dinh :
Iudv =Ny - J-\‘d!L

b b

J-udv = Iudv)(t = (uv - j"'d“)":. = m',ﬁ - J'vdu

0 a

thi

Thidu :

1) Tinh !/ = I.\'co&rd.\' , dat w = x, dv = cosvdy thi v = siny

0
Theo (1) tach :
T n
I= J'.\'cox\'d_\' = XSILY (g - Isinxd.\ =0 - (-cosy) g =-2
0 0

)
2y Tinh ], = J-sin".\'d,\ , 1 13 s6 nguyén duong
0

i el ) . n2
Pt =sin" 1, dv = sinvdy |, du = (n-1)sin" " xcosxda
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V= - CON

Theo (1) tacéd :
2
1, = - cosy sin "'y g'lz +(n-1 ISiI]n':.rCOSZ.\'(/.\:
0
a
2
=(n-1) Isir)"':_x(l - sin:_c)(l\ =
0
T b

2 2
=(n-1) Jsin"'z.\'d_r ~(n-1) Jsin",\'d_\'
0 0

hay 7,=(-1),5 - (n-1)I,,
Do d6 : ! = f__]1 .
”» n n-o
Cong thirc nay cho cdch tinh 7, bing cdch truy hé: nhu sau:
Néu n chidn thi:

12:‘—2—1022]0
ni2 72
Nhumng : 1y = I sin®addy = J 1=~
0 0 2
Do dé : L=17%
22
-1 3
[_,Zfr—]\:i.l.z
4 - 422
/ _n=1ln-3 31inx
" om o n-2747272
Xétnlé:
3-1 2
=221 =%,
3
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T2
nhung I = I sinvdy = 1
0

Do dé -
TR P
3 5 53
; _p-tr-3 42
R |
Kyhieu:  1.3.5...(2k-1)=Qk- )

2.4.6..(2k) = (2k) !!
goi lit cdce gial thira cdch thi
(n-Hlt {7{/2 néu n chin

n!!

»n

1 néu n 1é
4.2. Phuong phip déi bién s

Tuong tu nhu d6i vai tich phan bat dinh, ta ¢6 phuong phap déi bién 56 dé
tioh tich phan xédc dinh.
A

I= J- IOy dy | van f{x) 14 lien tuc trén (g, b| theo qui téc sau
it v = @(N, néu @(r) thoa man céc diéu kién :

1° @1 ¢6 dao hiam ¢'(4) lién wie trén | a, f

2"Khire |a, flthix € la, bl

P o) =a. ¢Py=h
thi ta ¢6 cong thice :

b 4
[ fod= [ ot owr (1)

Thue vay, gia sit F(x) 12 mot nguyén hiim cda f(x) thi vé€ trdi clia (1) viél
duoc:

h
I A dx = F(b) - Fla)

vz v& phai cta (1) viet dugc -
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» 8
J Aol goe= | fow) dom =

= FloWI|% = Flo(B)- Flo(o] = F(b) - F(a)

Vay cong thite (1) 1a ding
Thi du : Tinh

R
)= j\/Rz—xzdx (R>0)
Q

Dat.v = Rsint thi dv = Reosedt , cdc can méi o, B s€ xdc dinh dugce r
Rana =0, RsinB=R
Suy raa =0
T

f= = khi0<¢<
)

pa

thiO<x<Rviacost=0nén:

VR —x* = JR(1-sin’ ) = Rcost

Do d6 theo (1) -

SAR

w2

i i
= j. Reost Reosrdt = R j cos tdr=
0 0

2
ml T[R

¢ 4

2 .
_ J~l+cos2t B 2[1 +51n21—\
[

4 )

V¢ hinh hoc { chinh 1a dién tich T hinh trdn bén kinh R. Do dé bang tich

4
phan xdc dinh, ta tinh duge dién tich hinh trdn ban kinh R 1 - R ma 1a 43 bigt
!l
2y J, = J. cos"xdx
o
0 P [ 254
Patx=7" - j = fcos”(——[)d{ = jsin"tdr =/ ditimh 4.1,
2 n A 2 3 n
chang han
x 2 3 3
I, = Jcos xdx = — lA’i: i
5 422 16
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Chity :
1) C6 truoug hap céce phuong trinh @(a) = a (B) = b ¢ nhidu nghiém nghia
(& ta ¢6 nhidu o, B.
Theo qui tic ta phai chon mat cap o, B sao cho a <t < P thi ¢ < x < b, néu
khong cé diu kien niy thi két qua s& khéong ding.
Ching han, g thiduo | . tacéa =0, 1,2 7., B = lﬂs_ﬂ_”né’u lay cap
2 2

ST R

a=0. = 57 thi két qua [ = k&t qua nay sai vi ki 0 <1 < zthi
2

- R < v <R khong diing qui tac.
b
2) Neu tich phan ¢6 dang J AW (O] y'ody thi ¢é thé dat 1 = y (x) nhung
W () phadi Bién e, don diéu va ¢é y' (x) = 0 va lico (ue trén [a. b] thi mér diing
qui tic, vi lde dé ham s6 nguoe v = @ (£ 1a lién tuc va cé dao ham lién e trén
fo, BI.
Thidu :
72 s 1
Tioh j= [ SMX_ g datcos=rihi f - | ar
1+¢°

14 cos™ x

= arctgt" =z
= D=
) «a 4

3) Bing phép ddi bién s6 ¢ thé chitng minh :

j[ 7 () + f(=0))dx  néu Ax) khong chin, 18
o 0
I= j 1 (x)dx = 4 0 néu fx) 12 18
2 I S (x)dx néu fv) 1a chan

Thuce vay
a 0 u a a
1= J‘f(.r)d_\' = Iﬂ.\')d\f + jf(.\‘)d.\' = J-f(-t)dl + J-ﬂx)d_\
-u - 0 0 0

(x = -f trong tich phan thir nhat)
hay /= J-[ﬂ—_\)+_/(_\-) ldv . néu fx) khong chan, 1¢
0
Néu f{x) 1é thi flv)y=-f-x), e dé6 1 =0
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Neu /(v chan thi fi-v) = flv) |, lhe dé 1 =2 I/(_\) dh
I

Thidu:

1) dj..—"e"" di=0
2) J‘\/ —xdx ZI\/ Poxt 2”R_ ﬂR

35. PHUGNG PHAP TINH GAN PUNG TiCH PHAN

Ta bict cong thite Newton - Leibaiz chi sit dung duge dé tinh tich phan doi
vGi ¢dc hium s6 ¢6 nguyén ham |h cic him 8 so cdp. Néu ham s6 khong ¢6
nguyen him dudi dang ham so cap thi chi ¢6 cdch tinh gén ding tich phian cla
no. Hon nira, nhiéu khi ham <6 ¢6 nguyén him (3 ham so cdp nhung tich phan
cling chi ¢é (he tinh gdn ding, chang han

== —=1n2

-
al+x 4 Y X

i( dx b4 telx

7 vh In2 chi ¢6 thé tinh gan ding.

4

Do d6 phuong phép tinh gin ding tich phan ¢é tdm quan trong rat 16n frong
e 11én.

Sau day ta s& uinh bay hui phuong phdp tinh géin ding tich phan, déu dua
vao ¥ nghia hinh hoc cltia né.
5.1. Phurong phap hinh thang

b
Xé1l= j A dy; flvy > 0 va [ién tuc teén {a, b].
Ta bigt vé hinh hoc / [a dién tich hinh thang cong aABb (Hinh 51). Do d9 tu
& tinh gén &ing / bang céch tinh gan ding di¢n tich hinh thang cong ndy nhu
sau ;
Chia doap |«. b ra n phén bing nhau bdi cdc diém
=X <H <<y, <<y, <X

ntl = b
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L. dé

Ay =, -4= 21 (=1.2,...m

PatAy = P74y =Ry = fla) v = ()

I

\u‘f(\n) AT _f(\ml) = ‘{h)

[{inh 51
Mai hinh thang cong ddy |v. 1] duge thay gin ding bang hinh thang noi
Li¢p hay ngou 1iép v8i né nghia [4 hinh thang ¢d ddy y,, y,,, va chiéu cao 1i
Ay = Ax
Nhir vay ta cé cong thite tinh gan ddang

" 4y : :
IR R Ry VR LT L R W SRS ST
2 2 2

b~ + 3
Py I (Lﬁ"'* Yty +---+)',.J
n 2 -

goi 1a ¢ong thife hinh thang dé€ tinh gdn ding tich phan. Ngudi ta ching
minb ring sai s¢ méc phar khi tinh gdn ddng theo cong thirc nay la : (néu /1) 6
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/"(0\) bi chdn en |a, b

]
R ="C=D py a<e<h
" 12n°

3 “
nghia 13 sai s6 khong qui 5 < Q__‘i M. wong d6 M, = sup lf "(x)] . va

? 1257
khi fiay <0, cong thire vin dung
Thidu:
Tinh gan ding ;= & =1In2
x

|

G day fr =L nen £'x) = 2 <2 Khi 1 <4 <2 nghiala M, =2
X X
Do d6 Yay » = 10 thi sai <8 mac phai la :
1’2 1
W STy =<

12107 600

Tinh todn va theo cong thice hinh thang, ta ¢é -

107

=L vs = 0.9091 =10 y, = 1.0000

u=12 y1=0,8333

=123 vy =0,7692 vy =20 vy = 0,5000

x=14 Ve =0,7143 Téng = 1.5000

=15 v = 0,6666 Do dé theo cong thiie hinh thang

w=16 vy = 0,6250

Yy=1.7 ¥ = 0.5882 I~ l(-]ﬁ +6,1 377} =0.6937
10\ 2

Xg= 1.8 o =0,5356

=19  y,u=0,5263

Tong = 6,1877

Vi R, < 0 nén cé thé ldy gid ui adn ding thide vi thita cia 7 = In2 13 0,692
vi 0,694
hay I = 102 = 0,693 véi do chinh xdc 13 107,
3.2. Phuong phap parabole hay phuong phip Simpson
Xét
b
1= I Ay dx. flvy =0 valién tue trén (a, b

<t
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Pau tién xét doan la. b] khd nho vi chia doan d6 ra 2 phin bang nhau bai
diem ¢, dung dudng 1 = ¢ cat dudng v = f(v) ddiem C.
Noi dung cua phuong
phdp parabole 13 thay gdn
ding 7. la dign tich hinh g
thang cong aACBb bing
dien tich S cna hinh thang
cong cling cd day la |u, h] N
nhung canh cong la parabole
€O truce song song voi Oy v
qua 3 dicm A, C, B 1
(Hinh  52). PE tinh todn |
ducse don gian, ta tinh ti’é/n |
0o O dén O' triing voi diem (
c. e do dai vai hé mai 1
¢ =0 da 1 ="79 i [
2 0 o
a = -1 vi b =1 Vi parabole
¢6 tryc song song v6i Qy
nén ¢ dang v=py +gx +r Hinh 52
Ta biét dign tich hinh thang cong parabole nay Ia

B

D\
S
al

! 3 2
S = I(px: +gx +r)dx --:(p)%+q1 -+rx]r', :%(2,0/2 +6r) (1
!

2
Mat hhic, dat v, = fla), v =), vy = f1D)
thikhi a=-/, tach y,=pl -ql+r
=0 vo=r
h=1 _vb=p/2+ql+)'
Suy ra Vard vty = 2pl° + 67

Do d6 (1) viét duge @ S = 1 (v + 4y, + ) vata cd cong thic pan dang
3

1= v ay ey )
3

Bay gits ta xét doan |a, h| bit k¥, ta chia {a, b| ra mét ~& » chin phdn bing
nhau boi cac diém
=3 << <\ <X

n+l = b

bat Av=Ay = 274
n
Ta biét
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/= ]‘ﬂ,r) dy= ‘] () v + ?f(\') dx + .+ ("jl L) da

Thay gan ding mdi tich phan & vé& phai theo cong thice (2) tacé :
Ax Ax Ax
[= ~3—('vl +4y, +y,)+—3—(y3 +4y, +}’<)+-»-+—3‘(,\’,._| +4y, +y, )

hay :
b-ua
[= ——:;—[(_}fj A Y ) ) F 2V Vet ‘)]
I
Cong thae nay goi 1a cong thire Simpson.
Ngudi ta chimg minh rang sai s6 mic phai khi tinh gan ding theo cong thie
ndy 1 (néu vy 6 j“)(\') bi chan trén e by)

(b “a)‘ (4 .
R =2 =/ . a<c<h
" 180n* So©
nghta 13 vai s6 khong vugt qua
- (b - U)\- [ '
5,=———. M, . M, =su "(x)
o, 180”4 4 4 lu.h‘]’l.f ( )l
Thidu:
Tinh ] = ui"f: In?2
. X
- : 1YY 24 _
O day /”'(x):(——j == . M, :max‘f‘“(x)’:ﬂ
x X

Do dé aéu ldy n = 10 (hi sai 56 miéc phai ta:
R, ———< ¢
180310y

{So «anh vai thi du trude : tinh theo eong thire hinh thang thi & day chinh xac
hon nhiéua)

Thuc hién (nh wdn theo cong thie Simpson (1Ay S 56 1é)

Taco:

I = _l-(l,S + 545636 + 13,8320) = 0,693152
30
Vay In2 = 0,69314 + 0,60001
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$6. AP DUNG CUA TICH PHAN XAC PINH
6.1. Su do chung .
Gia 80 chn tim mor dai lugng A (hinh hoc, vat Iy ..) tuong dng vdéi doan
la. bl ky iée A (4. b[, biéi rang 4 ¢6 har tich chit :
1° Néu chia {a, h| thanh » phan :

aqEz v <<l <L <y =h

1thi Ala.b)= Z": Alx,.x, ) (tinh cong duoc)

1=
2O NEU xét (v «+ An] < | b), v6i Av khi bé. thi ¢é thé col
Al vk Ay = K A (gid i gdn diing clia A trén doan [y, i+ Ax) ti¢

vor )

Bang thic gin ding nay duge hiéu theo nghla |jm Alxx+ Axt K- Heso

At
U 1& K néi chung phu thude vao v, do dé néu tim duoe ham 1) d€ f(v) = K thi
Alx, v+ Av] = V) A
Vi gia thiél trén, ta giai bii todn nay nhu san .
Theo 1° vt 2° thi -

Ala, bl = Zﬂ,r‘) AG LAY =4, -4, A = max Ay,
~ [

Ta dinh nghia : Ale, b = lim Z Sy Ay,
=1

A0

b
Theo dinh nghia tich phén xdc dinh thi A = I A dn
Phuong phap tim A ol trén goi 1& phuang phdp ding so d6 “téng Lich phan”,
Chu y 1a biéu thde dudi dau tich phan f(x)dv theo trén chinh 13 gia ni gan
ddng cla A wrén doan |4, x €dy], Ky hiéu dA = fx)dx goi [h mot yéu (6 cla A
Vay néu bigt duge dA cla A tén [x, ¥ + dy| thi ¢d thé tinh A theo cong thiic:

h b
A= I dA = J‘ Floy dx.

Phuong phip nay goi 12 phuong phip diing so 46 “vi phan”, rit hay ding
trong vét iy, ky thuat.
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6.2 . Ap dung hinh hoc
1. Tinh dién tich phang :

) Toa do Descartey :

Theo y nghia hinh hoc cua tich phan xéc dinh, tht dién tich § etia hinh thang
cong gidi han boi duong y = Av) vé fln) >0, true Ox va 2 dudng v = a, v = b la:

S= t[ Hv) da

a
néu tich phan 6n tai
NEu fla) < 0 thi && tinh dién tich hinh hoc ta phai lay

h
§=- j oy dh
o

b
Vi hie do J foydy<0
b
T6m lai S= -ﬂf(x)k]x
94 Y=x*
e
l
— \
= ‘
- S
- ¢ i
Sy |
) x
tHhinh 53
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Thidu:

1) Tinh dién tich S gidh han bon 2 paraboles

v

va V=t

Ta (hay 2 parabole niy cit nhau tai (0. 0) va (1. 1)

Theo hinh ta ¢o

S=8,-8.= j«/;dv— J‘,\'ldx

by

(.
S= L—,\"" -

Nhur vay dién tich ny bang ! di¢n tich hinh vuéng canh bang 1. (Hinh 53).
3

2) Tinh dién tich § gidi han bar duong v =6y - 3. true Ox va dueng a = 3.
Theo hinh1a cd 0 §= 8§, + 5. (Hinh 54)

= J- (6v - 3_\2) dv - I(l‘n - 3_\:)(/\
0

hay S:(."M2 —.\'3) }é -(3_\3 -_\3)\1 =4-(-4)=8§

Neéu duong cong cho

theo phuong trinh tham 6
V=00, v =yl

Trong d6 a <7< Bang
véi @ £ x < b thi dién tich §
ctia hinh thang cong gidi
hyn bai duomg cong, trye Ox
vi 2 dudng

A=d.x=Dh
theo cong thie doi bicn s6
G i

b "
§= [ o= fwrg g

néu tich phan ton tai.
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Thi du :

{} Tinh di¢n tich § giéi han boi dudmg cllipse

£ :l,‘_ =1
b
(Hmnh 55)
B vE tham 80 1 ¢d .
\ = CONS
s = bsing
khi-u<v<athinzr20
Do dé va theo tinh
chilt doi xdmyg ta ¢6

N
S=2 '[ Dsine( - asintdi
b4
=2ubs _[ cinnds
V]
=2uh ]‘i_—i)%i/d[
o)
hay
! sin2t ).
§= '_’u[— - ﬁi— -i‘ ¥ = b

-~ u

|
=l

Ne&u a = b thi cilipse tro
thanh hinh von va ta lai
i Jai duce dién tich hinh
won 1 .

2YTnh dién deh § gidi
han b true Ox vt cung
tht nhit ¢ta Cycloide

A= R(r - sing)
Yy =R(1 - cost)
(Hinh 56)
Ta thay khi 0 <7 <2 iy
0<v<2R=
Do do

¥

—-a a
Q x
Hinh 53
g G S S
2R X
Hinh 56
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S= f/d( l-cost).R(L-costy dt
V)

hay

S=R j(l - cosydt

Y

g

=R I (1 - 2cost + Coszl)d[

0

o +cosde
=R ﬂ 1 -2coss+ l—ufb—i !d!
M AN Z 7
/3 . \
R T 2sing T-“_‘“Z—’|
L2 1))
3

- R I3 3
2
Vay di¢n tich nay gap
ba di¢n tich hinh tron lan
b) Tow do doc cure

(ia sir can tinh dién tich
S @ han boi duodng
= flp)
vh cde tla 9 = a, ¢ = f8
trong dé fle) A mot ham
lich tue vi duong trong
{a. BI (Hinh 57) chia hinh
can tinh dign tch ra Jam »
phian b3t ky ban cie ia
U =@ <P <. <P <Py
< Q=P
Bat AP, =Q 41 - @,

(=12 ..

Got i, va M 1a gid 1ri bé
nhdt vi I16n nhat cda ham
(@) rong [, ¢,

=12 ..m
thi
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| R S

! 2 1 PP
72"2,4% <§<3 E MiAgi
T i=)

vi l m’ A, va 1 MPAp, Y
2 2

[a dién tich cua cdc hinh

quat tron ban kinh m, M;
vl gée O tam 13 A@, ndi
GCp va ngoal UEP vai cung
dudting cong Gng véi A,

&

Cic tong rén chinh 12
cic dng Daxboux cua

ham lj“z((p) én
2 Hinh 59

doan|a, B|. Vay theo diéu kién kha tich, f) 12 lién we tong (o B a cé
A s
J f‘,((p)d(p = _] J' r:d(p

o [24

s=1
2

I

Thidu:

1} Tinh dién tich S gidi han
bai na duong cha truc Ox va
vong thitf nhat coa dudng xoan g
o¢ Archimede r=a@ 0<p< 2 n M B
(Hinh 58)

Theo trénta co -

1°f .
§== [(apydy
2 d

3
N/ 4 .
S R 2
3

2 3
2) Tioh di¢n tich § gi6i han
bai duemg Lemniscate 0
i = uicos? ¢ (Hinh 59)

Do déi xing ta ¢6 :

Py I
>~
X

Hinh 60
id

S = 4(% ja3 coquxiqu =a’ sin2p
O

a4 2
o =4
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2, Tinh dé dadi cung duong cong

«) Tou dd Descartes
Gia st can (inh dg dal cung /(\B cta dudng v = f(v) vin
a <\ < b (Hinh 606)
Ta biét cong thire 1inh vi phan cung cua duong la

dy=J1+ 3" dx

Do dé ' = Y1+ 72

Gid s v = ) €6 dao ham lién tuc rén e, b| thi ¥, 1A mot ham lién tye cia
Theo cong thiae Newton - Leibniy thi -
' ~
S - s(a) = j §Ody My, v) e AB
4

. N 7 . b} 5 r N,
S(1) - s(w) [ do dai coa cung AM. Vay do dai s cha cung AB chia dudng cong

la
b r
§= J'S',(ix = J' 1+ 3" dx

Thiduy :
Tinh d¢ dai ¢ia dudng tron ot _\*2 = R
Vi ly do dai xiing nén :
R
s=2 (Yl dx

-R

(3d£1y
v=JR -x1 }_\4: -x
' S JR =¥
JI+y7 =1+ \xl - R
Do dé
! dx . dx X
s=2R =4R =4Rarcsin—|" =27R
'!;\/R: -x* Eal-\/R2 -x’ R‘U

K& qua nay 1a di bict.
Né&u dudng cong cho thea phuong trinh tham s6
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tT \E:i VA o<1 < B va (). v co X, () lién e wen o B
vy
thi dv =Y (ndr, dy =y (0)dr  lic dé6 -

ds = \/Z/;E-’r‘d\:— = \/-T(’: (H+ _1.":_(_2_)_([1

va do disi cung a cia dudng cong tuong tng véi a <7< B 1a

5= /j\/—;(l)-!—y'l ()t

3
Thi du : Tinh do dat cda dudng astroide V= cos s

Lk N
V=asm {(u>
Vi doi aimyg nén do dai s cla dudng do bing 4 1an do dai cung ing véi

U<t (Hink 61)

=12a J\/sm 1cos” 1{cos” 14 sin® 1)dr
0

]

sm !
=12ua Ismtcostdt = l’a——z— ; P =6y
4}

by Toa dé doc cuc . ¥
Xét cung duong cong
twrong toa dd déc cye -
r=flg)vinia <y <B.
D¢ tinh do dii v cila cung
nay, ta dua phuong trinh cua
16 v¢ dang tham »6 @ .
a<e<pB:
v =rcos @ = flp)cose
v =nin @ = flp)sin @
e do :
dv=f (@)cosp-f@rsingld ¢
dy=lf (@)sinp+R@)cos@ldg
Suy ra

Hinh 61
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ds - i

=] <[ fio] de Y

bay de=FT4 r__‘dgo

I} - ———
va = _[\/)"‘H"dqo
o

van r = fle) co s = f () lién 0 2a

tue teéafo, 1. X
Thidu :
Tinh do dai cua dudng

cardiode

r=a(l +cos ) (@>0) (Hinh 62)
Vi doi xtmg nén do dai
cta dudng nay bang 2 lan

dé dai cungimg v Usp < Hinh 62
T T
§=2 jdr'z +2do =2j\ﬂa2 sin? @+ a*(1+ cos p)* do
0 0
4 T
=2a J‘\/;2 cospdp = 4aj‘cos%d;o = 8asin —?’g =8y
) 0 - -

3. Tinls thé tich
at Thé tich cde vt thé theo cdc thiét dién song song

Cho vat the T gom giita 2 mal phing

v=u vi\=h (Hinh 63)

Gid st ¢t T bin mot ma phang song song vdi cic mat phang tieén ta dugce

mat thict dign ¢ dién tich A mot ham lién tuc cua v ;
§=580)
Peé tinh the tich V cda T. ta chia T thinh » phdn bat ky bdi cic mat phang -
A=< n<a G <y <. <4, =h
Pac Yoy - 4 =AY,
A =1max Ay,

i=1,2....,n
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Lay =3 R N
u=1,2,..n)

Coi gdn ding the ich

cua phan duge chia tha / Y

12 thé dich hinh tu ddy

¢é dign tich S(&) vh

chifu cuo Ay, -

SE YA =120

va thé (ich cua T duge
cot gan ddng la : .
"
|

{
V = (C £
] z ‘S(gt) \\| 1 | I|
1l ! I I | I
Tu goi1 the tich ¥ caa T ! o |
I V= fim¥, A A AR

Theo  dinh nghia  tich
han xac dinb thi
P ' 1inh 63

h
V= J‘ S(v)ddx

o

Thidu:

[) Tinh th¢ tich vat thé T gidi han bat mad cllipsoide
Y LI (Hinh 64)
a b

D tien ta tinh dién tich § clia thiét dién bat ky thang gée véi Ox.
Cat cllipsoide bgi mat phiang X = 1 thi ta duge mot ellipse trong mat phang
dé. né ¢ phuong trinh la
vz N
4+ =]1-—

- a q

¢, ar

(coi A nhu hing 86 ).
hay
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Ta bict dicn tich g1d han bin Lllip\\. ¢6 ban kinh ruc «. I 12 wab. Do dé dicn tich
thiEt dién gidi han bai clhpse rén 1

S = mbe\(1 - V1—~\—ﬂu1 EJ: x)
N a /

= J‘ﬂbd’[] - '_\-—;]a’x = 27217(;[)‘ - {;]\Z = %ﬂabc'

a a

Vay thé tich :

bac met ¢ = h =+ = R thi ellipsoide 1rd thinh mit ¢au hin kinh R, va ta tim lai

duoc (hé tich hinh cau I i 7R’ di bict.
3

Z|

Sy

RY

Hinh 64
2) Tinh thé tich V giéi han boi mad iru tron xoay bdn kinh R, ddy cta né vi
modt mat phang qua dudng kinh ddy (Hinh 65). Theo hinh, ta dat AB = /i va xél
thict dicn O'A'B' L Ox, dién tich S cuano la
s=Lloaan
2
o AB 04

Nhimg O'A'= VR —x° . mat khde 2= —
AB OA
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Suy rac:
_ABOA h T

AB=—— —=- VR —x"
A R
Do dd
G ( _/x R EAN
N —ER—( - X )—.(,\)
Vily :
R 14 K
V= j—IL(R‘ -x )dr:ELR x—L])g =~ Rh
2R R 3,

Hinh 65

by Thé tic h vt non xoay :
Xét vit tron xoay do hinh gidt han béi cac dudng x =a, v =h. y =0, v = /1)
guay xung quath trye Ox tao nén. (Hinh 66), vér fv) (a lien e trén {a, Af. Ta
(hay thict dién cta vat thang gée voi truc Ox tar diém . i ink 0dn bdn Kinh

=1/ (o
Do d6 dién tich cta thiét dién dé [a
S(v)y =my” = 71f(0)
Theo a) thé tich cha vAL rdn xoay phai tim 1a
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n /.
V=n J‘ _\'zd_\ =7 I j:( vy
d o
Suy ra. n€u vat xoay trdn do hinh gidi han bdi v = ¢, v=d, v = 0, v = ¢(v)
quay chung quanh Oy tuo nén th thé tich ctu né 1
¥ o
V=1 I Vv = j (pz(_ vy

L

Véi o(v) la hivm Lién tue uén lo, d)

Y]

=
al!

Hinh 66

Thidy:

1) Tinh the tich V cia van trdon xoay do hinh gidi han bdi v =0, 1 =71y = 0,
¥ = s quay (quanh Ox o nén (Hinh 67) Ta ¢é :

- —
Py x

V=n J- Viv=n j sintad v

0 0
. rl-cos2x n sin2x) . _ 7
I":frj-wdx:~ X = o =

T 2 2 7

2) Tinh thé tich vatdo hinb + =0, y=h, \=0,y= ax’ guay quanh Oy (a0
nén (Hinh 68)
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Hinh 67

\

Hinh 68
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Facd -

” a

g :
=7 J‘X:dv = [_L‘ d}- = _/.i?_

sd 2u

Gra st R 1 bin kinh caa thictdicn v=h (hitry = v Tacéd = aR

Suy ra: R = /—?
u
[aic do b ! 7[1—7/7 . 7RI
2 ou 2

nghta 1 Thé tich v trén bang nda (hé tich hinh tru cling ddy va cling chi¢u
{Dmh v Archnede).

4. Tinh dién tich mat tron xoay

Xétmat t1on xoay do cung dudong cong v = f{v) v6i v < v < h quay quanh
Ox tgo ncn (Iinh 69).

Hinh 69
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DE tinh dien tich p cia mat tron xoay dé. ta xét mot yéu té Ap clla mat gém
gilta 2 thiét dién (hang géc Vi truc Ox : S() va S(x + dv) ; gia sw : (1) 2 0 tén
{a. bl

Cac thiét dien nay 12 nhitng hinh tron ¢6 bdn kinh tuong dng la v va v + dy.
Mot cach gan didng (a coi Ap nhu dién tich xung quanh cua hinh ndn eyl cic déy
e bidn kinh 1a v va v + dy. dudng sinh 13 vi phan cung dy cua dudng cong:

ds =1+ y'dx

nghia la -

Ap = nly + (y + dy)]dx

(Theo cong thde diga tich xung quanh cua hinh nén cut S = n(r + R)/

trong do 7, R la cdc ban kinh ddy, / 1a duong sinh)

Vi dy =v'dv

ds = T+ 3 dx
nén cong thie gin diang trén viét duge:
Ap = )T[2 y+ y‘dx]\/r +‘_)T‘{dx
hay
Ap = me\/ij;'_z_dx + ;r\/:;;;y‘ dx*
Nhung ¥ 1a va cling bé bac cao hon da, nén bd yua 6 hang tha hal, ta ¢d :

Ap =2y \/T+y'2dx

Suy 1a dp=2n yvfljy-‘l_dx
b b
Vi p=2 1t j v lryde =21 J' A0 s 77 ()

vai f(v) C6 F1Y) lién tuc teén {a, ).
Trudng hop dudng cong cho theo phuong trinh tham s6 :
=), y=v() (20), a<r<
Theo cong thie lien he = Yy ylaco:
x'(1)
4 -
p=2r [yofx () + (s

VA ()L v(e) ¢ (), y() Lién tue Ja, B



Thidu:

1) Tinh dién tich p cha mat twdn xoay do cung y = o<l quay quanh
Ox tgo nén (Hinh 70)
Taco:

1
p= 27[[}’ 1+ v dx

a

) —
:27[J’x"‘\/l +9x  dx
»

=

1
_27 Jarvoxty2aq+oxt)

0

=7 10410 - 1)
27

(0%

Hinh 70
2) Tinh dién tich p cia mat ron xoay do cung cycloide : x = R(r - sinf),
¥y =R(1 -cost) v&i 0 <t <2 wquay quanh truc Ox tao nén.
Tacd
X =R(1 -cost) |,y = Rsin?

k! 3 L2 . l .
v+ y'z =Rl - cosr)2 + Rsin’t = 4R? sin®= (1 -cosr= J5in° r )
2

Do do

n 2n
3 5 4
p=2n _[ywlx‘“'-i—y"dl =2 jR(l —cost)2Rsm5dl
[} 0
,iF !
= 87R* Isin‘—dt
; 2
bat ! =u
2
Tacéd:

p=167R’ Isin3 wdy = —167R* I(l —cos” u)d{cosu)
0 ]

.64
sz”R

= ~162R" {cosu -~ Coi u}
3

Chil § : Néu f{x) < O thi ra dinh nghia
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b
S=2n “f(x)wufl—(x_wx

6.3. Ap dung co hoe - vat ly
1. Moment tinh, toa do trong tdm :

Trong co hoe ngudi ta goi :
Moment tinh My, hoac M, hoac M, cua chat di€ém M d6i véi diem O, hoac
true Ox hoac mat phing xOy lh tich cia khéi luong m cua chat diém M va
khoang cdch ¢ tit M dén diém O hoic truc Ox hoac mat phang xQy.
M, =md M, =md M., =md
Moment tinh cba mot he gém » chit diem M|, M, ..., M, ¢é khéi lugng
tuang Gng m,, ph. ...m, 13 tOng cic moment finh cda cde chit diém dé.
n »n n
M, = Z mgd, M, = Z myd, M, = Z md,
-l 1=l 1-1
véi d, 1a khoang cédch tix diém M, dén diém Q. hoac truc Ox hoac mat phing
£Oy.
Toa dd trong tam g, y,cla he trong mit phing xOy thi duoe dinh nghia bo
céc cong thie
M, M

X, = v Y=
m ni

Trong d6 M,, M, 12 moment finh cua he¢ d6i véi cic truc Ox, Oy con

"
n = Z m, 13 khéi lugng coa he.
11
Toa d¢ trong 1Am Xy, Yo, 2o cua hé trong khong gian Oxyz thi dugce dinh nghia
bai cdc cong thirc :

m m m

Trong d6 M,, M,.. M, 13 moment tinh cia hé dai vdi cdc mat phing vOz,
z0x. xOy.

Bay git vao dinh nghia nay va ap dung tich phan ta s& fim moment tinh va
toa do trong 1am ctia mét s6 hinh déng chat ¢6 mit a6 khoi lugng p = |

a) Puimg cong phang

Két cung duding cong y = flx) , vOifle) 20 vicd f(x) lién tuc

u<x<b (Hinh 71
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Mot

|l
, l
] l
1 il -
a b x

Hinh 71
Xét mor yéu t6 As clia cung va 1y | diém M(\, y) trén yéu (& dé. Theo gia
thict Khai Tugng clia As 12 As 1. Coi khéi lugng dé tap trung tai diém M thi céc
moment (nh AM,, AM,, AM,, ctta yéu 16 As duge dinh nghia 1a

AM, = Awfx 47 1AM =Avy 5 AM, = Asc
Ta bict
Avxcds= 1+ J_.-:- dx
Suy ra
dMo= G4yt Jleviae M, =y 1+

M, = < I+ 7

L

[ o ) — -
M(): J‘.\/X2 +}'E \ﬁ +):’? d\' N Mx = ’[_\' \,H“'_VI_ dx

d
b
= [ o T
u

Theo gia thiét thi khéi luong coa cung duong cong m = 5.1, x 1 d6 dai cung,
ta bi¢t :

» —_—
5= J \‘llll + )‘-‘: dy nén "= ‘[\” + )__n_- dx
o a

Nauasi a dinh nghia toa do trong tAm ¢l cung dudng cong li
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[ v

’\-\)

_ ] I+_1-Ezi\f

Thidu :

Tim M M, ¥ v, cua
itra dudng tron dony chat
y=JR —x° . REv <R

(Hinh 72)

Vi nia  duong  (ron
dong chat nén theo dnh
doi xdnge suy ra trong tam
(g, Vi) cua nd phai & trén
true Oy . nghia la g =0

Mo

nhung ¢ — "L nén M, =0
m

Ta chi con tim M, v,

['heo trén

oo [T 3
M, = j\/Rf - fl+ T
. \‘ R — y°

K
- R jd\- —2R}

CoM R R
e m AR oz

Vi n=s=nk

by Hinh phing :

XéI hinh thang cong giGi han
bot cde dudng v = f{v) 2 0 va licn
we, iye Ox,a=a,v=5H

(tHinh 73).

X mot y&u td AS cla hinh
coi gan diing 13 hinh chif nhat ddy
d; chién cao v . lde dé khoi

hJ‘y\/ 1+ y dx

]\ 1y d

Hinh 72

Hinh 73
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lugng clia AS 1a y.da.1 Bay gidy col khoi lugng nay 13p trung tai (am hinh chir
nhat thi moment inh AM, cua AS: duge dinh nghia (i :

| 1 .
AM = yde.—y=—ydx
M=) 2} 2.]/

Suy ra :

dM, = ! Vv v M, -1 f yzdx
2

2 1%
Tuong ty ta ¢ the tinh My, M, v, yo.
Thidu:
Tim M_ ctia nita hinh (rdn y= JR %1, y20
Taco:

R R , )
M, = _[- ‘[ (R -ydv = J.(Rl—_\l)d.\ _—_( Ry _LJM(" = _2_ R’
2 5 5 L 3003

¢} Vdr thé - Ta chi tinh monient tinh vi toa d6 trong tam ctia cdc vat (hé dac
biét qua cédc vi du sau

Thidu:

1) Tim moment tinh cila hinh nén tron xoay ban kinh R, chiéu ca0 h dol van
ddy cua né va xdc dinh (9a do trong 1am cua hinh nén d6 (Hinh 74).

Gid s true cla hinh nén rriing véi true Oz v ddy clia hinh ndn & trén mat
phang xOy. Xét mot yéu t& AV clia hinh nén gbm gilta hai mat phang Z = - vi
Z =z + dz. Coi AV nhu mdt hinh tru ban kinh #, chiéu cao dz thi khé) luung cda
n6 12 mdz.1 vi moment finh cha né d6i vai day 1a -

AM, = m'dz 2
Theohinh £ _A~2
R h
Suy ra y = &:)_R
h
e R* ;
Do dé AM | = ;rl— Ah—2)"zd:
x
. R 2
Suy ra dM, = ”F (h—z)"zd=
vVa M :;[R—j](h—z)lzd::-l—)TR:/l:
& n ) 12
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Hinh 74

Vi hinh nén dong chit nén do tinh déi xing, trong tam (X, vy, o) cla nd
phai & trén truc Oz, suy ra xp= yo= 0, ta chi con tinh =,
Theo trén
]

TR K
oM, T,
v m | 4
-}n’R’h

2) Tim moment tinh cta hinh bdn cdu ban kinh R d6i vai ddy cha né va xic
dinh trong (am cua bhin cdu dé (Hinh 75).

Gia st ban cidu ¢6 1am tai goe O va ddy ctia bin ciu trén mat phing xOy.

XEt mot yeu 16 AV clia ban cdu gén gita 2 mat phiang Z =z va Z = - + d=.

Coi AV nhu mét hinh try, chiéu cao ¢z ban kinh » thi khoi lugng cla AV (A .
d=.1 v moment inh cla AV déi véi ddy 1a AM,, = nrd=.z

Theo hinh r=r-7
Do d6 AM,, = TR(R® - 2)zdz
Suy ra ¢ aM,, = R - zdz
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n”

3 3 El l a

va M, =7zJ(R‘ -z )2.dz=—7R
) O 4
Trong tAm cba bén cAu phai ¢ trén truc Oz va ¢d cao do ia
|
Rt

- MJ 4 iR

' 2
moZon 8

inh 75

2. Moment qudn tinh :

Trong co hoc, nguot ta goi :

Moment quan tinh J, hoac /, hoac 1, cha chét diém M c6 khai luong m dsi
véi digm O, boac truc Ox hoac mit phiang xOy Ia tich ciia khdi lugng m va binh
phuong khoang cich J tr di¢m M dén diém O, hoac truc Ox hoic mat phing
xOy:

fy= med® I, =md Iy= md”

Moment quan tinh cia mét hé gom n chit diém M|, M>, .. M, cd khéi luong
waong tmg 13 my, p,, ... my, bing téng cic moment qudn tinh cla cic chat diém
cua hé :
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’n 2 o

I,= Z md, . I = Z md? . 1, = Z m,d,2

b + 0|

d. 1 khoang cich tir diém M, dén diém O, hodc truc Ox, hoac mat phing
xOy.

Duya vio dinh nghia nay va ap dung tich phan ta & tim moment qudn tinh
cia mot 86 hinh dong chat.

212 st ¢4 mat do khai lugng p = t qua cac thidu

Thidy :

1) Tim moment quén tinh /; cda hinh tron ban kinh R d61 véi tam O cda né,

Xét méot y&u 16 AS cla hinh tron gém giira hai duong tron bin kinh 14 » va
1y + dr cing tdm O (Hinh 76). Dién tich ciia AS 1a w(r + clr): St = 2w

Suy ra oy =2 nr. rdr (vi clng cdch O mot khodng r). va

" 'TRJ
I, = 2;rfr‘dr ==
0 2

Hinh 76
2) Tim moment quin tinh cta hinh non & thi de 1) mye 1¢
a) bai voi ddy
b) Boi vdi truc cia né (Hinh 77)
a) Theo (hi du dé va ly luan tuong tr (a di dén :
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R L (I
I =m— \(h-2)'de = — k'K’
» h’ I ) 30

it

h) Dé tinh /1,. 1a x&t
mol yéu té AV cta hinh
nén gém giia hai mat tru
ban kinh 7 va r + dr cung
tant O. va cdc mat phang
2=0.z = thé tich yéu &
nay 1a 2 wdr.ce

Theo hinh £ _ R~ r
h
(IGinh 77)

. h
Suyra: ¢c=_(R-»r
R( )

Do db. khor fugng cna yéu
(B AV B

Hinh 77

h 2hr
2ardr. —(R-#) V== —(R~ryrdr
R( ) 5 (R-r)
vd moment quin tinh cda né déi vai true Oz la

h .
di. = %(R—r).nr‘dr

R 2hr 1
Vay : 1. === [(R=ryr'dr = —ak'h
R 10
3. Tink cong cua luc :
XéU b todn don gian — T~
Tinh cong can thicét k’_‘:_—+_—_><)
d¢ mang hét nude tr mat '
ong hinh (ru ban kinh R,
chidu cao I va khoi 8ng !
dé (ir miéng ong ra o £ —
ngodi) (1inh 78) ¢
Lay (ruc Ox 12 vuc er/
cua hinh try, diém O &
ddy trén caa hinh tru va Hinh 78
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Ox hudng xudng dusi.
Xét mot yéu 16 AV

cha pude gom gida hai

mat phing At 1
X=a X=x+dx 0

<y

Trong luong cia yéu Ix
16 nay [ R .dx. Cﬁt//// ///M
vi cong can thigt dé
mang yéu (é nay ra khoi
ong himh wu 1 D ’
TR x

Do d6, cong cdn
thi€t dé& mang hét nudc x
ra khoi éng 1a:

" 242 Hinh 79
\ h
A=naR" dex = R —
[}] 2

4. Tinh dp luc ciia chdt long :

Xét bai toan don
gian :

Tinh dp [yec cia nuée
len mot dap ABCD nhu
hinh v& véi dudng cong
BC ¢6 phuong trih [a a
y = flx) (Hinh 79). Yy

Liy truc Oy trén
mat thoing clha nude,
truc Ox 1a dudng thing
AD hudng xuéng dudi.
Xé mat 16p mong du
cha nude, cach true Oy Ir
maot doan x.

Hinh 80
Theo dinh luat Pascal ; Ap Sudt & do sau v 12 0., © 1A trong lugng cla mot
dom vi thé tich nude. Mot cich gan ding ta coi 1dp mong trén c6 dién tich la y.dx
thi dp lue cia 16p d6 1én Aap 12 : oxyde. Do d6 dp luc cia nude trén dap la:
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h
P=w J avdy
o
7 1a d6 shu cba nude.
Thidu:
Xéedap ¢6 hinh bdn nguyet : y=+/R* —x* (Hinh 80), x 2 0. thi do tinh Jddi

xing ta o

It e
P:2a)j,\'x/R; Ylde = (R —x?)'?

D]

,,_2(0 R

-
3

§7. TICH PHAN SUY RONG
7.1. Tich phan ¢6 can vé han

a) Pinh nghia :
Gid s fiy) xice dinh trong khoang nira vo han . + +) va kha tich trong moi
doan hou han |a. b

5
Ta goi ’]im J/(x)dx k2 tich phan suy rong cta fv) wén (¢, +=|.

- b
Kt hicu I AX)ydy=|im j F(x)dx (1)
boas
NEu gidi han (1) tn tai (hitu han) thi tich phan goi 1a hoi tu, nguac a1 nghia
13 gidi han (1) khong 16n tai hoac biang vo cung thi tich phan poi 1a phan ky.
Tuony (¢ ta dinh nghia :

h
’
J‘ﬂ_\)d_\'= lim I)‘(,\‘)d\‘ (2)
v [roa= Jrvas [rod CeR B

{07
J-f(\) dx hoi e néu hai tich phan g v¢& phai hoi tu. V& hinh hoc, trong

trudmg hap hoi t, cac tich phan suy rong (1) (2) (3) bicu thi di¢n tich hinh thung
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cong ddy vo han (f(x) 2 0% Neu /() fa mdt nguyén ham cba flv) trong khodng
duge xét, ta cling Ky hicu:

If(.\')(l.\' = F(+x) - F(a) = l-'(,\')o:m

a

[revar = Fay - Py = Foof?,

—x

[reods = Pery = Feemy = Fol

-

nhung chi v 1a F(z>) = lim Fix)

ATy
Thi du:
[ b —an
. . _ .= ¢
1 jc My = lim Je v = Tim ; 420
hartw bh— +on o
(4 4] 0
! 1 0 T
. B - L ax
= lim —-[I —e ”h] =4y La=0; Ie“‘dx = +x
b+ (f
[+o02 . a<0 0
Vay tich phan héi w khi « > 0, phan ky khia <0
-
({.l’ - n
2) —— = arctgy| - = arctg(+>) - 0= —
frx 2
«
4]
dx R L T b1
s =arctgyy_ = arctg0 — aretg(-=) = - 3= 5
b 1+ x i 2
. L 4] s
. dv j dx . J' dr L b
va —_= = —+ — =x
142 1+ x2 14 52 2 2
% e 0

Vay céc tich phan da xéc 1a hoi tuy
V& hinh hoc: Dién tich hinh thang cong ddy vé han bang n (Hinh 81)

3) J.(/X a>0,a>0 a=zl
It

K
+ I + X
dy % . . AL
(e<O dita=a" d 20> JT = I.r“ dx =+ =5 tich phan phan ky).
¢
a el
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- i 1
o I | o l
dx ) . b -a —_— 5
J.——: lim I.x‘ “dy = lim - —=Ja—l ge ! héua>l
x“ by o« b vy 1_a ’
¢ @ (o néu o < 1

b "y
a=1 : J.-—: lim _[—: hm(Inh—Ing)=+w
X h-arr X b yix

o

Vay a >1 tich phin hol tu, O < o < 1 tich phan ky.

Hinh 8}

b) Tiéu chudn hoi tu :

1° /() gil nguyen mot dau - f(x) = 0 (<0)
Néu fin) it nguvén mot ddu. chang han f(v) > 0 thi

FOn = {f(x)ex

13 mot haim don diéu khong giam, theo tiéu chudn ton tai gidi han cba ham
SO ta suy ra

o "
Pink Iy : I i) e 6 fix) > 013 180 tai Khi Vi chi khi F() = | £ () ta
bi chdn trén khi n— +=
T dinh ly nay ta suy ra dé dang he qua sau goi la ticu chudn so sdnh.
Tiéu chudn so sanh :
Néu :

(), g kha tich trén [w. b} Vh € RvAO < fl) < g(x), YViza
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2) j g(v)y hot ty ( jﬂ_\) dv phan ky) thi _[f(.\) dy hoi tu ( I 2(0)dh

2 a o

phan ky)

it n
Thue vay. J' #(dx hoi 1 i [ g(x)d bi chan tén nghifa1a 3 M >0 7

ua a

qj'g(x)dx <M

Suy ra jf(x)dx <M

a

Theo dinh 1y trén J' fx) dh T o ty.

«

+o n
Néu I J(x) dv phan kg, tht F(n) = [f(x)a’x — + = khin — + = vi hiim

F(n) la don dié¢u khong giam.

9
Do d¢ : Ig(x)dx — +=khin - +=
Vay J. £()dx 12 phan ky.
a

< : . 5 . : ‘ .
Tir tidu chuan so sanh nay, ta suy ra tidu chuadn sau, so sinh véi ham —(a>0)
XLI

Tiéu chudn Cauchy :

Neéu tén tai cde $6 ¢ > 0, M > 0, o > 1 sao cho f{v) < Ljvéi €<+ thi
X

o
tich phan I ST dy hoi tu.
a
Cdn néu a < | sao cho fle) > if' vai ¢ < x <+ = thi tich phan phan ky.

X
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Thue vy, 4p dung tiéu chudn so sdnh aén v8i gv) = M/x"” ta ¢6 ticu chuan
Cauchy.
Tir igu chuan Cauchy svy ra:
Hé qua I:
v
Néuvd o> 1, lim f(o)re” n tai (hitu han) thi If(.\')dx hai w.

v vro
o

Néua < Lvawontal lim f(a)x” >0hy J‘f(.\')c[x phan ky.
[ERXE-2 y
Hé qua 2:
Néu khi x — +oe. flx) 12 vo cling bé bac o > 0 so véi 1/x thi tich phan

j F(dy hoh tukhi o> 1 vi phan ky khi o < 1.

«

_ M T
hay: fiv) = —=. (v > +0). M > 0. a > 1 () = J-f(.r)d.r hoi w (phan ky).
c

Thidu:

+x ror
1) Xét I = Ie"‘_d.\' =2 Je'*_(l.r vi e ' ia ham chan.
- L 8]
& ] +or
-\ _2 2
Iy = Io Ydx = je v+ I(’ v
n [}] i

Tich phan (It nhat & vé phai ©n tai do hdm ¢™' 1A lien tuc trong {0 ]

T
“

Xé1 tich phan thit hai J.e_" de véixz1thie™ <™
[

Theo (hi du ¢ (7.1) thi J.(’ A hoi tu,
f

L
2 -
Vay theo ticu chuan so sinh J‘c"‘ dy hot tu.

1

e
Trdésuyra [, = Jc’_" dr 1a hoi .

3]
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Vay /= ‘j‘e":dx = 2v.|ie Y dx hot .
0

x

2) Xét Jo 4
Jinx
Ta ¢d |_>_‘_ vGia =z 2
Inx «x
1 c6 dang M voiM =1 a=1

X
Vay tich phan phan ky.

B hity, vikhi 12

7= .
][Jl+x'V]+x1

1 - I (a—7>lj
Ji;{/{.{.xl ,\—I ixl'J X7)6 6
w3 [ .3
Hr= [ o VY hhixo =
l+x~ [+x° '~

f
Vay tich phan phan ky.
2° flv) cé6dautuy y ;

DéE xét s hoi i coa J‘ O dvvEi fla) ¢d dAutuy ¥, 1a cd :
Pinh Iy I : néu J-If(‘ )ldx hér w thi tich phin _[ S0 dr hér y

Ching minh :

Xét f\(x):]l(_xl;l’(x_) . f:(x)zl_/(_x)l_;_@
(hi O<fiy<|fx) . U<fo<|f(w)
Theo gid thidt J"/ (x)]dx hoi tu.

o

Thea ticu chuin so sdnh thi
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I fix) dv , I Sx) dx hoi w.

2

Mat khic AV = F(0) - H0.
Viy J‘ ST dx hai .

T dinh 1y nay ta dva ra
Dinh nghia :

+ O
Néw [l (o hoi w j 70y dv hoi 1) thi ta goi I A de 12 hai ty
11 [

wyél doi.

Neéu ﬂf(x)ldx phan ky ma Jf(x) Jdy hoi t thi ta gos jﬂ\) dv 12 hot Gy

u

khonp tuyét dor hay bin hoi ty hAy hoi tu ¢d diéu kién,

Thidu :
1) Céc tich phan j_ﬁcﬂ e . .J;_Sin'\‘ A 13 héiw uyét doi
nl+_\': Ul+x2
w | cosx ! | sinx [_ ]
x| hax® 7 1+x7] 1+
Tadabict | Y lahoi w (7.1)
S+ x”

2) X¢ét tich phan I 1) cosvdx J‘ Flu) simady L rd rang cédc tich phan niy
0 0
hoi 10 tayét doi néu _ﬁ () hoi

u

MV |f(x)eosx|<|f(x)] . [f(x)sinx]<|f(x))
Dinh Iy 2 (Dirichlet) :

NéEu p(v) l[a mot ham sao cho ham F(x) = f @(x)dx 1a bi chdn khi . — + = thi

u
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'j‘f’_(-")_d\. 1A hoi Y o >0 (a > 0).
x7

Ching minh :
Tich phan ting phin ta ¢6

JEC YRR ey U LI

a-t ] o '_dx
X b a

N xal
a a

Nhung '[ (—dr I hoi tu tuyét doi, vi theo gid thict F(1) la b chan nghia
x"

o

|[Fo|< 41, a>0

Suy ra

\}'(1|)|l— M - ma IﬂT‘jx ahoiwdoa+l>1 (a>0),
s ZER X’“

‘_r

theo (icu chuan so sanh thi JI A)Py 1a hot tu.

Mt khic ]imL(b_) =0 ciing theo gia thict dy,
b e :x

h -
Do dé Jim Jﬁa&ldx _—F) e J‘F(‘) 1on 1ai
a” M
nahia 1 J‘W de Wuhoitu Vo0 (a>0)
Thiduy:

1) Xét cdc tich phan JS”‘ X feosy de (a,a>0)
X

Bat p(v) = sinv wrong tich phan (hir nhit thi

Is

fsin x| =
[ |I

|F(x)| coser - c0fls.\‘| <2

= ]'(,o(x)d\‘

:mxd\’ (1, 0> 0) 1

Viy gia thict cva dinh 1y 2 14 thoa min va tich phan J
o

C0§X
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Dac biet o =1

Ta ¢o J‘Sln'\ & lahoiw.
X
o
sinx
Vi lim> — = 1. nén ¢6 thé lay @ =0
vy

ta co Jilp'_rdx la ol w (tich phan Dirichlet).

(}x

Xét ﬂsmxrd . 10 ring (ich phan nay phan ky, vi néu nguge lai thi theo
li¢u chuin so sdnh.

'J‘_si_n*xdx (¢ >0) 12 hory u (vi sinv < jSinx',) hay l jl—cos"_\dr la
s X 2 X

o (u.

Mat khice 1 J‘Los2x 12 hoi ur (theo tren),
2 X

a

Viy i'j-cosl\-dx + %jl cos2_xd - %'j-dx

27 x X MES

13 hoi tu, didu vo 1y, vi nhu di biét & (7.1) J"-_" Ia phan k.
X

Viy tich phan Dirichlet 1 ban hai tu,

2) Xdt J‘mdx , theo thi du tren. & day a = _; > 0.

Vay tich phan 1a hoi w.

X¢&t cie tich phan J-sin ody o J-cos.rldx (Tich phan Fresnel)
4 0

b NENE

T 1 ¢sin¢
j'smxzdx = — I——d
o 2 N \/;

Viy tich phan ta hot tu (theo ten).
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Tuong ty Icos.rzair [ hoi ty.
:

Chay:
Ta da xét cie téu chuan hoi tu doi véi tich phan j_ﬂ_\)d.\'. D& dany thict lap
a

41
duoc cic ticu chuin hot tu dai véi tich phan j J()dx
7.2. Tich phan cua ham khong bi chan
a) Dinh nghia :
Gid suham f(1) bi chan va kha tich trén doan {a, b -€]. Ve - O<e<h-uva
khong bi chén trén |h - g, b]. Khi dé b goi la diém bat durong, cda 1) vh

L
lim J'j (x)dx (1) goi latich phin suy rong cua ham f(a) wen fa. bl
PR

b h-
Kihicu. [ (xydv = tim [/ e

NEu 161 han (1) 4n tai (hitu han), thi tich phan suy rong goi 12 hoi tu. néu
ngude lat (1) bang vo cung hodc khong ton tai thi tich phan goi 13 phan ky.
Tuong tu, ta dinh nghia cdc tich phan suy 16ong :
h »

_[.f (x)dx = !mg j,f(x)dx

" v

néu /o khong bi chan tai lan can phat ¢lia dicm o, we 1a « 1a didm bal
tarong.
[ h

]/'(x)dx= lim j/(x)dx+ f £ (x)dx

néu ¢ 1 iém bat thudng ¢ < ¢ < b, tich phan hoi tu néu cic gidi han & vé
phai 6n ty1. vé hinh hoc tich phin suy rong clie ham khong b chan bicu th* dien
tich hinh thang cong ¢6 tung do vo han (fh) = 0). Néu F(+) 1a mot nguyén ham
chafix) uén o, b - e} h ta cling viét :

_l’f(.\')dx =limF(x) "2 F(b-0)- F(a)
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val Fbh-0)= lmF(b £)

i-¢
Thidu: 1) Xéil, = J =limarcsiny] = limarcsi(l —¢) = T
—x- £ 0 £—{
dx b4
Twong e /. = [——_7=—;
1 1—x” it
. I lj- dx } ke J- dx I ey
va = (- = = |- -__-|-+ T == + =11
IVi=x"  dl-xT svl-xT v
b dx 2
2y Xét I—‘— .a>0 (a< O J la rich phan thudng)
J(b- ) (b-1x)
b 14 diém b4l thuong
Theo dinh nghia:
h / b-¢ I | ;
A¢ . .- _ bt
j——-(——— = lim j Y < lim (b— )"
(b-x)“ =0V (p-p)* v l-a a
Al
(b-ay'™ | RN b-a ° néu a <1
— + lim g = 1-a
1-a o =~1cs0 3
+ néy o > )
b /
A%
Vaio=1: I ¢ =—limln(b- ,\)l =Inb-~a)-Ilimlng = =
b'—.\' ol [

d
b

Ly ) . .
Viay I—l-‘— hotwnéuO<ax< 1, phinky néua 2 1,
-0

b

Tuong 1. I—(b—— hoitunéu O < a < 1. phan ky néu o 2 1.
(rx~—a)

arcsin < o . .
3) Xét J. dx . diém bat thuong x = .

oo

. 2
J'arcsm\ c (z\rcv.m,r)
2

Vay tich phan hét w.
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1

4y Xét I Inwdy, di€m bat thudng « = 0
0

I
J Ined v = (vl - _\)J}} = -1 : Tich phan héi tu.
o

$) Xét J d =In(ln x)]f = o : Tich phan phan k¥

U xinx

bj Tiéu chudn hoi tu : Tuong tu nhu d6i vér tich phén I AxX)dvy . 1a cé thé
a
b
lap cédc ¢y chuin hoi tu iwong tmg déi véi tich phan j fv)dx véi a hoae b hoic
a

h
¢ . a< o< bladiEm bat thudng cba f(a) . Ching han d6i v6i tich phan | fv)da

2]

véi b 13 didm bat thudmg cha f(x) | ta ¢6 tieu chuin Cauchy :

Néu 16n tai cdc s0 ¢ <h, M >0, a < ! saocho 0 < f(x) < M
(b-)"
h
vii ¢ < v<bihi Jf(.\')d.\ hoi .

con néu a = | sao cho 1) > __ M u6ic<x<bithitch phan phan ky.
(b _ x)ﬂ
Hé qual :
b
NEu o < 1 vt Timf(x) (b - )" dn 1ai (hitu han) thi J./(_\)zl_\ hoi .
y—h

b
NEu o > | vaa ton tai : [iIMAN) (b - 1)%> 0 th Iﬂ.\')d_\' phin ky.
)
Ay h
Tacing cé hé qud 2 :

Néu khi x — b, f{x) 1a mot vo cung 1én bic o so vl L hitich phin

h-x
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b
j F(x)dx hoi tw khi 0 < e < 1 va phan ky khi o 2 1, hay fx) ~

o

(h-x)*

b
Khix > 6. M>0 0<a<l(@zl)= Jf(.r)dx hoi tu (phan k).

a

Thidu:
1
dx :
1) J~~—-—- . =1 1{adiém bat thuong.
0 4\! -t
Ta co: ! l 1 - . khi x = 1

i/l—.\f4 ..“/1—"‘ ‘{/l+x+x2+x3 %

Vay flx) = —= | 14 v6 cung 16n bac % < 1. sovéi
4

kht v > 1.
“_'\_4 ].—X

Vay tich phan 14 héi tu.
n/2
2) Iln sinr.dx . v =0 Ia diém bat thuong.

3]

4]
Y - '
- stn”x. Insinv — 0 khi x —> 0.
Sy

Véi 0 < a < | th Insine.y® = [

Viy tich phan hot tu.
|
3) Xét l‘i . x =1 Ia diém bat thudng
nx
8]

nx

O day —» 1 khix — |

=1
Vay tich phan phan ky.
Chu y:

Ta da xét tich phian suy réng Jf(.r)dx ( j‘f(x)d.r)

Ta cling goi +o (—) la diém bat thuong ca tich phan niy. Bay gio xét tich
phan dé. nhung ngoai diém bat thudng +e (=) con ¢6 nhitng diém bat thutmg
khdc ¢, : a <c¢, <+, 1= 1.2, ... n(1ai 1an can ¢, ham fix) khong bi chan). D& xét

su hoi tn cha tich phan. ta phai phan tich tich phan thanh téng cta hai loai tich

276



phan suy rong dd xét (1ich phan cla cic hiam khéng bi chan va tich phan ¢é can
vO han).

Thidu:
X¢ét sy hdi tu cla:

v _u !
D (X - diém bal thuong la + = vididma =Okhia < |
| l+x

IR | | a | X
Tor X" X X
Ta 6 ——dx = f~-— X+ )—-dx
Al+x Sl+x Py

Tich phan (ha nhat hoi (o Khi |- a < | hay o > O (vo cing Idn bac | - ¢ so

vai — ).

X

Tich phan (hirhai hoi te kln 2 - o> Thay a < 1 (86 cling bé bie 1 - aso vér
|
X

Vay tich phin dd cho hoi tu khi O < a <1,

2) J-Xp ¢ “dx =T (p) goi 12 tich phan Bulet loai hai huy him Gama
a

Di¢m bat thuimg ¢ va 0 khi p <1.
| v x
T(p)= Ix”"e“dr+ x" e Vidx

1) |

Tich phan thit nhat hoi w kht p >0 (vo cing 1dn bic - p < 1 so véi 1 ).
X
Tich phéan tha hai 10n ta vai mot p>0 vi khi o >1.

Wi ¥ asg
e X 50 Muvo+w
v

l e

a

X
Vay tich phan hoir tu khi p > 0.
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BAI TAP

*1. Tinh que ticp (L dinh nghna) cde tich phan:

h L

1) jx“dx (a0 €R, O<ach)  2) Iu'dx (0 >0)
o 1)

3 Jsind 4) feostdr
Iy «

* 2 Ching minh ring néu f(v), g(v) khé tich trén | «, H] thi cde bam sau day
cting kha tich wén | a, b:

\)_Il_‘ Csupf(x) ., inff(x) # 0 vi ciing dau)
S (x) vderh) o
2) \[/(,\-) ) >0, Yy € |uh)
3V (v gty
* 3. Chuing minh ring néu:
() f{v) kha tch teén {ab] th) f(v) khd iich uén mot doyn bat ky
lo, B) c fu,h|

2) ) licn tue va khong am trén {a,b|
h

J.f(x)dx =0> f(,\-) =0, Vvelub]

o

h
3) fx) kha tich wén |ab| va fluy >0 Vi € lu,b] thi Jf(x)d) >0

*4

1) /f (\)] kha tich trén [ab] (hi f(1) ¢6 kha tich wen {a,h) khong ?

0:xel vo ty
2} Ham Ricmann f (\) - 7 | ur
- ixE—
7 n

m, n> 1 nguyln to clng nhau.
¢6 kha tich wen [0,1) khong ?

3) flvy khatich trén [ahf vi A <)< B, Vx € |ab], p ()

kha tich tren |4, B) thi ham hop @ 1)) ¢6 kba tich trén o b] khong ?
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8 Xic dinh dau cua cic tich phan:

1 jx Sin xedy

1
3) j.r: thxdy

6. So «anh cdc tich phan:

D = J-sin“’.w{.r

2) 1, = J_c dv

Do J.u ¥ cos® xdx

7. Udce luong cédc tich phan:
! —_—
] ) I\-'II4 T .\': d\f
;
Y J‘x\/l_g;dx'
u

T

$ T hatn
J.\Id + 5 sin” xdx
n
8. T gid tri (rung binh cda.
1) f{x) =" én (0,1]

A= N wen [0.100]
3) fa) =sin’v tren O, 7]
9. Chimg muth:

| B
1) lim _[—}l—d\ =0
hoy f +.\:

2 .
Siny
2 j— gy
i} X

I = fsirf ydv

I, = Ia Cdx

1, = Ie ¥ cos® xdx

|
2) I d,\\
(84X
| \_-J
1) |y
] +x

u

2) lim ‘]sin“ xdx =0

0

* 10, Chimg minh rang: néu f{1), g0 kha tich teén lah] thy
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D ‘]‘j(x)g(r}dx

(Bill dang ihite Schwary (Cumh)

L

ByHﬂKOBCKVlI?I)

fivesora]" o] [eon]

(Ral dang thie tam piac)
11. Tinh dao ham cba cic hinn 86

D i{x) = {Insdr (1 >0)

!

v

2) () = J-e "t

Y
i

3 J-coszzdz (1>0)

B (x)= J-cosm:d(

ALY
12 T cde gidi hane

v

Jcostﬂ! _{(arctgl):dt
D fim L 2) jim e —
vl X 1 s J_ 4 ‘
[ rare Iy je"dz
W lim - b Ei'l] i—
I Jsinzdt
it

o

*13.
1) Cho f(v) lien tue Va >0 v )im /(\;) =

Ching minh yq l'f(m-)d_\- =4

2) Cho f)y >0 va lien tue Va2 0
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I(/(l}dl

Chitng minh N i don dicu tang Ya 2 0
plx)= = —

14 Dung cong thite Newton - Leibniz tinh cdc tich phan

| 1
By fo o xdv_ 5 _‘/\ -
_L Es 2) J. 3) JSLL odor
U
4) ‘ x yody T
I— — e 5) j. 6) Jsm odo
S5+4x—x \/} + I 0
7 b Js_“'m i
Ixlny
: In? (j\f 2
9 J-cotg‘(/x/w 10) cﬁ 1) J.[l—xidx
: In2 3]
*12) J' _ X D<a<n

M\co~a+l

*13) (L@ 14y J _ (ab =)
oL+ ecosy 4’ sin’ x + b7 cos’ x

15. C6 Ih dp dung cong thie Newton - Leibniz. d€ tinh cdc tich phan sau
khong?

| I 2 1
dx sec” x d
h 1= 2y | — ——dx 3 (GILI ]d\
-[x ,"[2+tg"x ) [(A £
2 |
| e d 1
j.\'\/l_ —x v 5) I —(— Tjdx
5 e\ 1 +2
16. Nha tich phin xde dinh, tim Jimg, néu:
7 -
1y § :“1;-1":;‘.",... " 3]
"o ow n
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1 I 1

ne- oy L, ]

ot n+2 n+n

Y r
3y ¢ At P>0)

Pl el
H
11 n H

4) \N = -t ——+.

n o no+2 no+n

o 1 n )

* . . T 1
6 g :sm—z -
128N T
F12 408

n
7. Dang phuong phip tich phan timg phan tinh.

| 2

iy f.\' ot dy 2) f,v cosxdy
u a

) J.e‘ $In Ydx 4) J.\'arctg\'dx
L v

* 18. Chimg minh cdc cong thic  (n, &, m € N)

“’j&“ﬂﬂ=(—W{%-{l—;+l+m+tfxi}}

w

T (2 2 2"
2) K = _fcos xsin/wdy = — — —+—+...+—)-.
n - 1 2

T n
oy = J—cos X COSHXAY ~ T

g
| }
(1) H - '_L ll'lm - A (-] " _”1-—
ko \J)“ X¢ ( ) {k-‘,')”“l
1 VY
95, = [ 1y < !
‘ (m+n—1)!

(£1am Beta hay tich phan Euler loal 1)
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6) | = Tun™ reost vy — 220t

-
= |sin™ xcos™” xdy = ~——
" -[ 22 ot (m+ n)!

(&
19. Tinh cdc tich phan sau biang phuong phip d(ji bitn

D) j—l—:}-;a’x 2) j'_ - de

——dx 4 |-

3 I"J’if’“\./:\ —1 ‘ dx
o

¢ +3 vl
: |
) .[ _dx S 6) J(l-.\-:)”d_\- (neN)
|(I +.\':)_ ’
I ”
n X—E—A——— nehN *8) _H_‘_/\,
5[‘/]_'-‘"1 ( [ ) J:1+,\f (
|
*()) ).Slrl\ . |_n(|ﬂ+1j)
J-]+cos X 10)-[ 14+x° &

¥20. Chung minh cdc cong thic:

1) J'/ =(h-a jf a+(b-a x}l\ (f (V) lien we wén Ja,h))

T T

2) ]j(sm)dx:]‘f(msx)dn (f (V) lién tye trén [O.4])
u (]

3) ]‘X/‘(sin.\')dx - —iiljf(sinx)dx ((vylénrge ten [0, 1))
4 ~
a-l

o [f(x)dx= ‘j F{x)dx

(/(x) tudn hodn, lién tue Yy € R, chuky T. ¢ € R)
* 21. Chiing minh:
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vy T 224 1.2n2n
2) ltim -

v 1335, (2n - 1)(2n + 1)

(cong thide Wallis)

3 J_/m r)z ——{
{

0 CHAm

in=m
2n

Vai p(y)- bod [_\A : 1)"] n=0.1.2_.
! 2"t A
(Pa thire Lependre)
22. Tinh ¢ic tich phan.

In-|

) - ](sin.\'—cosxw e

SINX t COosX/

2) = I[l +x—1)e‘"l N7AN
.‘ x

>

Do) = ]'sign(x—x': )d_\'

:ﬂl n _\‘|d_\‘

5) 1= J-E(x)sin%dx

Q

6)1 = ‘J‘_\‘sign(cos.\')dx

v

23. Tinh gan ding cdc tich phan ssu bang phuong phdap Stmpson:

e’ (l\ vai do chinh xiic 10°

Ol—.'_

2) ] 1—%sin: x v vaido chinh xdc 10"
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24, Tinh dien tch cac hinh gidi han bai cic duang:

Iya+yv=0 . \'22.\'—\:
2)_\':_\: . y= ;o y=2v
2
Hy= __I\I_ Loy = _\__
T+x- 2
4);——1‘—;——:| . \'=2ll
a b
Syy=2" | y=2 . a=0
Gy=llgd . ¥y=0 . x=01 . =10
7)_\'=(\'+])2 . v=ainmy.v=0 , O<y<l
1
*8) ot v=2u
l 2a—-x
9) _\': =2v, 4 _\-1 =8
10) \3+_\'J:I()\ \2=|2(\'—])
1) a = acos . o= hsin't
12) 0 = a (2cost - cos2e)
vo= q(2snr - sin2)
13) v = _'?‘_N__' y= Sd (14 Descartes)
T AR RSV
[4) 4= a(cont + 1sing) . v = a(sinf - 1eost)
0<t1<2ma v=a, vy<0
15y r = a(1+ cos @) (cardioide)
16) 1 = ucos 2 ¢
17y =wxin3 @
) T pia
]X) ,.:__,___ ——(:l,-?‘;‘_
I-cose 4 2
1) r:———}-) O<e<ld
14 scoseg
{
200 =acosy, r=alcos P +sin @) (M L_\Oj e hinh)
)

21y r=2acond @ r=al neoat dudng tron)
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5 443
2D Ay =T+

25. Tinh d6 dai cdc dudng:

PUCAN _\IEIR =0

2y =y Vai0<a<4

3) y o= ‘dChi v <v<h
u

[ %
4) y=—y ' —_ny Vdil<y<e
4} 27

5)y =Incosv wi<vga< X
2
A
) 3= 2 Vol Osxséa
’ 20-x

cl ¢ o, 2 Al 2
7 x=-=cos't, y=-—sin‘t. ¢ =d -b

a
8) 1 = a(cost + tsing) v=a( sz -1cost) L O<r<2n

Yyx= ch’, y= sh’t, 0<r<T
10) v = a2cost - cos2), y = a(2sint - 8in2r)
1) r=a™ b >0, O<r<u

12) » = gsec* £ -
2

SRR
A
<
N
o | N

13) = usin* 2

*14>¢,:l[,+l) l<r<3
2 y

*15) 5\;+£=l
@ B

26. Tinh thé tich cdc vat gidi han béi cde mic
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4) G R G =R

*5)\‘|+_\-::]_ _\2+:::R:“<R)

6) VAV = v +_\’3= avy

7j L-:_+¥ _i__o ::hl* ::/[: (“(/f\<h'_\)
a h

X)::4-\':~ A=0, v=0, -=0, v=0

27, T{uh the tich cdce vat trdn xoay o bisi hinh gion han bat cic duona:
N
byv=av- (a>0), y=0 quay quanh Ox

2y ‘_ F‘_ -1 quay quanh Ox
- h_

u

3) = zlc}nl—_ . v=0 v = 1« quay quanh Ox
’ u

4) »\"‘ = 4dan, X =¢ quay quanh Oy

- ) . ;
5) v =2px. x= 15 quay quanh duong thing v =-p

6) v + (- N =u 0 < a £ b - quay quanh Ox
7y x = asin't, v= beas™, 0 1<2m, quay quanh: a) Ox b)Y Oy
8) v=2r- 1. y=4- r quay quanh Oy (0 <1 <2)
9y v=uat-sinn), y=u(l ~cosr) (0<r<2q), v=0
quay quanh @ 2) Ox, b) Oy, ¢) v=2u
*28. Chirng minh rang the tich vai thé duot o nén khi quay quanh:
1) Oy hinh phiing  a<i<h, 0<y<y()

b
= 2,[]',\1-(_\-)‘[,(\ (V) lien tue trén Ja, b))
2) True doc cue Ox. hinh phang r =/ (@)

<a<p<Psn

N P )
oy = :;ﬂ: J‘r'i((z)}sin wdp (o) lien e trén | o, B))
3
29, Tinh thé viit ron xoay tao bai hinh gidi han boi cdc duong:
1 r=al( 1+ cos @) (0<p<2m)
quay quanh: ) truc cuc; b) dudéng thing rcosg = -4
4

Al
2) 1 = acos™@ quay quanh true cyc
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> 20 10 Al
*¥3) (VY = aT(C - y7) quay quanh:
2) Ox b) Oy : S)v=EN
30. Tinh dién tich mat tron xoay (20 nén khi quay cdc dudnyg sau

1) 9_\‘: =131). O<v<3d quay quanh Ox
2) v = tgx 0<x< z quay quanh Ox
' 4

RIAY 3 273

3)a +,v1" =da”  quay quanh Oy

4 L-‘_ =1 quay quanh
a” h-
A) O b) Oy u>Mh
Sy + (v- W =d (a<h) quay quanh Ox
Oy v=ar-swg),  y=a(l - cosr) O<r<2n
quay quanh @ a) Oy; b) v =24
Ty v = a{2c0n - cos2),  v=a(26af - sin2/) quay quanh Ox
+R) X = acos 1 y= usin't quay quanh dudng thang v =
9 rt=a cos2¢ quay guanlt true cue
10) r=a (1 + cos @) quay guanh tryce cue
3L 1im moment Gnh d6i véi cde tue Ox, Oy v a do trong tam cua cde
hinh déng chat: ( p =1) - gidi han boi cde ding:
Da+y=a, =0, y=0
P+ y:"‘ =a” (cung v 20, y>0)
Nv=a(r-sinN, v=a(l -cont),  (0<€1<2m): v=0
Hv=acosts y=bsing a20.0 v=0
32. Timy momem( quén tinh cda hinh gid han bai:

NRY

D) —+—— =1 doi vai cde trye Ox, Oy
a b
2y uy = 2aw - \ (a>0), v =0dao1 vdi cde true Ox. Oy

33

1) Tinh cong 3¢ nang mot vt cd Khéi tuong pr dr imdt qua dét €6 bin hinh
R 1én do cao h.

2) Tinh ap lue cda nude 1én modt thanh dap thing dimg ¢6 dang hinh (hang,
bict ring ddy wen cua dap 12 « = 70m. ddy dudi M h = 50m va chicu cao L
fr = 20m.

3) Tinh khoi lugng cia mot hinh cdu bin kinh R, bict ring khdi lugng

rieng tai méi dicm cta né ti 13 véi khoang cich wr didm d6 dén tam.
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34. Tinh cic tich phan suy rong;

tAY
Iy [— ‘_ _
Ir +x-
b Ia) Y sin b (a>0)

dx

I+\ <"

K J‘\ —-\\

9y Ill] Yy

I) -I-E'\ d\

35, X¢ét sy hor w cba céc tich phin

vdy

. I\_’\ + 1

3) J-]n( + \)

(1.a>0)

J‘\'}'c’ ey
N

9 ja 2 (2>0)

X

2) [- _c[\*

y (x1 +x+ 1)_

o xInxdy

0 (1 +.\'3):

6) -j._\"‘ e tdv

4)

kI' oy

R PR N e

10) ]]n(cosx)d.\‘

*12) Jl Yy

‘earctex
2) j g'—d.v

r

¥] X

i xm
4) JI +x” dx

"' n, te
6) f—r ACEX i

24X’
v frre
o [
. In(sin,\') 3

(ne N}

(n=>0)

(= 0)

(k.a>0)
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[3) j‘ — dy 14) ]sin(secx}dx

5 d *16) ](tg\')" dx

hremy
+17) IJ-\/.lnx

*18) B(p.q) = J'x" (1-x) e xipg >0

—dx

l-x-

*19) I Mx_ 20) K= fe 7L ()

]'r\ "

. d" '\- 1
varp S0 va  (v) = ¢! _<_ < l (=012 . ) (da thue Lagueree)
" ‘1-\‘“

HUONG DAN VA TRA LOI BAI TAP

Dlx-l_au-‘.
Lo = _ ' - a# = Imb—lna, o= -1
(P4l
a-\
2)
Ina
n+t n
3 1D sin ) 151117.r
3y 1. Dung Zsmn— 2
X
sm
n~l . n
cos X5 X
4y sine. Dine N - 2 2
dnDing $open 2
0L H '_\
sin
2
2

3) Dang dang thic:

LN = 7D = [ () o] e+ [y - g
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3.
2); 3) Ching minh phan chiang.
4.
1) Khong nhat thict, xét £(x) = I
| -l:xel
2yCé
3) Khong nhat thiét: xét:

0:y=0 fv)la ham Riemann & 2)
o(¥) =

1:y=20
5.
1) < 0 2y >0 )<
6.
Hhi<l, 2)1I <1l Hh>hL
7.
1) 2 <1<+5: 2)%<l<2
9 7
MNocr< 4) ! <I<L
16 1042 10
Sy Ty %3 (1.57< 1<191)
2 2\/2
sl 2 g2
3 3 8
9. Dang dinh ly trung binh:
10.

5 -
a) Xét “f(x)-r)g(x)] dvei.  A€eR

L}

by Xét J[j(.\‘)+g(_\‘)]:([\'

W

11.

1y Inx 2) ayetoe: 3 —=

>

4) (sinv-cony). cos(n NS
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nnoooy 3 4) 1
4
13.
Datny=r: 2) Xd1 o ()
14
9 1. 2 1
D In— 2) —InZ, -4 HZ
8 23 NE) 6
5 lInl+‘/;; 6) 2 7y In2 8) 1- cosl
3 2 3
9 B 7. 10) th(In3) - th(ln2) < -
()\/E 6 5
D
1y L 12) o 3y = g T~
2sina ) J1-&° ) 2]ab)
15.
D f(x)= _} khong kha tich Riemann trén |-1,1
X
2) I al‘ctg( tg\.j cé gidn doan logi mot taj x=£.3—”
V2 V2 272

3) arctgl ¢6 gidn doan loar | taia =0
X

4) lam dudi ddu tich phan chi xde dinh trén doan |-1, 1]

3 ! cd gidn doyn loai 1 (di v=0
[+2"
Vayv trong cic lrudng hop trén  khong 1he dp dung coéng thie Newton -
Lerbmiz,
16.
1 1 b3
D= 2y 2 3 —; 4 —
2 p+l 4
2 T N |
S T 6y —= Vit sm—:—+0[—J
T \/5 noon n’
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17,

.

h €3, T Lt 5
VI Y o 3 e+ 1) )
18.

2 2 3
o 2n RITEN Q-2

1y Vidt g7 adv =17 ad(ign) - 1g7 "

2y Datu = cos"s. dv = sin vy

i . -
6) Dat u = sin "reos™ L dhv = cosvda

19

D2 B Baox o 4y imin
4 3 5

)

LI e G |
4 (n+1)r ntt |

o] —

3 ——=

- 1
X) ._)T_ dd( X
V2 x

9) ’_7;; dit v=m-1
4

1) Ziny dat a=12¢
8

20.
1y bat X4
b—u
2) cosx :sin(-ﬁ—x), dae 7oy
2 2
I sinv=sin(T-) dal -1y =7
u-’l./ /j AI‘J‘/
4) VIélt -~ -+
d o !
21.

- o dged L2 L2
1) Ding sin e <sin o<sin ™. geve X
2

V3

chin

le
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3 Xa& J'(\ _ l)".x"‘dx , tich phan timg phan m lan (n # n)
I

22,
N R . /]T
Iy DUng ¢inx —cosx = ﬁsm[; - x)

. - Y4
SINX + COSX = \/2 cos(: - xj

=In \/—7+—r1—31- ; .__+(_l)“ﬂ
203 noJ)

n

=(-

.. . !
2) Tt dit x+— =y
2 X

S O B
¢ T 4

) 07468, n=5|R[<0,7.107
2) 1351,  n=3]R[<0.00052

24.
o4t 2) 4. 3y T4
2 23

4 ab[zﬁ—ln(: N J?)]; 52—

In2

2 b}
6) 99 - 8,1 1gc: 7L ! 8) 3 me (Dudng cissoide)
73
4 4 16 4 32 4
N dx+—. b1——; 10) —”—i -+ “J:
3 3 3 3
{1y E,-mb \ 12) 6 I 3a2
8 2
14) is.{zmusn): 15) ‘2—’mf: 16) ’7‘2'
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17) r 3\ p’
= 18) - .(4~5+3), 19)

(l—f;:);:
20 L(ran) 21 u:(§+—1: 22) 72

1 6u o 2) 38;(10\/1_(—)—1); 3) VAT —ar. h:a(‘h—l’1
2 a

1. :
4) Z(e‘+|); 3) lntg[%+§]‘
. / \/§+]\ 3, . 3
0) 4. s> Sp—g) R 2w
4L,\1oJ)|.1 i J 7 - (b - Ta
9) l(ch‘-‘zr—l) 10) 164 (1y avivh®
2 b
12) 2(;[J§-+ m(ﬁﬂ)]; 13) 324 14) 2+ Ln3
2 2
t > s .oa-b
1S) .s-;aj,/l—k sin@dp. kT =T——
1y ‘J"
k< 1t sad coa ellipse
26.
s 2 I’
DN AN YR 2) Zabe: 3) mabh| 1+ —
3 3¢
16 8 R’ s s
4y 19 p. s 2\ - 0\
) SR V== [(1+ £ E0) (1 - ) ()]

E(ky= _J‘ M= k* sin’ odgp (‘Tich phan elliptigues loai hai)
[

K(k) - j‘ﬂ do _ : k - " (Ticl; phan elliptiques loai mat)
syl—k sin® ¢ R
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0) ZLI\[I‘T—iJ; 7) ll[hl(u‘+2u1)+b,(al+2a1)]
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1h, bk h., /1,
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27
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1) a) §/Tu h) E}rlas
3 4
4
2) —
21
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3 2 o 0_2} Ty P4 N
3) ua) 1 {\/_ n( +x/:) 3 ek <) 1
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1y 3. 2) ﬂ(\/g—\/i)+;z'ln———f 1
5+

12 .
N D

5
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32 5
[19)) — T
hl

31
Doar=ar =% .4
' 6 3
3 )
VM =M =207y - 22y
5 5
4
3y, = . V= —u
3
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3 ' 3
32
N |
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6
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34.
2 1 h
) Zin2; gy b 40
3 3V3 a4 b
R B s
5) _]nf |+_:_W; 6) n! 7Y phan ky
508 3
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1y Ho tue 2y hotwkh -1 <a<2: 3 hoi
H Hortwkhim>-lin-m>|

S5) Hotwkhi- T<a<?2

6) m>-2.n-m>1hoitu

7 Honw

Ry Hai w

9) Hot

1) HorwKlip>1:1¢g<d

11) Hortu

{2) Hoity

1) Hotwkhip<lg<!

1) Hoi 1wy &t doi

15) Hoity

16) Hoi ta khi {pl <} phan ky khi |p| >

17) Hor tu
18) Hoi
19) 1{H1

H

200 Hotw - g P !

—.n!
(p+1)"

Zz,i’s

Il

o
N
o
o
o
o

iﬂo
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Chuong 7

HAM NHIEU BIEN SO

§1. KHONG GIAN n CHIEU R

1.1. Pinh nghia: Tdp hop cdc b8 n 8 thuc cé thit tu (x,xp....X,)
goi la mét khéng gian n chiéu R", méi phén ti (x,xp...,x,) ¢ R" goi
la mét diém cia khéng gian dé, ky hiéu M(xyxy..,x,) hoge M =
(X3 X5y X,)y X3 Xy yX, g0i la cde tog d cia M. Diém 0(6,0,...,0) goi la
diém géc tog dé cua R, x,, xp...,x, ciing goi la toa dé ctia vecteur n

chiéu OM va R" edng goi la mét khdng gian vecteur n chiéu
Trong R”™ ta dinh nghia cic phép toan:

(X Xy X, Y+ (Y3 Yoo ¥ ) = (X + ), %5 + ¥o,...%, + ¥, ): Phép cong
a(x,.xz,m,xn) = (a.rl.a.xz....,uxn) a € R : phép nhan véi 38
va khoang cach gita hai didm M = (x,,x,,..,x,), N = (3,;2,....Y.):

p(MsN)= J(;l _.)’[)2 +(12 ‘}'2)2+---+(In ‘}’71)2

R& rang:

Dp(M,N)>0nduM=N.
p(M.N)=0nduM=N.
2) p(M,N) =p(N,M) (tinh déi ximg).

3) p(M,N) <p(M,P)+ p(P, N} (bat ding thic tam giac).
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Chu y:

R' chinh )a dudng thang s6 thuc.

R” 1a mat phang Oxy.

R% 1a khang gian ba chidu thong thudng Oxyz ma ta da nghién edu

1.2. Giéi han trong R"

Dinh nghia: Trong R", diém A goi 14 gidi han cia ddy diém M,
My, M,... hay day {M} héi tu téi A néu

lim P(M,, A =0
koo

Ky hiéu lim M, = A hay M, - A.
k »n

Diém A cang goi la diém gidi han cda day.
Ro rang ndu M), = (P 2P 1Py A = (2, 10,3, thi

M -4« x}k) -y, =12, n

Do d6 sy hot ty trong R" cdng goi 1a sy hdi tu theo toa 46 va gidi han
clia day diém trong R" cong ¢b cée tinh chat tueng (i nhut cia gidi han eia
day s6 (rong R.

1.3. TAp hdp mé va déng trong R

Pinh nghia: Tép hop

S(A, ) ~{M:p(M,A)<r,reR r>0} @)
goi la mot hinh céu trong R", (1) cizng goi la mot r lén cén ciia diém A.
Xét didm A ¢ R" va mot tap hgp & < R" (H.1). C6 thé xay ra mot

{rong ba Lruong hgp sau:
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1 C6 mdt 1An ¢in ctn A: SI47) .. Khi 46 A goi 1A mdt didm trong

CUA YD PANEA € .o
2) (6 mdt Jan can cla A nam ngodi o vd rang A ¢ ., nghia 1a A 1a
diém trong cia phan ba & cia.« Khids A 12 mot diem ngoai cta 4

3) Vi moi 1an can ctia A déu chda ca nhimg didm thude .« va nhiing
didm khong thude . . Khi dé A goi 1a mdt didm bién cda o . RA rang diém

bidn cta.v 6 thd thude ¢ hoac khong.

Tap hgp .« goi 13 mdt tap md ndu né khéng chia diém bién nio cla
né, va 1a déng néu . chita moi diém bién cba né.

Thi du: Hinh ¢au (1) v5 rang 1A mdt t4p md ciing goi 14 mot hinh cAu
m3. Tap

S(A.r)= {M:p(M,A) < r}la mot tap hgp déng, goi Ia hinh cdu déng.
T dinh nghia suy ra:
Pinh ly:

1) Giao ciic mét s6 hitu han hay hop cua mét 56 bat ky tép hop

mad Ia mét tap hop md.

2) Hop ctia mét s6 hitu han hay giao cua mét s6 béat ky tap hop
déng la mét tép hop dong.

n
Thye vay, chang ban xét 1), cho n tap hgp mo o, &y oy, & = () .dl- .
i1
XétA e (thidew,,
i=12.,n Vi« mdnénAlamst diém trong clia «;, do d6 ¢6 mot lan
cdn S, cla A .
n .
S;cw . vd S =8, c « viy.4 mo.

i=1

Cac phan khac ching minh tuong ty.



i4.Piém tu

Pinh nghia: Diém A goi la mét
diém tyu ctia tap hop 4 néu trong moi
ldn cén ctia A déu chia it nhat mot
diém M c <, M = A.

16 rang A ¢6 thé thude « hode khong. . @ "4
T dinh nghia suy ra:

Dinh ly 1: A Ia diém tu ctia tép hop @
o khiva chi khicé mét day

Moot M #M, (i =j) héitutol A

*Thyc vay, gia sit A 12 didm ty cta o, H 82
X6t 8, 1a mét 1an can bat ky cha 4, thi ed M, € 7. M, # A lai chon mdt 15n
can S, cha A, chon S, da nho dé S, khong chita My, trong S, ¢6 M, € .,
M, =M, =A . Vaychoirudce>0, 3k c N: M, e S, M, e v, M, =A,
M, = M, , = p(M,A) <t¢, hay M, - A, nguge lai ¢6 day M} c @, M, =M,
( #Jj) va M, — A thi vdi moi lan can r cia 4, Fk, Yk>k,: (M, A) <r, suy ra
M,cx M, =A Vay A la diém tyu cia .«

Dinh ly 2: Moi tdp hop « !a déng khi va chi khi moi diém tu ctia
A déu thuéc «4 hay moi day héitu (M} e & déu héitudén A ¢ 4

Thuyc vay, theo dinh nghia, ndu A 13 didm ty cta .« thi né phai 1a diém
trong hay diém bién clia ..

Né&u A 13 diém trong cia . thi di nhién A € & Néu A 1a diém bién cla
& thi vi # 1a dong nén n6é chia moi diém bién cla no, nghia 1A A € .«

Nguge lai, gia sit «# chila moj diém tp cla né va A ¢ .« (hi A khéng
phai 1a diém ty cla «, nghia 13 c6 mot 1an can cua A khong chita didm nao

thudc .« Vay A khong 13 diém bién nao cla «, ching t6 .¢ chaa moi didm
bién ctia né nén .« 1a déng.

302



Chyr y: trong R", tap hyp tréng @ va R™ dén la cde tap hgp via 1a

Aong vua 1A ma.

1.5. Nguyén Iy Cauchy: Ta biét trong R ta ¢6 nguyén ly Cauchy:
Moi ddy co ban déu héi tu trong R va nguoec lai, né bicu thi tinh déay
du ciia R. Mét day (M} < R" goi la mét ddy co bdn néu Ve >0, 3k, v
k>ky vm > ky.2 p(M,,M, ) < . Ta cung cé6 nguyén ly Cauchy tuong tu:

Moi dday (M} c R" la héitu (trong R") khi va cht khi né la mét
déy co ban.

*Thye vay, gia st M, - A khi dé

MU M,) < (M, A) + (A M,y — 0 (bat dang thic tam giac) nghia 1a
{M,} 1a mot day co ban.

vl mot i, i = 1,2,...,n ta ¢6:

N

(k) (n)
\xi —X; \s z
=1

2

:p(Mk!Mm) -0

x(k) __xgm)
! 1

nghia 13 day s8 {rf’”} 12 modt day ¢ ban trong R nén né ¢6 mdt gidl han x,
nao 46, i=1,2,..n. Dat A=(x),x,...,x,) thiAc R" vd M, » A. Vay nguyén ly
Cauchy ciing bidu thj tinh day dt ciia R™.

1.6. Nguyén ly Bolzano - Weierstrass

Dinh nghia: Ta goi tdp hop &£ < R" la bi chén (hay gidi néi)
néu 3A € &4 Fe>0, YM € .7 p (M,A) < ¢, nghia la & ndm tron trong
hinh cau déngtam A bdn kinh c.

Tuong ty nhu déi véi R, trong R" ta cing cé nguyén ly Bolzano_
Weierstrass dgc trung cho cdc tdp hop bi chdn:

Moi ddy v6 han cia mét tagp bi chdn 4 c R" déu chita mét day

con héitutrong R".



1.7. Khéng gian Métrique

a) Pinh nghia: Xét mét tép hop X ma cde phén ti cia né la ede
déi tugng bat ky, X goi la mét khéng gian métrique thuc néu cé6 mét
dnh xa p ma anh clia mai cgp phén tz (xy) € X* la mét s6 thue, ky
hidu: plxy), p(x,y) phai thod man cdic tién dé:

DpEy)>0x zy:plxyy=0=x=y.
2) p (xy) = p (%) (dO) ximg).
3 p ey < p (x,2) + p (2, bAL dAng thic tam gibe.

£ (xy) goi 13 khoang cach gita hai phan (i x, ¥y hay métrique cla
khong gian X (X? la tich Descartes cna X va X). Cac phan tit ctia X du la doi
tugng gi eing goi 1 cae didm ciia khong gian.

Trong khong gian métrique X mot tap hgp « goi 13 by chan hay ¢gidi nd

>0 JacX Ve plx,a) Sr.
Thi du:
1y R™:rd rang 14 mdt khang gian mérrique.

2) Cho tap hgp cac ham lién tyc trén doan {a,b] ky hidu C,,;, khoang
cach gilta hal ham x2(t), y(t) & C, ) dudc xa¢ dinh bdi dang thiic:

pl(x,y)=max\x(t) - y(t)l a <t <b.

R6 rang Cj,, 12 mdt khéng gian métrique vi céc tién dé 1, 2 hidn nhién
thoa man, con tién 4é 3 ciing thoa man v xét
lx(t) - y(t)\ = lx(t) - 2(t) + 2(t) - y)| <
<ta(t)- z()! + lzft) - y)! < max e (t) - 2(t)]4 me:x b‘zu)_y(t)l _
a<tx

ast<h

= p(x,z) +p (23).

suy ra Nyl Splxz) + p(zy).

304



Ta ¢6 thé md rong khai nigm hoi tu. 1ap hop déng mé.... da xay ding
d8i vdl R" cho khéng gian métrique bat ky.

b) Khéng gian du

Pinh nghia: Trong khéng gian métrique X néu moi day co bdn
déu hoi tu thi X goi la mot hong gien métrigue day du hay khong

gian du.
Thi du:
1) Nhu d3 bigt thi R® la d0.
2) Khéng gian Cp,,;cing 4o,
*Thie vav, g1a st x,*) 18 mot day ¢d ban cha né nghia la
mmilx,,(t) =1, > 0 (1, m > x), xét £ =const, thi ddy s8 x,(t) 13 mot
asts

day co ban trong R, nén né hdi ty dén x(@) nao d6 véi a <t <b. Ta sé& ching
minh x(#) 1a lién tyc rrén (g,b], tde 12 x(ti € Cp,

Vi lim x,(f) = x(¢) ¥t € [a,bl nén

n—oc

Ve >0, Fn, bn>n, = lx,t)xt)l< % (1) ot ea,b]

Xél t, € {a,b], cho t, 6 gia At sao cho 4, + At € (a,b)
| Ax(ty) | = l2fty + At) - x(t)| <

Slx(ty + At - x,(Ep+ AV + Lx,(t,+ At) - x ()} + 1x, (1) - x(t )} <

{Theo (1) va Vi x,() ién we nén |x,(t,+ At - x,(tp) | < % khi [A]<8).
Vay x(t) 14 ham s&'lién tuc trén [a,bl.
3) Xét khoang X = (0,1) vdi métrique d(x,y) = lx -yl x,y £(0,1).
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RS rang X 1a oot khong gian métrique (1t dé dang thay né thoda man
3 tign do).

. . 1 o g . ) . . -
Xot day x,= —, x, A mdt day ¢o ban < {0, 1), nhung day hoi 1y dén
n

0 ¢ (O, 1. Vay X 1a mot khong gian métrigue khong du.
c. Tap hap Conipact

Dinh nghia: Cho & la mét tgp hop thuéc khong gian métrique

X, 4 goi la mét tap hop compact néu moi dday x, € déu chiza mot
day con xp, héi tu toi x ¢ .« . Mot khéng gian métrigue X goi la

khéng gian compact néu ne la mbt tiap hop compact.
Ta dinh nghia suy ra

Pinh ly 1. .« compact thi 4 ddong.

Thuc vay, néu /x,] c.¢ vi x, — x thi theo gia thiét compact, (x,} chia
x,, —>a&« nhimglime,=limsx,, ~ dodix=aew. Vay.w ladong.

Thi du:

1) Trong R™ moi tap hgp déng va bj chin déu 18 tAp hop compact.

Pidu niay 12 hién nhién do dinh nghia va nguvén 1y Bolzano- Weiersirass
trong R".

2) Dac bigt trong R, moi doan [a, b] déu compact.

3 Khoang (0,1) < R la khong compact vi day

{x )= (l} e(0,1),x, »0¢(0,1)
n

1) Dtdng thang thue R 1a Xhong compact vi day

{x,})=(n}t ¢ R, n - o gR.
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1.8. Mién trong R"
Ta chl xét rrong R?1dc (rong mat phang, cde khai nidm c6 thé suy rong
thich hgp cho trong R . n > 3.
a) Pudng
Cho céc ham x = xt), y = y(t) « < t < B. Anh xa lam tuong ung
vt € [a,f] vdl mot vecteur
= x(D)i+ y(b)] e R M

goi 1a mot dudng trong R2 va (1) goi 1a phuong trinh vecteur ciia dudng d6.

Ha {x=x(t)
y=y@), ast<f

goi 1A phuong trinh tham s8 cua dudng.

Xét dudng C c6 phitong trinh (1). C goi 12 mét dudng lién tue, néu cac
ham x = x(¥), y = y(f) la lién tue V¢ € (o,B], C goi 12 mbt dudng tron (hay
déu) trong [a,B] néu cac ham x = x(t), y = y(t) ¢6 cac dao ham lidn tyc va
2%t + y¥(t) = 0 trong [a,B). Nbi cach khac € 1a mét dudng tron néu né 12
mét duong lién tyce va ¢é tiép tuyéh bién thién [ién tue.

C goi 12 mdt dudng tron titng phan (hay timg doan) trén [o«,f] néu né
la mot dudng lién tye va néu ¢é mot cach chia doan [a,f] thaink mdt 56 hitu
han phan sao cho trén mdi phan duge chia € 1a mét dudng tron. C goi 1a mot
dudng khép kin néu r(e)=r{B). Néu 2, t'e (a.f),t = ¢: r(t)=r(t)thi C
goi 12 ¢6 difm kép hay didm boi. Mot dudng khong 6 didm bdi goi 1a mor
dusng don.

Cha y:

1) Né&u dd thj cia hamy = f(x) a Sx <b tron ting phin trén /a,b] thi
ham f(x) ciing goi 1A mot ham tron ting phin trén {a,b).
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2) Nhu da bist mdt dudng 6 thé cho theo phudng trinh khong
gial Fix,yj = 0 hoac Frr,ep) = 0 (trong toa dd ddc cyc), cac phuong trinh nay ¢6
thé dua v8 phuong trinh tham sé va nguge lai.

b) Mién: Cho (ap
D =R D goi 1a mot tap hgp

lién thong néu nd chia hai

diém M,, M, thi n6 chua
moi diém cia mot dudng
lién tye néi M;, M,. D goi la

mdt tap hop 18i néu né
chua hai didm M, M, thi
n6 chia moi diém cGa doan H.83
thang ndi M,, M,. RS rang mat tap 161 thi lign théng, nguge lai noi chung

khong ding (11.83 ¢a hai déu liéu théng, nhung chi hinh thi nhai 181).

Tap hop D < R? goi
14 mot mién trong R’ néu
né la mor tap md va lién
thong.

Né&u xét tap hgp C cac
diém bién clia D ciing thudc
D, thi D la mét tap hgp N
déng, goi 1a mién déng vi +

C goi 1a bién gidi cua né, ky
hidgu D hosic D+ C. H.84 H.BS
Sau nay la thudng xét

nhitng mién ma bién gidi cda né 12 mét hode mdt s6 hitu han duong Lién tae
va khép kin.

Né&u bign gid) cia D 13 mdt dudng (ién tuc va khép kin) thi D goi la mdt
mién don lién (H. 84). Néu bién cua D gdm p dudng (lién tuc va khép kin) thi D
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goi 12 mién da Liéu (p > 2) (H.85). Ta quy vdc: hudng duong trén bign C
ca D 1a hudng di tvén € clla mdr quan sAT vién sao cho phdan D k& bén quan
sat vien d ben trai quan sat vién.

Hudng 4m 1a hudng nguge 1ai (11.84 . H 85

Chu y:
1) Giao ¢lia hai mién don lién ¢ thé 14 mot mién khong lign thong.

2) Mot mién 1A mat tap hyp compact cling goi 12 mdt mién compact,
nhu vay cho mat mién compact tudng duong véi vige cheo mot tap hop Hen
thong, déng va bj chan. Trong gido trinh nay khi xét cAc mién tdc 1a che tap
hgp Bén thong, cae khai niém vd k&t qua cb 1hé suy rong thich hop cho cac
tap khéng lién théng.

§2. PINH NGHIA GIOI HAN VA LIEN TUC
CUA HAM NHIEU BIEN

2.1. Dinh nghia: M6t dnh xq f tiztép D c R" vao tép hop cac

86 thuc R goi la mét ham s6 thyc etia n bién s6 hay déi s6 thue. Ky
hiéu u = f(x;, xp..., x,) hay u = f(M), v6i M = (x,, xp ..., x,) ¢ D, f(M)
ciing goi la gid tri cia ham s6 tai diém M.

Tap hgp D goi 1a mién xac dinh hay mién tdn tai cGa ham s8 va tap
hop D' cic gia tri cia ham s6 YM e D goi i mién gid tei cta ham so.

JtM) gor 1a bi chan rong D néu D bi chan.

Thi du:

1)z =x" + ¥ 13 mdt ham hal bign xac dinh YM = (x, y) € R%.

2) 2= yR?2-x% - % 13 md1 ham hai bién xac dinh YM(x, y) & hinh

tron x° + y2 <R
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. , ; 1 R N o .
Nu=Intx’ +y +2?- 1) + ——un—e—" - 13 mot ham ba bién xac

\/;_xz I

dinh vM = (x, y, 2) ¢ R'saochox? + y2 + 22 > 1 va«? + y? + 22 < 2 hay

l<x?+y" +2” < 2 nghia 1a mién xac dinh D ca ham s6 14 mét hinh vanh

cAll mé.

Dé 1hi: Cho ham u = AM) = f(x,, x,, ..., x,) ¢6 mién xac dinh 14 D < R™.
Tap hdp G =((xy, x5 ..., X, U} C R = fixy, s ..., x,)] g0l 12 db thi cha
ham s0,

Néu D R (hi d4 (hj cGa ham s& 14 mdt mat trong RS,

Thi du:

D z=x+y’ &b thi 1a mat paraboloide trdn xoay trong khdng gian ba
chiéu thong thusng.

2 z= ya?-x%-y? | 46 thi la nita trén clia mat cdu (z 20)
22+ y? + 27 = a® trong R,
Néu D = R™, n >3 thi d6 thi cia ham s khong ¢6 hinh anh hinh hoc
¢y thé, ngudi ta goi 1 mot sidu mat trong khéng gian n + 1 chiéu.
Chuy:

*1) Néu fla mét dnh xa tir D « R™ vdao E c RP thi ta cé ham

N =fiM)vdi M € Dva N ¢ E, ham nay duge xdc dinh bdi p hé thitc:

y1 = ilxg, x9,00%,)
yg =fo(xyp,x9,.., %)

Yp = fp(xl,x,?..-»,xn)

Nhv vdy ham f tizong duong vdt p ham n bién.
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Thi du:

y | y x2
1= 51 27 5 o
xzz+x§ xf+x§

(*6 mién t8n tai 1a mar phang R? trir didm goc toa d6. Mién giA trj coa
ham cung |a mat phng R? tri géc toa dé.
2) D& don gian cach viét va 1 lu@n, ta sé nghién cdu chu y&u 1a ham 2

bién, sau dé s& suy rong cac khai niém va k&t qua cho ham n bién bat ky.

2.2. Gi6i han va lién tue

Dinh nghia: Cho z = f(x, y), xdc dinh trong mién D cé diém tu la
My(xp ¥o)- Ta goi 56 a la giéi han cua ham f(M) = f(x, y) tai M, hay khi
M dan téi M, néu:

Ve >0, 3550, p(M, M) < § = /f(M) - al < &.
hay
VM, (x,y,), M, =Mz M, > M, =AM, > q
Ky hiéu:
a= lim f(M) hay lim f(x,y)=a
MM, X,
Yo

Tuong ty nhy ham mot bidn ta cing ¢6 cac dinh nghia gidi han khi
M — oo (x hodcy — o) va gidi han vé han.

Thi du:
D lim Sinxy _ lim smxyy
x>0 x =0 xy
y—a y ra

. nt .
hm§—m— lim y=n{@idtzy=t,x 50, vay sa =3t -»0)
t>0 £ yoa
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2y lim —f-+y2 , XLy, y >0 taco0< _;Hyz <i+l
Xo+x x7 +y x“+y x oy
y->4o0
; 1 1) _ . x+y
Nhung lim |—+—| =0vay lim — - =0
X\ XY [UIUSY :cz+y2‘
Y>tea Yyt
Cha y:
Cac gidi han lim ( lim f(x,y)), lim ( im f(x,y)), goi ld cdc gidi
X=Xy Yy Yo Y>Yo XxX%g
han lgp, con him fix, y) ciing goi la gidi han kep.
.\‘—)IO
v vy

Cde gidi han ldp c6 thé tén tai, nhung gidi han kép khéng ton tai va
nguoc lai.

Thi du:
Xét jim 22
x50 x+y
v 0
Ta ¢6 lim (lim =) = lim £=1
x>0 y=>0Xx+Yy x>0 X
Bm (lim =2 = Iim X =1
y30 x>0x+y  y0 ¥y
. x- . " o . . 1 1
Mhung lim khéng ton tai vi xét hai day (x, y,) = (=, =) va
x>0 x+ nn

y0

(:c'n.yln) = (E,i) déu dan t3i (0, 0) khin = «
nn

Khi dé

I
oo ' 1 1
f(xmyn)=0%0:f(xn~yn): % :(3}_)3‘
n



Pinh nghia: Ham z = flx, y) xdc dinh trong lan cgn cun diém

My(xq yo) g0t la lién tuc tai M, néu

him f(x y) = flxy yo) (1)
TN

Y svn

Piém M, goi la diém lién tuc cua ham s6. Piém ma (1) khong
thoa mdn goi la diém gidan doan cia ham s6. Ham f(x, y) goi la lién

tuc trong mét mién néu né lién tuc tai moi diém thuée mién do.
Ham z = f(x, y) goi la lién tuc déu trong mién D néu
Ve>0, 36>0, YM, M c D, p(M, M) < 5 = /(M) - (M) < &.
Tuong 1y nhuy ham mat bign ta cé:
Dinh Iy: Néu f(x, y) lién tuc trong mién compact D thi
1) f(x, y) la bi chgn trong D.
2) flx, y) dat mét gid tri bé nhat m va mét gid tri lon nhat Mtrong D.

3) Véi y- m <y < M sé tén tai it nhat mét diém My(x, yo) € D sao
cho f(My) = y.

4) flx, y) la lién tuc déu trong D.

Thi du:

1 < .
—é———2—+vl-r2 —yz la lign tpe

x“ +y

1) z=

x2+y251 2

, nghia 1a lién tye trong hinh tron dang 2 +y° <1

Yix, y): {

x,y=0
1riz tai tam 00, 0), z ¢6 gian doan vo han (loai 2).
~ 2 2
1 néu x“+y“ <1
flx, ) = { 2. .2

0 ndu x2+y®>1
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Ham nay lién tye Vi, y) < R? va gidn doan trén duong tron 2+ 37 =)
vi fix, y) b chan (fx, y) < 1) nén cae didm trén dudng tron dé 1a ehe didm
gian doan loai 1 cta ham sd.

Trudng hgp ham n bién:

Ta cé thé suy rong dinh nghia giéi han va Jién tuc coa ham hai bién
cho ham » bién bat ky.

Cho u = fIM) = flx,, x,, .., x,) Xac dinh trong mi&n D ¢6 diém ta M,

a= lim f(Mye ve>0,35>0,pM, M)<é=[fM) -af<c¢
MoM,

fIM) 1a lien tyuc 1al Monéu  him f(M) = f(Mg), va ta ciing cé cac tinh

Wi—>Mg

¢har clia ham lién tue n hidn nhu cda ham 2 bién.

§3. DAO HAM RIENG - VI PHAN

3.1. Dinh nghia: Cho ham s6 z = f(x, y) xdc dinh trong mién D.

Xét (x, y) va (x + Ax, y) € Dvdi y = const. Ddt Az= flx + Ax, y) - f(x,
“ P L AT ”v - - A_\

¥) goi la s6 gia riéng phan cua z d6i voi x, néu  lim xZ

ton tai (hitu
M0 {

han hogdc v6 han) thi gioi han dé goi la dgo ham riéng cua z dé1 voi

x tai diém (x, y), ky hidu: -

oz af(x,y)= Bim Az
ox Ay—0 Ax

21' fx(x»,}’): -a-x—)

Tuong ty ta cé dinh nghia dac ham riéng cba f d61 védi y tai (x, y):

L % AR
dy &y a0 Ay

. ‘ A z
Zy, fy(x,.)’), ——

Téng quat: Cho u = AM) = flx,, x5 ..., x,) xac djinh trong mién D c R".
Xét M = (x), %y ..., X,) VA M = (%}, 2y, ..., Ty_y, X +Ax;, X4 1, -, %) € D. N&u
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Ayt . _
]_im Yk- = ]_in] 1(_111 )__.F‘(_"_Ml
A, =0 Ax, Ay, D Ax,

i6n tai (hitv ban hoac vé han) thi gidi han nay goi 12 das ham riéng cla 1

- ."\ 173
. . . . cu F(M) A ¢
tal M doi véi x, Ko higu: uw), , f; (M), —, ——}——z im —f-
Tk A (..Ur.'k ()ka Axy >0 ."&1'[1

Theo dinh nghia: Dé tinh dao ham riéng c¢ia ham nhidu bign 487 véi
mot bién nio dé thi coi cac bign kia 1a khong déi va tinh dao ham cia ham

56 theo bidn d6 nhit dao ham cia ham mot bién.
Thi du: Tinh dac ham riéng cia :

1) z=Infx?+y), xdc dinh khi y >- %

. 2x . = 1
X T B 3 - M
x2+y 7 x2+y

2z = sin(xz +y2) xac dinh khi: 2kz <x® + 2 <2k + Uz

- 2 2
; . ry
(:1 = o . cos(_r2 +y2)2x = x_(‘_(ﬂi‘__y_l
o 2\/sin(12 +y2) Js'm(xz +y2)
B ycos(:cz +y2)

oz
% sin(:c2 +yz)
3) Tinh u;, u.y, u’Z ta1 (1,1, 1)

néu u=x%z+2c-3y+z+65.
up=32%%2 + 2, u (1,1, 1) = 5.
uiy= 2¢%z - 3, u’y a, 1, 1y=-1.

wy= 2yl uy (1,1, 1) = 2.



3.2. Su kha vi - vi phan

a) Dinh nghia: Cho ham 56’z = f(x, y) xdc dinh trong mién D. Xdt
M(x, y) va M(x + Ax, vy + Ay) ¢ D. Néu sé gia cua ham sé viét duge
duoi dang:

Az=flx + Ax, ¥y + Ay) - f(x, ) = a.Ax + b. Ay + O(p) (1)

Trong do6 o, b = const, hhéng phu thudc Ax, Ay, chi phu thusc vao
diém (x, y), 0(p) la mét vé cing bé béc cao hon bic cia p, p= \j_-\r2 + Ayz y
thi ham s6 f goi la lha vi tai diém M, va bidu thitc a.Ax + b.Ay goi la

vi phén toan phan ctia ham sé'tgi M, ki hidu dz = a.Ax + b.4y.

Néu it nhat mét trong cde s6 a, b khdc 0 thi vi phan dz la phdn
chinh béc nhdt déi voi cde s6 gia Ax, Ay cua ham kha vi, c6 thé xdy
ra truong hop a, b = 0 dét vdi mét ham khad vi; Az xac dinh béi (1) goi

Ia 86 gia toan phédn cia ham s6'tai (x, y).
Ro rang: Az = flx + Ax, vy + Ay) - flx, y) =
=sfflx+Ax, y+ Ay) - flx, y+ Ay v [f(x, y + Ay) - f(x, y)] = Az + Az

Ham f goi la khd vi trong mét mién néu né kha vi tai moi diém

thuée mién ds.
T dinh nghia ta suy ra:
b) Tinh chat:

1° Néu ham z = f(x, y) kha vi tai diém (x, y) thi né lién tuc vé co

. . . . g e 0z
cdc dao ham riéng tai diém do6: —=a, —=b.,

(%44

Chiing minh: Theo gia thidt va theo dinh nghia ham kha vi tai (x,3), ta
co:

Az =a Az + b Ay + O(p) 1)
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suy ra khi Ax, Ay —» 0 thi 4z — Q (Ax, Ay -» O thi p = 1/.\»:2 +.3y2 - 0,
0(p} = 0) Vay ham s6 12 lién e tai (x, y/. Cing rheo gia (hiét ta ¢d (1), xét
y=consl thi A4y = 0va Az = Az = adx + O(4x). Do dé:

B¢ T V- . aAx+ O
22 lim <% - lim adx4 O( ) -a.
o v 00 A Ar0 Av

oz
Tuong ty: — =b.
&y

Tu dinh 19 ta ¢6 cong thidc tinh vi phan tai M.
dz gzd.r+ az—dy.
o &y
(tudng ty nhit ham mot bién: x, y 14 cac bién doc 1ap thi dx = dx, Ay = dy).

Tach thé vidtdz = dz + dzvlidez = %‘dx, dz= %Ady, goi 1a cac vi

phan riéng cla z 461 véi x, y tai diém (x, y).

Thi du:
D d(arctg:y—).—. —y sdx+ 1 > dy=xdg_ij
x
12[1+))62] x“+!5] ™ +y
x x
2) d(ln(\}x2+y2+22)=id1n(12 +y2+22)=x_dx§."_'ﬂi2y_+z_2di
2 Xty +z

2°. Néu ham z = f(x, y) ¢6 cdc dgo ham riéng tai lan cdn diém M(x, y)
va cdc dgo ham riéng do lién tuc tai M(x, y) thi ham s6 kha vi tai M(x, ¥).

Chitng minh: Xét 4z = flx + Ax, y + dy) - f(x, y). Ta vidt:
Az = [flx + Ax, y + Ay) ~ f(x, y + Ay)] + [flx, y + Ay) — fix, y)].
Ap dung cdng thitc Lagrange vao cac hiéu trén ta ¢6 :

dz = fofe, y+Ay)dx+ fy(x c)dy viic, € (x, x + Ax); ¢, € (y, y + dy).
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Theo gia thidt: f,, £, hdn tee tai (z, y) nén:

f;(cl, y+ dy) = f_.‘((x, v} + a, f;,(x) Gy = f;(x, ¥+ 8 o = 0Khi

Ax, Ay — Q.

Do d6 4z = fo (5, y). e + fy (1, y).dy + a dc + fdy.

R rang aAx + fAy 1A mdt vd cung bé bac cao hon bac cua
p= \J;\x) +Ay2

vi

[+ BAY | \ alr+BAy
< =
P 2+ 2]

khi 4x, 4y — 0. Vay theo dinh nghla ham z = f(x, y) 1A kha vi tai (x, y/).

0

Slal+ 18]l »0.

Pai véi ham n bién u = M) = fix,, x,, ..., x,) ta ¢6 dinh nghia tuang ty
nhu d6i véi ham 2 bién:

Ham £ goi 12 kha vi tai M néu: du = a,.Ax, + a,. 4Ax, + .. +a,. Ax, + O(p),
p = ‘IAxIZ +Ax§ +._>+Ax;f , a; Khong phy thuéc 4, ¢ = 1, 2, .., n,
du = a, Ax, + a, Ax, + ... + a,.Ax, goi 13 vi phan toan phén cha £ tai M.

Ta cing c¢6 cac két qua:

Néu f kha vi tgi M thi f lién tuc tgi M va tai do co %:ag,

1

(i=1,2, .. n)va khi dé:

du Ju ou
du=——.dx;+ Jdxy e+ ——dx, .
Oxy Oxy L

néu fcé cdc dgo ham riéng lién tuc tai M thi f khd vi tai M.

Chu y: Ta thiy c6 diém khac nhau ¢d ban giita ham 1 bién vA ham
nhiéu bién:

kit



- D5 véi ham 1 bi&n: £ c6 dao ham tai 1 didm tudng dusng vdi £ kha vi
rai diém dé.

- P51 v3i ham nhidu bién ta khdng ¢é didu tudng duong 4y.

Thi du: Xét sy kha vi cia cac ham:

1) z =x° + y® - 3axy, xac dinh va lién tyc Yx, y) € R.
oz

pale 322 - 3ay, 3:3 = 3y2 - 3ax 12 lién tye vA Yz, y) € R Viy ham sd
ay
13 kKha vi Vix, y) e R®vadz = 3[(x? - ay)dx +(yt - ax)dy].
-1
2y . 3.2
) fle,yy=4e* %Y khi x°+y* >0
0 khi x%+y?=0
RS rang f1a lign tue Y, y) € B2 Ta ¢o:

-1

-1
‘ R I " 2 ¥ - 1 A—Q
(0,0 = lim —eX” =0, £,(0,0)= lim —e-Y =0,
fx Ax—0 Ax Y Ay—0 Ay
Vi 22 +y? > 0 ta cd:
-1 il
foo 2% 2ty ;z_éﬂn_ex2+yz
(x? +y%)? (x” +y%)

RG rang fy(x, ), fy(x y) 1a lién tuc ix, y) € R® trit tai (0, 0). Mat

khéc:
-1 -1
X 12"‘_)'2 _ x 1 12+y2
7, .22° T3 2 €
(x +y ) Jx +y (x2+y2)2
-1 3
7.2 2
S~——1————'§-ejr ty =£‘— — 0khit > o,
(% +y%)2 ¢
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1
L= .5y 20> t>a

(x2 + _)'2)
Do dé:
lim fi(x.y)=0 = fo(0.0)
x>0
y 0
Tuong ty:

lim folx, y) =0 = £,(0,0
Il_Y:})f_yxy fy( )

y >0
nghia la f’; (x, y), /} (x, y) lién tye tai (0, 0). Vay f ¢6 cac dac ham riéng lién
tue Vlx, y) € R%. Theo dinh nghia fkha vi ¥z, y) ¢ R?
Ta c6 thé xét sy kha vi ca £ tai (0, 0) nhtt sau:
Ta ¢6 Af(0. 0) = £,.(0, 0).4¢ + fy (0, 0.4y + O(pJ theo trén :
fe(0,00= £, (0, 0 =0, do do:

-7
Olp) = <1-A""2+"\—y7 ———O(P)
p

L

=L L okni poo.
p

Vay fkha vi tai (0, Q).

3) flx, y) = W tai 0, 0). Ta cé:
' Yo ’ 3.3
fo0, 0= tim ¥E _g £ 0,0= lim Yo

w0 Ar o0 Ny

XEL A4f(0, 0) = dx + Ay + O(p), suy ra

0(p) =4Ff0, 0) - Ax - 4y cho Ax = 4y = -I—,A:c,Ay——)O@n—)m
n
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Khi dé:

oy _\nd n _32-2

o 2
3 n
P Jz V2

n

Vay 0(p) khang phai 1A v6 cung bé bac cao hon p. Theo dinh nghia f
khong kha vi tai (0, Q) (tuy né cé cac dao ham riéng tai (0, 0)).
¢) Ap dung vi phin vao tinh gin diang
Gia stt ham z = flx, y) kha vi tai diém (x, y) ¢ D. Ta ¢é:
Aflx, y) = flx+ Ax, ¥y + dy) - flx,y) =

= fula.y). dx + fy(x.y). 4y + 0p).

Khi 4Ax, Ay kha bé ta ¢6 thd bd qua 0(p) va ¢6 cdng thirc gan dung:
flx + Ax, y +4y) = f{x, y) + f;(x\y). dx + f;.(x.y) . Ay
Thi du: Tinh gin ding T = (042 Ta s T = (1 + 0,042* °* Pyt
x=1,4r=004y=2 dy=0,02thi T=(x + A/ ‘¥ = flx + Ax, y + Ay) Vii;

“flx, y) = 2 fyla )= 527 f(xy) = #nx.

Theo céng thic tinh gin ding trén thi:

T=Ff1,2) + f(12).Ax + f,(1.2).3 hay T = 1 + 2.(0,04) = 1,08.

Ch y: Ngudi ta thudng diang bidu thic:

‘—iz-—:dlnz=a]f‘z _\r+6lnz
2 dx

vy

d& danh gia sai s8 tueng 461 khi tinh gin dung.
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§4. PAO HAM CUA HAM HOP VA HAM AN

4.1. Ham hop

a) Ham hai bién

Binh nghia: Cho ham z = f(u, v) trong mién D, trong dé u, v la
cdae ham s6 clia x, y trong mién Dy u = u(x y), v =v(x, y) va khi diém
(x, y) bién thién trong D, thi diém (u, v) khéng vugt ra ngodi mién D.
Khi dé ham z = flu(x, y), v(x, y)] goi l& ham hop (hay ham kép) cia
cde bién dée 1gp x, y trén mién D, qua hai bién trung gian u, v. Pé

tinh dao ham cia z tai (x, y) ta co:

Dinh ly: Néu cde ham u = ulx, y), v = v(x, y) ¢6 cdc dao ham riéng
tai (x, y) va ham z = f(u, v) khad vi tai diém (u, v) tuong tng (u = u(x,

) v=v(x, y)) thi 2z ¢6 cdac dao ham riéng % % tai didm (x, y) duoge

xdc dinh bdi cdc cong thirc:

% & ou oz

EEaan
x fu &x v &
b _du Ed
oy du &y v Oy
Chifng minh:

Cho x 6 gia Ax, y = const thi u, v, z 88 ¢6 cAc sb gia Ludng ung A,u, A v,
Az Theo gia thigt thy fu, v) 14 kha vi tai (u, v) do d6:
oz bz ) : .
Ayz= Su_A"u + o A +oadu+PAw, a f— O khi Au, 40 - 0.

(Theo ching minh tinh chat 2 3 §3): 0(p) = adx + Sdy).

Chia hai vé cho 4x # 0 ta ¢6:
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cho dx - 0, theo gia thidl va dinh nghia dac ham riéng, ta duge:

Tuong ty, ta cé cdng thic (2)

Pac bdt néu z = ufx), v = vx) khi dd 2 = fu(a), v(x} 12 bam mét bién
VA
dz 08z du .
dx &fu dx

% dv
& dx

Thi du:
2
1) Cho z= In‘/(u2+2v) ,u=e™Y  p=2a+y Tinh %.

oz u 3z 1

a‘u_uz+2v’ dv u2+2v

. Ta cé:

@R

ou =ex+y2 Su — 2ye™HY
o
a—'v-=2x§ i=I
ox oy
Theo cac cong thite (1), (2) ta cé:
2 2
% 5 (ue*tY +2x), & _ 21 (2uye™Y + 1)
8x  y? 42 & u?+2

2)Choz= \/l—z-+sin2v. u=(cx+ 1)} v=3x Tacé

dz 1
dx 2\/—12

b) Trudng hop tdng quat

3(x+1)% +6sin vcosv:% x+1 +3sin6x .

Cho ham w = f(u, U, .., u,) trong mién D c R™, trong d6 u, =
u Xy Xg ooy X,), (=1, 2 ..., m) trong D, c R" va khi diém (xp X .oy x,)
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bi&n thién trong D, thi diém (u,, uy ..., u,) khéng vugt ra ngoii mién
D, khi 46 ham

w = flug(x, Xgy ooy X,), Up(X)y Xgy ooy X,y ciey U (X Xy ey )]
goi la ham hdp ctia n bién déc lip x,, %y ---, X, qua m bién trung gian
Upy Upy ooy U,

Ta cing ¢é quy tac tinh dao ham cha w ddi vdi cac bién dac 1ap tudng
ty nhu truong hop hai bién (véi gia thigt tudng ung).

dw _ ¢ ow
éxi 1:1 [)‘LLJ' (}x(’

Dacbigt u, = x, u, = ux), 1 = 2, 3, ..., m (hi w = flx, uylx), uyx), ...,
u,(x)] 14 ham mot bidn, khi dé:

dw _ow ow duy — ow duy
dx & odug dx T dup, dx

d ; . . . . A - a
-cii xac dinh theo cong thie nay goi 1a dao ham toan phén cua w d6i x.
X

Thi du:

DChow=flu,vJjvdiu=x+at,v=y+ bt

Chimg minh
M _ L (1)
& o oy
Ta ¢6:
..(?li: QD_IG_‘_@ b
&t  Ou

Tht A6 suy ra (1).
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P

2 2
%) Cho = —————, tinh (5"] [‘“ ”j (i'ij
Zry?a? ¥

2 2+22’

duar fu duaT
dri)‘_y & dr oz

w9
=

Datr= yx” +y r#0thi:
ou _dulr v
& dréx’ Dy
du_d(%)_
dr dr r2
Tuong ty:
F_y oz
Sy r & r
vay

A \2 ? 2 . ;

du ou Su x? y9 2 7
ot B el B Hewt Bl o A S S B
Ox 2y Oz r.ooror r>or

Cha ¥: Vi phan cda bam nhiéu bign cliing ¢6 tinh chit bat bign vé

dang da cac 461 s0 12 ddc 1ap hay 1a ham sé cia cac bién doc 1ap khae, nhu

hiam mot bién, ching han xét:

z2=flx, y), x=x(u, v), y= ylu, vj, dz = g—z—du +—gzu—-du (theo a)
U

o 2y,
& du 8y fu

=-ai —Qx—du+—0—x—dvj 5‘2(
dx\ ou v oy

A

v By v

Y oau+ X % dv)=—dr+§z—dy
cu & & Jy

Bidu thite nay cang 13 vi phan cia ham 2 = flx, y) v6i =, y 13 cac bién

doc tap.
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4.2. Ham an

Dinh nghia: Ham y = f(x) duge xde dinh ti phuong trinh F(x, y)
=0 (1), néi chung khéng gidi ra déi véi y trong dé F(x, y) la mét ham
xdc dinh trén tich Descartes XY (tdp hdap cde cap co thi tu (x, y) vdi x
c X, ye Y) goi la mét ham én trén téap hop E c X, néu Vx ¢ E ¢é dinh
thi (1) co mot nghiém duy nhét y = f(x). Do dinh nghia ta cé F{x, f(x)]
=0, Vx ¢ E, nghia la ta c6 mét déng nhat thize. Truong hop x € E c&
dinh, phuong trinh (1) c¢é nhiéu nghiém thi ta néi phuong trinh dé xdc
dinh mét ham da tri. Truong hop trén ham én goi la ham én don tri.

Tuong ty, tu hé phuong trinh:
Foley, xy oy x 0y, Uy oo, )=0,0G=12..,m) 2)
ta ¢6 thé x4c dinh cac ham 4n:

wo=flx, 2., x,). G=1,2,..., m)

Flxy, ay o X filx, Xop ooy €0, ooy Xy, Xy oo, £ )] =0,
(t=1,2 ..,m Yx,x, .., x})eDcR
Cha y: Ham u = ffM) d3 dinh nghia d §2 ciing goi 12 ham hién.
Thi du:
1) Phudng trinh 3 + ¥* = & xédc dinh dugc ham an

3
y=¥Yar-x vi x3+( a3—13) =a*, vx e R

2) ¥hudng trinh

«ac dinh dude hai ham &n y = +2Val -2 Vv e foa, a).

a
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3) Phicng trinh y - x - ¢siny = 0, 0 < £< 1. X4ac¢ dinh m6t ham Any =
yx), Y& ¢ R Thyc vay vi xét x=y - e¢siny, ¥y c R.

RO vang ham x 14 don digu tang vi xét y, >y, ta ¢é x, - x, = (y;, -y -
£siny, - siny,) nhung | siny,- siny, | <y,-y, dodéx,—x > 0vax,>x.
Theo dinh 19 16n tai hdm nguge, gla trj cta y duge xac dinh duy nhéi theo x.
Vay phuong trinh da cho xac dinh mét ham 4n y = y(xj, vx € R, nhung
khong giai ra déi vdi y.

4) Phuong trinh

RN I
--“_— +'—‘_— 1 — -1=0
a b

2 2
1-Z_+2_ vi thay lai ta ¢6 mot
a- b

xac djinh hai ham 4n 2 bign x, y 2z = 4+
dong nhat thue.
5) He
x+y+2=0
x? +y2 +27 =1
xac djnh hai ham &n y = y(x), z = 2(x), -1 €x < 1. Vi gidai hé: y, z theo x va
thay lai hé ta c6 céc ddng nhat thyc.

Theo dinh nghia thi phudng trinh (1) hoac hé (2) ¢é thé xac dinh cée
ham &n cing c6 thd khong. Ching han, phudng trinh 22 + y* + 22 + 1 = 0
khong xac dinh ham an nao. Vay vdi nhung didu kién nao thi tén tai cic
ham An xac dinh tit (1) hoac (2) v dao ham ctia chdng,

Dinh 1y 1 (Tén tai ham 4n mdt bién)
Gia thiét
1) F(x, y) la lién tuc trong lan cén cda (x4 y,) ¢ R

2) F(xy yp) = 0.
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3) F(x5 y) ¢6 dao ham riéng % lién tue trong lan cédn dé va
oy

F(Y0) g phi:

1) Phuong trinh (1) xdc dinh mét ham én y = y(x) xdc dinh

trong mét lan cdn ¢ cia x,,
2) Khi x = xgthi y(xy) =y,
3) Ham y = y{(x) lién tuc trong lan can .

Ta thita nhan dinh 1v nav (d6c gia c6 thé xem trong cac gido trinh giai
tich cho sinh vién chuyén toan).

Dinh ly 2: Véi cdc gid thiét ciia dinh Iy 1 va thém gid thiét: F ¢
F, lién tuc trong lan cén cua (xy yg) thi ham ény = y(x) xdc dinh ti

phuong trinh (1) c6 deo ham lién tuc trong Ian cdn cua x, va:

OF (x4, 34)
d(x) o
dx - QF(-“O’.Vo) (a)
By

Ching minh: Ta c6 Flx, yix)] =0, Vx € & Cho x 86 gia Ax, sao cho x +
Ax € ¢ khi d6 y ¢6 58 gia Ay = y(x +4x) - y(x) va F(x + Ax, y + 4y) = 0. Do d6;

AF = F(x + Ax, y + 4y} — F(x, y) = 0

Theo gia thiét F(x, y) 13 kha vi nén:
0 = AF(x, y) = F.(x, y).Ax + F; (x, y). 8y + adx + SAy;
a -0, ax, 4y - 0.

Do dé: v _ F@Ey+ra
A Fi(x, y)+P

Cho 4x - 0 thi a, 8 > 0 va 4y - 0 do ¥ = y(x) lién tuc trong ¢, theo
dinh 1§ 1, khi dé
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dy_ Py

dy(x,) . Filx, 5.}
dx F{x ¥

dx F_"_(xn.yo)

UV Vg qea . - Loody L .
Theo gia thiet F, F, 1a lién tgc tai x, J(x,v,) # Onén & ya vien
X
tue tai X, Trudng hop 1éng quél, véi cae ham an xac dinh tiy hé (2) ta co.

Dinh ly 3. Gia thist:

1) Cic ham Fyi=1,2, .., mliéntuctrong lan cén r cia diém

My =(x <0 X2l ), wl) e R
2) F.(My =0.

3) F;c6 cic dao ham riéng lién tuc trong lan can r va

oF, &R oF,

ou;  Cuy ou,,

N e .

OFy ey dhy

ou,  Qu, Su, | =0 tai M,
e, eF, aF,

ey ouy T u,

. . DURLE, L, oy Ly L .
Binh thize LTSNy Y) goi la dinh thac ham Jacobie cua cde
D(ugnusy, . 1) )

ham F, d6i véi cdc bién u, (i = 1,2, ..., m) thi:
1) Phueng trinh (2) xac dinh mét hé ham én

U = filxy, Xp oy X,), (i= 1, 2, .., m) trong ldan cén r, cia diém P, =
(x',x3..x)) € R™.

2 f(PY=u’, (i=1,2,.., m.

3)f, (i=12, .., m)laliéntuctrongr,
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4 f, G=1 2, .., m) co cac dao ham riéng lién tuc trong r; va

duoc xac dinh tw hé.

A

mi 3 0 ol
~L‘T’—'i’2]+‘—1'- 20 (B) (i=1,2 ), (k=1,2, ... n)

A Cu, Sxy X,

-

Bdc bict: Ham an 2 bién z = z{x, y) xac dinh tiz phuong trinh
Filx, y,2) =0 thi:

6z -F, & -F

(F, = 0)

& F, ¥ F
Thi du: Xét cac gia thist va didu ki¢n 16n tai cac ham an va dao ham
clia ehing da duge thoa man, tinh dao ham cla che ham an xac dinh I céc
phuong trinh:
U " +y' - Baxy =0 vBi y=ylx). Tacod
F,=3(x' - ayj, F, =3y’ - ax). Vay theo cdng thic (a)

Ay x'-ay
dx yz -ax

5 Ky ' .. . NP dv IS . N
2) Inyx’ +y° = arct X i y = yfa) ¢6 thé tinh a bang cach dao ham 2
& x dx

vé phuong trinh nay:

+ r 1_
12 yy2= x‘; '}; hayx +yy' = xy' —y.
X" 4y x“+y

Giai ra ta cé:

Xty
X—y
. Y;‘ '2 22 s I3 .
3) ;T+-‘_+_‘_1=0 vé z = z(x, y). Khi do:
@ p
2
62__&_ & -czi 62__iy
Cx Fy' 2z a By Bz
2
c
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[.\'+_v+u tv—a

2 N 3 2 2
11‘ PV +ve =4
VOl u = ufx, y), v = v(x, y).

Dao ham 2 v cac phudng trinh theo x rdi theo y:

1+ +v, =0
1+ u;+v". =0
2¢ + Quu, +20, =0 ;
2y + 2u u‘ +2v\") =0

Giai hé nay ta cé:

X~V u-—-x
H = v o=

Y-u v—-—u

y-v C_u-y
u, = UV:

v-u T ov-u

§5. DAO HAM VA VI PHAN CAP CAO

5.1. Dao ham eAp cao

Dinh nghia: Cho ham 86 z = f(x, y) ¢6 dao ham riéng
fi(x3), f’:(x,,v) trong mét mién D nao d6, cdc dao ham nay lai la cde
ham s6 ctia x, y trong D, gia si cdc ham s6 nay lai c6 dao ham riéng
theo cic d6i 86 tai mat diém (x, y) € D, thi cde dao ham riéng nay
goi la cde dao ham riéng cdp hai ctia ham s6 z = f(x, y) tai (x, y) c D.

Ky hiéu:

(SN
|98
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So(ey) = (filxa)), hay. —5=—()
, Ox Sx Ox
.- . : &z & ¢z
Jo ey =(f{x1)), hay Er?j; = g(g
2

Seley) = (f;(x3)), hay —==-—(—)

oOox & fx
. . : Pz 8 &
Sl y) =/ (x,»)), hay a2 = 'a;(aj)

Con fi{v.p). f:(x;y) cung goi la cdc dao ham riéng cap mét cia f
tai (x, y). Cdac dao ham fu f‘; goi la cac dao ham vuéng, thuong ky
hicu fo=f.. o= f}'; . Céc dgo ham [, [, goila cdc dgo ham chir

nhét hay dao ham hén hop.

Tuong tu, xuat phat tiz dao ham riéng cdp hai, ta dinh nghia
cde dao ham riéng cap ba, ..., cap n, ky hiéu:

ez

-, i+ j=n
' oy’

f0(x.y) hay

Déi voi ham n bién: u = f(x,, x4 ..., x,) ta cing dinh nghia cdc
dao ham riéng c4p hai, ..., cap m mét cdch tuong tu, ky hiéu:
o™

¢ &
Oxy0xy .. Ox,

, L+ Jer.+rh=m

Thi du:

1) Choz = 2* + 3* - 3xy. Ta cé:

.,
(?_z: Ix? -3y, Z._ 3~ 3
Sx Ty

by .‘2
Tz e 2., T2, ZZ _6y.
ot iy iy o



2) Cho
] du Pu Fu

-——- chimg minh —+-——5+-—
x* -t—,\/z-!—z2 o o &

=

=0

Ta ¢o:

-0 du 2
u=(+y 42?0, 6‘=—X(x2+y2+zz) ?
x

2

o'u -3 4y ot
) =3 (P Ay 4 ) (2R
Tuong tu 1a co:
TR . u Fu Fu
—3, T3 vVa st gt = 0
&t ¢z & & &

Ta thay trong vi du 1, cae dao ham riéng hén hgp cda z bang nhau
(= -3). Tong qual ta cb:

Pinh ly Schwarz
Gia thiét:
1) Ham f(x, y) xdc dinh trong mién D < R®.

2) Tén tai cdc dao ham riéng cép mét f.(x,y), f,(xy) va cée dao
ham riéng hén hop f_(x.y), f,(x,y)trong mién D.

8) Cdc dgo ham riéng hén hop la lién tuc tai (x, y) € D. Thi
So(x¥) = fa(x,p)

Chitng minh: Xért biu thuc

T=[flx+ dc,y+ dy) -fix+ Ax, )]~ [f(x, y +4y) - fix, y)I.

vA ham phu ¢x) = fix, y + A4y) — flx, y). Thi T = o(x + Ax) -¢(x). Theo 2):
P(x) = fi{x,y+ 4y) - fi(x,y). Vay c6 thé ap dung dinh 1y Lagrange d6i véi

o(x) trén doan [x, x + A«J:



T = Axgc) = &xf f. (e, y + Ay) - fu(c, y)] ¢, € (x, x+ Ax).

Ciing theo 2) thi f.fx, y) 1a kha vi trén doan [y, y +4y] nén lai ap dung
dinh 1y Lagrange déi v y ta duge:

T = \¢ -"\,V f_,;.(c1,c2) (1)

¢, €y, y+ 4y)
Bay gio viét T dudi dang

T=[fx+ 4, y+dy) -flx, y+ Ay)] - {fx+ 4z, y) - fix, y)]
vi ham phy yiy) = fix + 4x, y) - fix, y).
L¥ luan tudng ty nhu trén ta di dén:

T = WA fo () @

oL (x, x + 4x), cre(y, y+ Ay).

Theo 3) f,(x.¥), f(x,») 1a lién tyc tai (x, y) nén:

fim [ (0ne) = ey Bm o fo(een) = fp(xy)
Ay-0 Ay »0

Do d6 va thea (1), (2) ta c6: f; (x,¥) = [, (5Y).
Dinh 17 trén c6 thé md rong cho trudng hgp dao ham rigng hdn hgp cap
m (m > 2) va cho ham n (n > 2) bién, nghia la;

O™u(x), x3,...,X,)

s kitky+.+k,=m
ol oxf? . axtn g

khéng phu thude vao thi ty 18y dao bam.
Thi du: u = e¥sinz, tinh toan ta cé:

u
avoydz | oydedx

=& (1 +xp)cosz
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5.2, Vi phiin cép cao
Dinh nghia: Cho ham z = f(x, y) trong mién D. Néu ham f khé vi
tai V(x, y)e D thivi phin toan phdn clia né la
dz = f;(x, Yix +_/')'.(x, »idy.
Ré6 rang vi phan dz lai la mot ham cua x, y trong D. Néu ham

nay lai kha vi tai (x, y) € D thi vi phén cua né goi la vi phan cap 2
cria ftai (x, y), ky hiéu:

d’z = d(dz) hay d*f(x, y) = d(df(x, y)).

va ta ciang noi ham f khad vi 2 ldn tai (x, y), con dz ciing goi la
vi phan cép mét cua ftai (x, y).

Téng qudt, ta dinh nghia vi phén cép n cia z = f(x, y) tai
(x, ¥): d"z = d(d" 'z) va cia ham n bién u = f(x,, %y, ..., x,): d*u
= d(du), ..., d"u = d(d” 'u). Néu mét ham sé ¢é vi phéan cdp n
tai mét diém thi ham dé goi la kha vi n ldn tai diém d6.

Coéng thie tinh: Cho z = f(x, y) kha vi n ldn tai (x, y) € D,
X6t x, y 12 cac bién doc lap thi:

éz oz
d?z =d(dz) = d{ —dx+—dy) =
z (dz) (arx ayy)

- 2 2 2
—dZaysdEavy - f—fdxi 22z arxdy+-a—fdv2
ax & Bx axdy a7

Ta ¢6 thé ding ky higu hinh thic:

2 =2 2 al, .
dz = | LacsLayl = SZae +2 oz dxdy+ < dy?
o oy ax Sy By
trong dé:
82 82 62
612 y (}x&y' 'é‘y‘?)'
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chi cac phép 18y dac ham ¢ap hai cla z d61 v8i x, y; dx?, dy’, dxdy
chi c4c binh phuong va tich rhyc sy. Tuong (g ta c6 d%,...

d'z = iabf:,+ idy} z.
ox &y

D61 voi ham n bién b = flx,, v, ..., v ) ta ¢d:

d™u = (—éa—dx] +—2--a\'x2 +.+ o dx, )™ u.

Y, 2 ) ox

n

Né&u cac ddi s8 1A cac bién phy thude hay cac ham s8 cla cac
d8i s& khac thi nhie d3 bidt vi phan cap 1 cia ham s ¢6 1inh bAat
bién vé dang, con vi phan cip nfn > 2) khong c6 tinh chat 4y, chang
han xét ham hai bién z = f(x, y), r = x(t, s), y = y(t, s) 1dc d6 dx, dy
la ham s§ cha i, &; d?x =0, d%y = 0; d’%z, ..., d"z s& khong cOn ¢6 dang
nhu trudng hgp x, y 14 cac bign dac lap.

§6. CONG THUC TAYLOR

Ta da bi&t d6i v8i ham mot hién F(t) kha vi n+ 1 1an tai 1an
can diém £, thi trong 14n can nay ta cé cong thite Taylor c&p n cla Fi):

F(t) = F(ty) + F(t)(t — ty) + %F"(to)(t N L

1
(i +1)

+i‘Ff"J(to)(r )"+ FroUge, & B(F - th(t - t)"* "
n!

0<6<1. Datt -{;, = At =dtthicdng thie nay duge viét dudi dang:

F(1) = F(ty + dF(t,) + %d?F(to)+ o
+ld"F (tp) + —-l—d"”F (t, + 94t). 0 < &< 1.
n (n+1)!

Ta s& md rong céng thic nay cho ham nhidu bién.

o~
"
(=2}



8.1. Ham hai bitn
Trude hét xér ham hai bién ta ¢o:

Dinb ly: Néw ham z = f(x, y) khd vi n + I ldn trong lan

cin cta diém (x, yo) thi trong lan cdn nay ta co cong thie:
. ! 1,
f5 ) = flsp 39 + dftcy 39 + — fley 3o+ +— d" (55 yo)

+ ——L-d M Vril(x, +04x, y, + 04y) (T) 0<@<l.
(n+1)

Trongdé x-x,=Adx=dx,y -y, = 4y = dy, goi la cong thic
Taylor cdp n cua f(x, y).

*Chdng minh: Diat x = x, + t.4x, y = y, + .4y, 0 <t <1 khi dé
flx, y) = flxy +t. Ax, y, + t.4y) = F(t) (1)
12 ham 1 bién ¢, rd rang:
AF(0) = F(1)- F(0) = flx, + dx, yo + Ay)- f(xe, ¥o) = Af(x,, y,) (2).

Theo gia thiét f(x, y) kha vi n + 1 18n tai 18n ¢an (x, yg) suy ra
F(tj kha vin + 1 1An tai 1an can ¢ = 0.

Do d6 ta c6 cang thie Taylor cia F) tai 1an can didm ¢ = O (cdng thde
MacLaurin)

AFI0) = F(1) - F(0)= dF(0) +-21-'d7F(0) +o

1
(n+1)

+—]—‘d"F (0) + dm(e). 0<f<1. (3)
nl

vai dt=Ar=1 0=1.
Theo (1) thi:
dF(t) = df(x, + .4z, yp + t. dy) = df(x, y)

vai; X = X, + t.AX, ¥y =y, + LAY
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do dao.

arry = LM g Fo9)
oy

X

Tait=0thi x =2, y =y, nén:

ary = L ;9‘—"'“)(1x+ a "‘;’Jy‘-"”ld_v = df(xy, ¥o)-
A4 (%%

Tuong ty
d’Fi0) = d’flx,, vo), ..., A"F(0) = d"fl(xy y4);
d"'F(8) = d"*\flx, + BAx, y, + OAy).

Thay cac biéu thite nay vao (3) va theo (2) suy ra céng thue (T)
phai ching minh.

Céng thice (7Y ¢6 thé viét dudi dang (ham didm):
1
fM) = fiMy) + dftM o) + —d"f(Mo)+ ... +

1
(n+1)

v dnr M, + d™VUAM,) (T
n!

Trong dé M{x, y), M(x,, yo), M (x, +84x, y,+ 84y), 0< 0< 1.

6.2. Him n bié&n

Tuong 1@ nhu dél vé ham hai biéh ta c6 céng thic Taylor cip
m dé} véi ham n bién u = M) = flx, x5, ..., x,), m + 1 1an kha vi trong lan

can cla diém M, = (.13, x%y:

fIM) = f(My) + df(M ) + %Td‘f(Ma) N

s lamp My + ——amevpmy ().
m! (m+1t

vai M, = (%0 +0an, 2§ 18, a2 +0M,), 0<O0<1.
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Thi du: Viét céng thice Taylor caa ham: flx, y) = 22" - xy —y°
6x — 3y + 5 tai 1an c4n diém (1, -2). Ré rang ham f(x, ¥) khad vi n
(bat ky) 14n tai 1an can diém (1, -2) vi che dao ham riéng c&p cao
hon 2 cla f déu biang khong, nén 8 hang du R, (n 2 2) bing 0, do
d6 céng thuc Taylor cda f tal 1an can didm (1, -2) 1a:

flx, y) = f(1, 200+ df(L, -2) + %de(]. -2).
f(1,-2)=5, f,=4x-y~6, f(1,-2)=0, [, =-x=2p-3, £,(1,-2)=0
fa=4. Fp(-2%4, fo,=-1, fo(0-2)=~1.f2=-2, [,(-2)=-2,

dods: fix,y)=5+ %[4«:1):2 - 2dxdy 2dy?).

Nhung dx:Az]: {x-1), d_y:Ay:y+‘2
Vay flx,y) #5654+ 2(x - ) - (x— Dy +2)-(y +2)~

Chua y: S4& hang, cudi cung cua céc cdng thie Taylor (T), (T)
hay (T"") goi la s hang du dang Lagrange:

1
R,= -r——d"''f(M).
== T (M)

c6 thé viet: R, = 0(p"), p= ‘/Ax’ +Ay? (vb cling bé bac cao hon bac cta p")

R, = 0(p"™) goi la so dir cila cdng thice Taylor dang Peano.

§7. CUC TRI

7.1. Pinh nghia - Piéu kién can

a). Dinh nghia: Ham fiM) = f(x,, xy, ..., x,) xdc dinh tai ldn can
S cua diém M, = (x,),....")goi la dat cuc dai (tiéw) tai M, néu

VM = (x4, Xgy .-ey X,) € S8 ta cé: f(M) < f(M)(f(M) 2 f(M,)). M, goi
la didm cye dai (tiéu) olia f tai M,
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Cyc dai hay cye tiéu goi chung 14 cyc tri. Cuyc (ri theo dinh
nghia nay cang goi l1a cuce trj “dja phuong”.

b) Didu kién cin

Néu ham u = f(x), x,, ..., x,) dat cuc tri tai My = (£,x3,..<°)

va co cac dao ham riéng tai M, thi f;‘ M)=0, (i=1,2, ..., n).

That vay, ¢ho a, = ¥, ;=23 x, =x thi theo diéu kién cdn
cta cye tri ham mét bidn thi f, (M) =0 , tuong ty f, (M) =0, ...,
f. (M, = 0. Tuong ty nhu déi vdi ham mot bién, cye trj cta ham
nhiéu bign c6 thé dat rai diém My ma f, (M)=0 (i =1, 2, .., n), M,
cong duge goi 1a diém ditng cia ham s8. Ngodi ra cyce trj d6 cang cb
thé dat tai diédm ma cac dao ham riéng bang « hay khong tén tai,
goi chung 1a cac diédm b&t thudng hay tdi han cia ham sé.

Chv y: N&u thay didu kién “c6 dao ham” béng didu kién “kha
vi” thi didu kién can trén co thé vidt la:

df = FLax + Lo v +Fae =0 raim,
Oxy

€2y

Pl

7.2. Didu kién du
a) Ham hai bién
Dinh ly: Giad thiét
D f(x, y) xdc dinh va lién tuc trong lan cén S cua diém (x4 ys) -
2) f(x, y) ¢6 céc dao ham riéng cdp mét va hai lién tuc trong S.
3) My(xy, y,) la diém ditng ciia ham sé.

S50, 30) =0, f3(x0,y0) = 0.

4) d2f(My) =0, Vdxdy : d* + dy* # 0.
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Thi:
foes = (%0, ¥o) RRhi d2f(M,) < 0 trong S.
Frin = F(x0r ¥o) Rhi dXf(My) > 0 trong S.

3) f(x, 3) khéng dat cue tri tai M, khi &*f(M,) thay déi dau trong S.

Ching minh: Vi&t cong thie Taylor cAp mat cuia f trong lan can S
cua (xp, yy):

flx, y) = flxs, yo) + dftxs yo) + %d’f(Mr)

M. (x, + 04x, y, + 0dy), 0<8 < 1.
Tt gia thidt 3) suy ra: df(M,) = 0 va (1) viét duge:

fM) - f(M,) = %dﬂ"(M,) (2.

Tu gia thiét 2) suy ra:; 4%/(M) 1a mot ham lién tyc tai M,

lim d°f(A)=d” (M
M—T\)lo SO)=d" (o)

Né&u d’f(M,) < 0 (> 0) trong S thi tit tinh chat cta gidi han suy
ra d*f(M) < 0 (>0) trong 8, vi M_ € S nén d*fiM.; < 0 (>0). Do dé (2)
viét duge:

fIM) — f(iM,) <0 (>0} hay fiM) < f(M,) (> f(M)).
Theo dinh nghia thi fAAM) dat cuc dai (tidu) tai M,:
fmu: = f(MO) (fmin = f(Ma))

R3 rang d2f M, thav d6i dau trong S thi fIM) khong dat cyc trj
tai M,.

Pat A=/ (M), B= [uMe). C= [ (M)
¢hi d*f(M,) = Adx® + 2Bdxdy + Cdy’ = g(dx, dy).
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12 mdt dang toan phudng cua 2 bién dx, dy. Theo titu chudn Sylvester

trong dai sé.

Piéu kién cdn va di dé g(4x, 4y) 1a xac dinh dudng (Am) nghia
A gfdx, Ay) > 0 (< 0) véi moi Ax, dy 13 (A + Ay’ = 0):

B
>0
C ]

hay A >0, AC- B> >0, (A <0, AC -B?> 0). Do d6 két luan cla
dinh 1y trén c6 thé viét dudi dang:

4B
A >0, !
B (

A
0, | A<O0.
o facal

N&u tai M,

1A >0, AC — B2 > 0 thi f,., = f(M,).

2YA <0, AC - B> 0 thif... = f(My).

3 AC B? < 0thi khdng cd cye tr] tai M,

Chu y: N&u AC - B? = 0 tai M, thi fcé thé dai cyc trj cling cé
thé khong dat cye trj tai My, Chang han flx, y) = 2%y, d& dang thay
AC - B® =0 tai (0, 0). Nhmg fix, y) - f(0, 0) = 2y’ 20, YM(x, y)
trong 1an can cda (0, 0) vay fo.. = f(0, 0) = 0. D&i vdi f(x, y) = x°y% ta
cing ¢6 AC — B? = 0 tai nhung flx, y) - f(0, 0) = x°y® thay d6i d4u
trong l1an can cda (0, 0). Vay f khong dat cyc trj tai (0, 0).

b) Ham n bién

Tuong ty nhu d67 v4i ham hai bién, ta c¢é thé ching minh didu
kign 40 tong quat sau day d4i vdi ham n bién bat ky.

Dinh ly: Néu tgi lan can diém My = (,x2,..x"):

1) Ham f(M) = f(x,, s, ..., x,) Rhd vi m lan va moi dao ham
riéng cdp m déu lién tuc tai M,.

2) dfiM,) =0, d*f(My) =0, ...,
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" f(My) = 0, d"f(My) > 0 hodic d™f(M,) < 0.
Thi:

1) f(M) dat cuc tri tai My khi m chdn f,., = f(My) néu d™f(M,) > 0;
Frae = f(My) néu d™f(M,) < 0.

2) (M) khong dat cuc tri tai My néu m 1é.

Thi du: Tim cye trj caa cac ham

Y z=x+y® 3ay.

7, =3¢ -3y=0, z,=3y" -3x=0 = x, =0, y,=0vag,=1y,= L
ta ¢6 2 diém ditng M,(0. 0}, My(1, 1)

Tinh:

Tai M(0, 0): A= 2:(00)=0, B= 2,(00)=-3,C = 2 1(0.0)=0.

= AC -B? = -9 < 0. Vavz khong dat cue tr] tai M,.
Tai M,(1, 1):

A=z,Lh=6,B=z,0D=-3, C=z,(D=6.

= AC -B’=36-9=27>0,A=156>0.

Vay z dat cye tidu tai M,, z_,, = 2(1, 1) = - 1.

min

2) z=xt+y! - x? - 2xy - yi

' I_ae_n ! Y9
z,o=4¢ —2x-2v. 2z, =4y -2y -2x.

2, =0. z, =0 cho cac didm dimg: M0, 0), My(-1, -1y, ML),

. N ; - 5
Z ) =124 -2, z4 =-12, z0 =12y -2,

Tai M,(0, 0): AC - B = 0, do d6 can xét theo dinh nghia ta ¢é
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AZ(0,0) = 2{0 + A 0+ A) ~ 2(0,0)

hay A2(0,0)= Ax* +Ay" — Ax? —2Axy ~ Ay?

Xét Ax = dy thi \z(0,0) = 2A¢%(a? —2)<0 khi 0 < Ax < 2 . N&u
Ay = -Ax thl Mz(0,0)=2A¢" >0, Vay A2(0, 0) nhan cac gia trj ¢d dau
khac nhau tai 1an can didm M0, 0). Theo dinh nghia M, khéng

phai 1a didm cye tr) cda z.

Tai My(-1, -1), AM;(01): AC - B* =96 >0 va A =10>0nén z
dat cye tidu tai cae diém dé: 2z, = -2.

3 M=+ 420 420+ 4y -6z,

Uy =2x+20 u =2v+4 u,=22-6.

Piém dimg: M(-1, -2, 3).

u;l =2. u-\: =2 u:: =2, u;). =u,.=u, =0
r]wai M:
1 2 I3 ’ > N o -
du=(—de+—dy+—dz)y 1 = 2dx" + dv" +dz7)> ()
Sx &N éz

vay tai M,, v dat cye tiéu u,,,, = u{-1, -2, 3)= -14.
7.3. Cue tri cia ham 4n
T cac két qua da biét d&i vdi ham hidn u = f(x,, x5, ..., x,) ta

¢6 thé suy ra:
Pinh 1j: Gia thiét

1) Ham én u = f(M) = f(x,, X3 ..., x,), M ¢ D c R" xde dinh
tu phuong trinh

F(x,, Koy ===y Xpy u) =0 (1)
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vat Flxy, Xy, ooy X, [y, g ooy x)) =0 VM  D.
2) u khd vi lién tuc hai lan trong D (cdc dao ham ridag cap
hai déu lién tuc).

3) Ay =( X, ") € D la diém ditng ctia u = f(x,, x3 -.p X))

thi:
1) M, thoa man hé:
F (M)=0, F,_(M)=0, F, (M,)=0, F(M,)=0.
2) f dat cuc tiéu (dai) tai M, khi d*u > 0 (< 0). Theo cong

thize tinh dao ham ham én va vi phan cdap hai cia ham n

- A P
bién to co:

2 AR
dus- LS TF o R <o),
u F .,JZ'I éx,«FxJ dx,x; ( L )

Thi du: Tim cye trj c0a ham an z = z(x, y} xac dinh tir phudang

trinh:
2y o xtuy-42-10=0.
D& tim didmdung ta 1ap bé:
F. =2x-2=0
F,=2y+2=0
F(X,y,z)=x2+y2+22—21+2y—42—10=0
Giai h¢ nay ta dugc cac diédm dimg: M (1,-1) vdi z = -2, M,(,-1) Vvéiz
= 6 U(ng vé 2 ham an z, z, xac djnh tr phuong trinh trén
Fo=2z-4 F,=2 F;z =2, F =0,
Do dd va theo cong thie trén:

Pay(M)) = (@ + ) > 0, dPry(a) = - 1(de 4y <0
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Vay z, dat cuc Lidu (ai M (@)pe = -2 va z, dat cyc dai ta) M,
(22)1::01: 6

7.4. Cute tri cé diéu kién

a) Pinh nghia: Cho ham u = f(M) = f(x,, x4, ..., x,) (1) xdc

dinh trong mién D ¢ R" véi cdc diéu kién (rang buéc):

o (xy Xy ey x,) =0 (i=1,2, ..., m) (2).

Piém My = (&) 2,...x)) e D goi la diém cuc tiéu (dei) ctia
ham (1) véi didu kién (2) néu f(M) > f(M,) (< f(Mp)) VM trong
lan can cua My thoa man (2). Ham f(M) goi la dat cuc tiéu
(dai) ¢6 didu kién tai M, goi chung la cuec tri e6 diéu kién.

Thi du: Tim cac kich thude ¢da mét hinh hép ¢6 thé tich 1dn nhat,
néu dién tich toan phan bang 2a. R6 rang bai toan dura v& tim cuc dai ¢6
didu Kién cia ham V = xyz vdi didu kién 2x¢y + 2yz + 2zx = 2a.

b) Cach tim cue tri ¢é6 diéu kién

1) Ham hai bi&n: Gia s tim cyc trj cda ham z = f(x, y) (1) vdi
diéu kién ofx, y) = 0 (2). Néu (i (2}, ta giai duge y = y(x), x € (a, b)
thi z = flx, y(x/1 12 ham mdt bidn, ta da bi&t cach tim cyc trj cia
né. Néu phuong trinh (2) xdc dinh y 14 ham 4n cda x, ndi chung
khong giai ra d6i v8i y khi dé ta cé phudng phap sau day dé tim
di€m dung cia ham sé.

Phu‘dr'zg phdp Lagrange

Gia thigt

1) My(x, y,) la diém cue iri ctia ham (1) véi didu kién (2).

2) Trong lan cdn cua My, cdc ham f va ¢ ¢6 céc dgo ham riéng

lién tuc va qp_? +go_".: # 0 tai Mythi tén tai A R sao cho:
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j".(,\',,._v(.) +Zq)l.(x,.,y[,) =0
SelBa g+ 20,(9.3,) = 0 (L)
@(xg.10) =0

S8 A duge goi 1a mdot nhan 11 Lagrange.
Chitug minh: (3ia su w;.(_\',,._l‘n) #z 0. Theo gia thidt thi (2) xAac

dinh y 13 ham an cOa x trong 14n can cia S cha x,, Ta ¢6 @x, y(x)) = 0,
VYx € 8. Do dé %: —io,i hay ¢;dx+¢".¢{v=0 tay M, (3). Mat khac z =
dx @y :

flx, y) v8i y = y(x), theo gia thiét:

i:iz fi+fuy'=0 tai My (4), hay f;dx+f';,d)’:0 tai M,. Nhan (3)
Ad °

v A va cong vioi (4) ta cb:

_ f‘l('tL)vyO)

(fu + 2@ )x+{f, +A@)dv =0, YA e R. Chon A = —=2
’ ’ 0, (5%,¥0)

thi 1, x,, y, 12 nghiém cia hé (L). Theo phiwong phdp nay viéc tim
cuc tri co diéu kién cia (1), (2) dua vé viéc tim cuc tri théng thuong
cua ham.

Olx.y) = f(x, )+ p(x v}
goi la ham Lagrange.

Diém ditng ciia ham & duae xde dinh tiz hé:

®, =0
@, =0
p(x,y)=0

va xét @ (nhu cuc tri théng thuong). Néu & @ > 0 (< 0) tai My(xy v,)
thi diém M, la diém cye tiéu (dgi) cé diéu kién ciia ham f, véi

diéu kién dx, dy thod man: qJ'Idx-l—(o'ydy:O.
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Thi du: Tim cue 1] c¢fia ham z = 6~4x -3y vai didu kién < 43?2 =1,

Lap ®x, ¥) = 6-4x=3v+ 202 +y* -1). Diém dimg c¢da z xac dinh tu

="
Qx

O, = —4+240=0
D, =-3+22y=0

x: +y2 =1
Gial 1a ¢é:
5 4 3 4 3
)] = 5_ = ;. N :-S_‘ "\{l = (—S-,g)
5 4 3 3
Aam——, Xa=== yr==—_ Al =(-=-2)
2 3 - 35 - S
O o, T80 2y
Ox~ oy oxcy

DM .Y = 24,(de’ + dy?) = 5(da? + dy®) > 0.

Vay M, 12 diém cye tiéu ¢6 didu kién cla z: 2,,, = ¢

U |
Wil
-

1
—

2 PM,) = 22,(d2? + dy?) = -5(d? + dyP) < 0.
N a . . 4 2
Vay M, 1a diém cyc dai ¢6 dicu kién cva z: 1z, = Z('T‘—g) =11.
5

2) Ham nhiéu bi&n: D& dang c6 thd md rong cac két qua 3 1) cho
trudng hgp ham n bién nhu sau: viée tim cue tri cua ham u= f(\) =

S{x.x- ., x,) vaiede diéu kién o(x.x5,..x,) =0(i=1,2, .., mym<n)

dwa dén viée tim cuc tri théng thuing cua ham:

BOY = fA)+ A0, (M ).
1]

@ goi la ham Lagrange, A; (i = 1, 2, ..., m) goi la cac nhan tiz

Lagrange, vai cdc gid thiét tuong ving véi 1) ta co:
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Néu tai diém ditng M, = (£.X).. \") cua f: &2® > 0 (<0) thi

f dat cuc tidu (dai) co dicu kién tai M, véi diéu kién la cdc

bicn dx,dx,,. ., dx, thod man hé:

Qs

@,
9%

;

n
b3

L

5, =0 (j=1,2, .., m).

[o7)

Thi du:

1) Trd lai thi dy d a): Tim cyc 1y cia ham v = xyz (1) vdi didu kién
a4yz+ze=a,x>0,y>0,2z >0, a>0 (). Rorang cae didm cye 11} cha

bam v va ham v = Inv 1A (rang nhan, nén baj toan trén tusng duong vai;
Tim cyc trj c0a bam: #=Inx+Wy+nz (1) vdi dicu Kién

wtyztex=a. (x.y.z.a>0) ).

Ta lap ham @ = Inx+hv+inz+A(w +yz+2x ~g)=0. Didm dimg

caa 1 duge xac dinh tir hé:
! 1
O =L +A(y+2)=0
x
A
d)y=—+/t(z+.\'):0
.v

o1
O,=—+A(x+y)=0
z

xw+yvz+ax=a

Giai A theo x, y, z tit 3 phuong trinh ddu va cho bang nhau ta duge

x =y = 2. Thay vao phuong trinh thi 4 ta dugc: x =y =2 = \[_“t Vay ta ¢é

.
L 3
didm dimg M 1/3,‘/3,# 8i 2 =-—= Tinh
B M 3'Yy3 3)v 22
A i

4

o® 1 90 1 o0 1
ax’ X2 sz y: Tt z*
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0, o,
= /.V, - /]
Gz0x

[o1]

Fe
= A,
Bxdy Gyiz

. .. 3 .
Tait My vavdi L= - 5 1a ¢b:
a

B0 = - 2 (de? 4 dy? + do’ )~ 2 (dxdy + dydz 1 dedac) -
a a
=.3 (dx’ + dy” +dz” + dxdy +dydz + dzdx) )
a

Tir (2 (v+2)dx+(x+2)dv +{(x+ y)dz=0,

Tal M,: 2. \/%(dx +dy +dz) = 0. Do d6 dz = -(dx + dy) , thay vao (3) (a

duge:
a’d = - Z(dx’ +dy? +dxdy) <0
a

Vay M, 1a diém cye dai ¢6 didu kign cua u, nd cing 1a didm cye dai ¢6

diéu Kkién cla v, va cac kich thude phai tim cia hinh hdp la:
r=y=z= JE_Khid(')Vm,Z —G—Jg.
3 3y3

2) Chitng minh bit dang thitc Cauchy
M)IQ 0G=1,2..,mn).

"‘/xl.x}...x <
n

Dé giai bai toan, ta s& tim cuc dai ciia ham:

V= Yxx..x, viididukién x+x, +. +x,=a (a>0).

1, 2,..., n). RS rang cac diém cuc trj cGa ham

trong mién x;, > 0 (i
v vA u = Inv 12 trung nhau, do d6 bai toin trén dua va:

Tim cyc dai cia ham: =lnv=-l—(ln x +lnx, +..+inx,) vii diéu kién
n

xtx, . tx, =a.
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Lap ham Lagrange:

O = l(ln s+ o+l )+ A(a-x -x .- x,)

n

o, = —s=0 ®,,=

X
! nxy nxx

Xpray b X, —a

q . .2
—x, = —. Vay ta ¢é diem

hé nay cho nghiém duy nhat x| = x, = ...
124
N V) a a "
dung duy nhat Mp(—.—.....—) voi
n
1 1
A==,
a qa
n.—
n
Tinh:
. . - 1
(D :——lrs @::— 1‘ 021————
i nxj ¥ nx; Xn n;,
.1y =4, ‘bzl.rg = O" ’ Yo y. L, =0

Ta ¢6 d:(D(.\IO) = “’zr(d-‘x: +dx22 +. _+dx,3,) < 0. vay uv dat cyce dai tar My,

va do dé: v dat cuc dai tai My vy = 3. nhumga =z, + x, +...+ x, VAy
n

xyt+xa+..+x
< 1 2 n

A Xy X¥2....X, S
n

7.5. Gia tri bé nhat va 1dn nhit (edc tri tuyét d6i)

”
y

€ho ham AM) = fla,, x,,.. . x,) lién 1ue trong mién compact D < R
thi theo djnh ly Weierstrass: f dat mdt gia trj bé nhat m va mot gia tr} ln
nhat M trén D. RS ring m, M cla f chi ¢6 thé dat tai céc didm 151 han

trong D va trén bién cia D. Do d6 dé tinh m, M:
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- Tim cac diém téi han eoa ftrong D,
- Tim diém t81 han clia f trén bign cta D.

Tinh gid tr cOa f tai cac diém t3i han vua sim dude vA so sanh ching
vai nhau. ta duge m, M.

Thi du: Tim gia tvj bé nhat m va gia 17 10n nhat M cua
P 2 2 1A -2 2 2
u = x’ + 2y* + 32° trong mién D; x* + y* + 7° < 100.
- Tim didm dimg trong D! + ¥y + 2z < 100) tix hé
e =2x=0. n. =4y =0 w,=6z=0 VAy ta cé mdt diém dimg M,(0, 0, 0).
- Tim didm dimg trén bién coa D(x? +y* + 22 = 100), tie 14 tim diém
ding ctis cye trj ¢d didu Kién cta ham u vl didu kign 22 + y* + 22 =100,
Lap ham Lagrange:
D(x,y, 2)=x2+ 292+ 322+ (100 - 1* - y7 - 2.
Didm dime duge xac dinh tir ha:

O, =2x-2Mx=0
®.=4v-22y=0
D, =62~21z=0
x° +y2 +2z% =100

Giai hé nay ta duge cac didm dimg:;
M,(£10.0,0) véi A = 1.
M0, 210, Oy véi 2 = 2,
M0, 0, 2100 vé 2 = 3

- Tinh u(M,) = 0, u(M,;) = 100, u(My) = 200, u(M,) = 300. Vay m =0,
M = 300.



BAI TAP

1. Ching minh rang néu day Af, cR", M, =Af, (=, hdi ty 16
M, € R" thi M,la diém tu clia day nay.
2. Chimg minh rang khoang cich p(M, N) trong R" 13 mét ham lién
tuc theo cac bién trong R”.
3. Chimg minh rang trong R":
Moi hinh cdu md 12 mdt tap hop ma.
Moi hinh cdu déng 14 mét tap hop déng.

4. Trong tap hgp cac s6 hitu tv Q, khoang cach gitar,, r, € @ duge xac
dinh b&i p( ry, ry) = | ry- ryt. Chitng minh & 12 mét khéng gian metrique, @

¢6 phai 12 khéng gian du khéng?

[2 2
TV, y>0)

5. 1) Tim flu néu f2y=Y"_*
* ¥

2) Tim flr, y) néu fx +y, x - y) =xy + y*.

3) T fvaznéu z= xf(l) va z = Jl’+y2 khix =1.
X

6. Tim micn xac dinh c0a cac ham so:
1) z=1+y-(x-1)" .

2) z=In{x +y).

3) 2 = aresin ;y__

X
PR xS

o) _7:\/Zr2+y2—a2)(2a2—x2—y2) a>0.
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6) z=4ysinx .

x-y
1 +1‘2_\'Z

7 z=arclg

1

vy -Vx
9) \}sin(x2 +y2)
10) u:q/;+\/;+\/;;

11) « = arcsinx + arcsiny + arcsinz.

8) z=

12) u = ‘l—f-—~i-—z—2+ln(xyz).

& B ¢

7. Tim gidi han:

354

1) lim(x? + y%)sin L
x—0 xy

y-»0
2 2
. . X -
2) hm o) y;.
:(y—:“() x“+y

3) lim(1+ Iyr
X X

¥ a

24
1 lin)T%—?_
20y 4 (x-y)

x »0 X

vy—{

. . o1
5 lim(x + y)smlsm— .
y

6) lim—2L'2

0 2% +y
y—=0 ~

7y lim (x% 4 yPye 0

Ay



8) limﬂ(:t2 +y° =y

8. Tim lim (lim f{x.v)) va ]imb(lim f(x,»)) : néu

X sa y—b

x>
3

Y f{xy)=

-, a=+x, b=4+0.
I+ x”

yra 4

2) f(x,¥y=smn 3 a=x b=mx.

X+y
3) f(x,y)=log {x+y), a=1,b=0.
9. Xét sy lién tye va gian dean cia cac ham s6:

1) z = In{x* + y?).

x+y

x +_v3

2) z=

23
3) 7= x:+y‘
0 khi x*+y2=0.

khi x* +y° =0,

10. Xét sy hién tyc déu caa cAc ham s0;
D e, y) =20 3y +Htrong RY.

2) f(x.y)=yx- +y° trong R-.

11. Tinh dao ham riéng cla cAc ham sé:

X—1
1Y z= =
X+y
0y 2= X



3) z=In(x + \"I\': +_v: ).

v
oz —arctg —.
X

5) z = arcen

v

6) z=x
7 u=(w) .
hd
8) u=— . —
2yl ez

9) u:m_

I’" . -
10) T:ﬁ—_ Chilng minh ép_i 6_T=_l .

R év T dp

*12. Chinig ininh rang ndu trong mol mién D, flx, ) hén tyc theo x va
hén tue déu theo y déi véi x thi ham s6 1ién tye (rong D.

*13. Ham « = flx, y, 2) goi 12 ham dang c&p bac n néu VA ¢ R, ta cé: K
Jx, by, ’2) = 1" Rx, y, 2). Ching minh rang néu ham fGx, y, 2) ding cap bac
n thi:

xf;(x,_v,z)+_\f_\’,(x._v.z)+zf;,(x.y,z)= nf(x.y,z), néu tén Lai cac dao ham
riéng tai M(x, y, 2) € D didu ngude lai ¢6 dung khong ? (Dinh 1y Bulen)

*14. Ching minh rang néu f(x, y, z) 14 ham kha vi ddng cap bac n thi
cac dao ham riéng cua né 13 nhitng ham dang ¢&p bac n - 1. Nghiém Tai déi
véi cAc ham:

1) fix, y) =Ax? + 2Bxy + Cy?.

x+yv+z

h - l
X" +y© 427

2) f(x,v.2)=



3) flx.v)=lh¥
X

15. Tinh vi phan toan phan cla cac ham sé

2 2

X"~y
D z=F——

x" +y

9 z= ln[] + i)
y

.2 2
3) z=sin“x+cos- y

v X
4) z=arcig=+arcrg —
X v

S) u= [).y+i]_
y

. x
0) u=arcg —

z

7 f(xy,2)= —=—— , tinh df(3, 1. 5)

.

6. X6t sy litn tue va kha vi etia cde ham o8

DSy =Y
2 f(x.3)= n]

XB". &u Tyt #0
, — = 1Nnéu x 4y
3) _/(X-l\') = _xé +v- ’

0 néu  x° + =0

> S, | . " >

+ v jsin — 3 nea xT+ypT 20

1) f(x¥) = X7+

0 néu x4y =0



17. Tinh gan dung

D OL02Y (0,97)

2) (1,05) + (2,93F
3) 8ind20 cosH9°®
18. Tinh dao ham riéng cua cac ham sé

-

D z=7(,v). u:_r:__‘s‘, ve=e

- x .
2y z=arctg—. x=wusinv. y=ucosv
v

3) z=u", u=sinx, v=cosx
Hu=yz, x=t"+1, y=lnt, z=g

19. Chimg minh cic ham sau thoa man céie phudng trinh tuong Ung:

2 > 1 82 1 &z z
D ozeypx® -yt 22 L2

r8x ydy 2

8t A B
. g cz oz
2) -’:X}'Hwt'— s X4y —=xptz

X ox oy

2

¢
: v ! > Y 173
BDoz-etplye™ o | S D g

éx &

Y f(x,y.2)=Fuow), © =vw; v ozuw, 2w
xf, +uf, +2f, =uF, +vF, +wF,,

20. Tinh:

l)d22(1.2),z=x)+xy +y dlnx 10y

)

oy 67 Z x+1
2) - 2=ty
CxXCV -



3) dPA(0, Oy, flx, y) = (1 + ©™(1 + y)°

[ oy

y " Xy — ,r: +y: 20
4 Mxp00). SMwx(00). flxy)= x24y?
0 x° +y: =0

5) d°z ,2=flu,v), u=ulxy),rv=u,y).

6) d f(0,00), f(x,y.2)=x>+2y% 432" —2xp+dxz+22

21. Chimg minh rang cac bam sd sau thod min cac phuong trinh
tuong Ung:
u  %u

1) u=arctg Y — +——=0 (phuong trinh Laplace 2 chidu).
X ox oy

Dustat, r=fa-at+x-n?, T2l
r PYERP

2
Al cas
. . o a“¢ o
3) u=Asin(all + @)sin e, — - ~—=0
or- ox*

(x xo) ey yoY+(z 20

aa’t

1
4) u(x,y,2,f)= ——=——e
BP0 Gy

Su < 8w Bw &w N N
(%4, Yo, 20, @ = CONSL), 7:(:'(—®+—«+—1) (phugng trinh truyen
Ot R

nhiét),

Py 3.2
ouw au

3) u=¢@x at)+tyxtat), — —
ot cx”

{(@.w 13 ham tuy v cta 461 s8) (phuong trinh song)

- - N

. v v ~0°z &z ~Q7z

B) z=xp()+p(=). X —=+2v—+3y" —==0
x x ox* OxCy &



Y u= ! r:\’(,‘—a): +(_v—b):+(z~-c)2
=0 {phudng trinh Laplace 3 chiéu.

-2 2 2
ou &u On

\n = — T =
o (zT

ax”

*22, Chitng minh rang néu;
1) u = fx,y, 2). hai lan kha vi dang cap bac n thi:
0 0 0 =
—+y—+z—Yu=nn-hHu
e e
2) P.(x,y, z) |a da thie dang thic bac n thi:

d’ Pn(x»yvz) = n! P" (dx,dy,dz)

=aq X ta-v+tazz
=bxthytbyz
= Xtoyyteyz

JIn

TS

M

. P 6 AL
A7 — | ——di+ —dn + —dJ | u
I3k an 8¢
23. Tim dao ham ¢Ap Mot va cac dao ham cap hai cta cac ham An xéc

3) u=sS(¢.n.8).

O

dinh 1 cAc phudang trinh tudng ung

Dy=x+Iny.

2)x" 2uy+y’+axty 2=0taixr=1
Hn \ﬁr’ +y° = a.arcfgl (a# 0)
X

D i+ -Ine™ +eTy=0
24. Chung minh rang cac ham an xac dinh tir cae phudng 1rinh sau

R z
8 = —|

)

il ™
.-:l.;__,
|r\

thoa man cac phuang trinh tuong ung:

X

"
993

Ly

o

])AL‘lll,_\'.Z'-_‘_‘
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s

> 4?'2 «Z
2) 7+ 4 22 = olax + by + ¢2). (v = b2y . +(uz—cxy— =hv~uy
ALY

cy
oz [
NP -azy-b2y=0. o-—+h— =1
éy v
a2 A \2 Y 2
, ofx oz o (2 oz &z
Gy =5o@)+ g | | ~2o e X B oy
avi Ly Gx &y Ay PvE A\
5 3 5 I 1y
Syay +x'+_v2— 1=0. pa S e (x.v20)
Vi-x? Ji-v?
*25, Tinh:
1) _' adu Fle+v+z, 2 +v+:)=0
ey

2) *z nEu Fx+ 2. vy+2)=0

de dv
3) . = néux+yv+z=0x"+V+7=0
d- d:

b 3 - .
A du, dv. dn de nédu g+ e = a0+ v ysing — xsinv =0

dv dz d° vod 3z . | ) 1 . 1
§) — -, —5 . —= néux=1+— . y=0r+ — =1 + —
dy de g dy { - +

26. Bign doi cdc phuong trinh sau bang cich thay déi big s8:
1) e+ 1)y =20+ 1)y +2y=0, x+[=¢

2y (] —_x'l)y“ -y’ =0, x = coss

oz 32
3) Vo — e = NH=X v=,\‘z+y2
cy Y
~ 2 -
cTu (_’211 . . i o
4) —+— =0 x=rcosp. y=rsing
ar cy
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( 2]
) ——=a"—=. az0, E=x—-at. n=x+at

) ; = pcos@sing
0 - 5 »
u u o'
- 4 - 9

ot R~

I
=
1l

psin @sin @

z = peosh

27. Khai triénh c¢éc ham sau dav theo cong thie Taylor tai lan can

diém tuong img:

1) Ray) =<2 + 2xy + 3y’ -6x 2y —4, (-2, 1)
Nfa,y,2)y=a"+y  +22+ 2y - yz-4x -3y z+4 1,1,

3) f(x.v) = etsiny, (0, 0) cap ba
4) flx, y) = cosxecosy, (0, 0) ¢Ap ban

5) flx,y)=yl1-x" —y% (0, 0) ¢&p bon

6) fx.p)=+x)"1+p", O, 0

28. Tim cyc trj cua cac ham:
) z=x+xy+3? 2t-y

2 z=xY6 x-y) x>0.y>0

3 oz :.\‘_V#l - "I_‘
a h*

N

A z=l-(x+y7)?

[

5) 22(12 +_\‘:)(’ [CaER )

6) z=x+y+ dsinxsiny
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7y wu=a'+y +2¢ ayvtx-2z

- -

vooozm 2
B) m=x+—+—+—
4 v 2z

*g) y =sinx + siny +sinz -sin(x+y +2); 0<x,y,z<n
29. Tim cye tr] cua ham &n z = z(x, y) xac dinh tit cae phiong trinh
) +y +2? -2xtd4y €2 11=0
N By -+ Ay+2+z-8=0
*Pat+y' +24 2% +y* +25) =0 (a >0)
30. 'Tim cyc trj ¢é diéu Xi¢n cita cac ham:
1) z=x+y,2*+y’=5

n
9) z=coslx+cosly,y-x= T

[ ¥}
1

2

Ny

e
lN
(2] [

2 u:x2+y2+z +==1(a, b, c >0

QMI =
ta|

o~ 1

4) u=xyz,xtyt+tz=5,xytyz+tzx=8§

Oy w=x"+x¥+ + o+t tx,mna (a> ()
6) u=x"yP xtytz=ax,y, z,mna>0

. . n ;
7 u=smxsinysinz,x +y+z= 5 (x,y, z>0

w n

¢+
3) u—-i—gy—,x+y‘:s_ n> >l y>08rval
xﬂ_fyﬂz:r_ﬂ—_‘_yﬂn
2 2

31. Tim gia trj bé nhat (M) va 1dn nhat (M) cta cac ham 1rong mién
tudng ing:

1) z=1+x+2yia20,y20,x+y<i
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2y r=xtyi vyt <l

3 z=sghnx +siny +sinx+y); 0<a, ¥y <

VIR

u=x+tytz, 2+y <z<1

32. 1) Trong tat c¢a cac tam gide c6 chu vi 2p. Tim mdt (am giac ¢
dién tich 16n nhat,

2) Tim mét hinh hop chit nhat néi tidp trong mot ellipsoide ¢6 thé tich
1an nhat,

*3) Trén mat cdu &® +y2 + 27 = 1, tim mot d&iém ma tdug binh phudng
cac khoang cach 17 didm d6 dén n diém cho trude Mi(x, v, 2) G =1,2...,n)
1a bé nhat,

1) Tim khodng cach ngan nhat (it didm M(1, 2, 3) dén dudng thang
x vy oz

t -3 2
5 Tim cac ban tryuc cda ellipsoide 5x2 + 8xy + 5y =9

68" Cho A, B 1a cac diém trong hai mdi trusng quang hoc khac nhiau bj
ngan cach bdi mol mat phang, tée do truyén Anh sang trong méi (ruong
tha nhat 12 v, trong mdi trudng thi hai 1A v, 4p duug nguyén 1y Fermat:
Anh sang XAl phat Lt diém A
A va truyén dén diém B (heo
dwing AMB (HB86) sao cho
thai gian di theo duong ay la
ngan nhat, hay tim quy luat

khue xa anh sang.

B.86
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TRA LOI BAT TAD

4. Khing

5. 1>f<x)=‘/:x2 viét f(l)zif(—iTH
[ x V'\y)

2

3 f(_y):\[]+y"_ z:—x—vl._\'_? +y7

?
X - X
f(x)y):'—?‘—y (Di‘_"\t.’.‘“’_)’_—u:)j Yy =V

> ;
u+v u-v (u-v v’ -y
= f{u,v)= . + =2
f(u,v) 5 g ( J

fx]

Ty / [
(khix=1: \/1.+y2 =1, f{%]mf(y)—-v'l Y ’

50 N y=x
2) xt+ty>0
3) ~x<y<x x>0x<y<s-x,xr<(
) x22,-2<y<asg-2,-2<y<2
3) Hinh xuyén:a? <x?+y? < 20°
6) Z2kr<ca<k+lm y=0 2k +Ur<xz k4
7y  Toan mat phang R’
8) x20,y> Vx
9 2km<at+y <2k + in

10) x20,y20.2>0



11) -1 <x, y,z <1 (hinh lap phuong)

2 2 2
y L2 :
12) —+=5+—<15x,y2>0
aQ bQ cz

n 0
2) . Khéng 1dn tai
3 e
4) Khong tdn 12ai
5 O
6) Khong tén tai
70
8 1

1)

2y ;1
3) 1; khéng tdn tai
1) Lién tye V(x, y) € R’ trit (0, 0): ham gidn doan vo han.

2) lLién tuc Vix, y) € R, trif trén x° + y* = 0 chc didm gian doan

bo duge trén dudng thang y = - x, (x = 0) diém (0, 0): gian doan vé han.

10.

1

366

3) Lién tyc Vix.y) € € R?trit (0, 0)
1) Lién tye déu v(x, y) € R?
2 Lién tye ddu V(x, ») € R?

1) 2'1 = 2y 2 zlv = 2 2
{x+y T (x+y)




13.

15.1) dz =

2)

5))

4)

8)

9)

2

-y

- xy

(e o'

X

= 2‘:
2

Lytx* -9y

v Ly
x?+y? x

xyﬁ\/.‘sz -2y? . - —yx21/2x'2 -2y?

2

+y2

¢ Iyl - y")

y:‘vx"' (yInx+1), .z'y =x7x" In’x

_ Y
x2+y2‘ ’ ﬁcz+y2(x+ﬁ2+y2)

u, = y2(en)*', u, = x2(y), u, = () Inxy

Y4zt oy

u

- 2xy

¥ (Jc2 +y2 +z2)2

! (12 +y2 +2%)?

! xX—ycosz X—YC0s2Z
M, = = ,
sz +y% - 2xycosz u
' -xC082 . sin z
u, = YTXC082 - _XySinz

y

4 z

u

u

Diéu nguge lai van dang, xét ham:

F(t) =

f(txo,iyo 1zy)

y

t

LAy dao ham F(t)

dz =

X+

t >0 (tx,, ty, t2y) € D

dxy
ey )

L (de-E)ay
Yy Y

3) dz=sin2xdx - sin2ydy

4)

dz=0

>

_ - 2%z
(xﬁ +y') +22)°
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z ) X
S)du=| y+ 2 y+—}— zdx + 1——12- xzdx+[ry+i)ln[-"3’+—Jd2J
y y y y Y
2
__;!__A[ydr+xdy—2—1:y—dz]
2

%y’ +x

v) du =

) df(34,5) = é}-s—(Sdz _3dx - 4dy)

16. 1) Lién tuc c6 £,(0,0)= £,(0,0) =0, nhung khong kha vi tai (0, 0)
2)  Lién tue tai 0, 0) f;(0,0) = f:', (0,0y=0, ham khéng kha vi 1ai {0, 0)

3) Gian doan tai (0, 0) nhung tén tai
£ (00)=£,(0,0)=0
4 Ton tal £00,0 =£,(00)=0, f.(x,y)= f,(x,y) gian doan wi (©, 0)
nhung Az, y) van kha vi tai (0. 0)
17.1) 1,00
2) 4,998
3) 0,273
18.1) 2, =23f, + ye™ [} 2. = -9yf. + xe¥f.

2) 2,=0; 2z, =1

d. . .
3) 22 _(sin x)*™*(cos x cot gx — sin x In sin x)

dx

2 2
4) ii-li=2tlnt.t,g1‘+‘(t +1)tgt+§(t *Dint
dt t cos? ¢
20. 1) @*2(1, 2) = 6dx + 2dxdy + 4.5 dy®

9
9 2% g
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3/ d“f0, 0y =mim -- Ldx* + 2mndxdy + nin - 1)dy*
4 [, 00 =-1, £,00)=1

5) d*f0, 0, 0) = 2d<? + 4dy” + 6d7” - 4dxdy + 8dxdz + 4dydz

og.py Doy dy_ v
dx y-1" dx* (1-y)°

dy - dy
2) E!Fﬁfﬂ hode -1, El,zﬁs hoac -8
g P _xray dy (@ +DE +y)
de ax-y' gy’ (ax—y)3
4 ay _-y ﬁl:gl
de x 2 2
25.
B2  —Mz-x)Z—-y) , pos N N
1y = S (FF,, 2R FF, + R -
) a.r[‘fy (F1+22F2)3 ( 142 142512 2 n)
_W/le (F{+22FQ$O)
(F, +22F))

(Fl':F;, uU=x+y+z, FQ' =F|;‘ v:rzayz+zz)
2) d?z = «(F, + F,)*(F,F, - 2F,F,F,, + F,’ Fyy)(dx - dy)"

(F, =F,. u=x+z, F;=F, v=y+2)

(xcosv +sinv)dx + (xcosv ~ sinu)dy
XCOSY + yCcosu

4) u=

_{ycosu - simu)dx + (y cosu + sin u)dy
XCOSU + yCosu

dv

_ (2cosvdx - xsinvdv)dv +(ysindu - 2cosudy)du
B XCOSU+ ycosu

d?u=-d%

3ev
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\ ?
o d—y:‘szlj (= £, d—%:Q (t=+D)
de  f dx
d—z=3(:2+_1—+1) (t # *1)
dx ¢?
2
L2 g+l tetn)
dx t
26.
d* dy .
o EL 3 e9y-0
dait d
dzy
2) = =0
dt?
3y L-o
Ju
4) @4_ 1 a?_u+la_u_
& ey oror
N, 2
5 =0
Lo
;! d . . du 1 2
6) -]g(g(Pi—'i)+ _1 —(sme—u)+—_—2—a—’;- =0
p {0 ép” sinbd D " Bin‘ 6 oy
27.

D A,y =1 - (&+2)7+2x+ 2@ - 1)+ 3y - 1)

) fla,y,2)=@-D+y-DP+E- 1) +2x-Dy-1)
~y-DE-1
2., .3
3) f(x,y)=y+:cy+31#
xz+y7 x4+6x2y2+y4

4 fle,y)=1- o .




+y‘2)2

by R
— (M4 ny—
1 P

Kz, y) =1 + mainy +-.1)-[m(m —1x? +Smnay +n(n - 'l)y2 )+ ...

s
+y

4

- R P R SR
D) fla.yy=1 2(.1 +y)-8(.\
6)
28.
l) Zmin = 2(140) =-
2}z =2(3,2)=108
3z = < —=)= ____ab
- mayx \/" J— 3& ’ mi
1 g =20 =1
- 1 ) 5
)z, = 200)y=00 2, o= fmx
e
b} mez kT_)_\/-’”" (}\—/A
Midm dimg x = (-1,"!
y = (—1)’"'l ]—%Hm - n)g nt,n eZ)
- 2 1 4
N upy =u(-- - ==
3 3
8) Ui u(— 1) =4
n R =X
9 Uy = 11-(72‘~§‘~-§) =14
Zyin =u(0,0,0) s u(r,n,1)=0.
29.

D 2iex =20,

tron (x-1)2 +(y+2)2 =25

-H=8

2z,

Zapin = 2(1,-2) =

-2, tai cac diém cua dudng

256 ML cye (] trén bién bang 3.

37



2) 2y = 2(-1, 2V = =20z, 7 2(-1, 2) = 1, 2, 2, ¢6 cye tr] trén bién,
(ai nhing didm cia dudng cong 40® - dy? <12x+ 16y —-33=0.

3) zyin =av2  tai (0, 0).
Zow = -ay2 tai (0, 0).
Zmax = am tal (+a, ta)
Zyin = —am tal (1a, ta)

30.
b 20y =Z-/L2)=:)
pan z2(-1-2)=-a
- I
IR N SN
2)  Zyg =2 thR— R R A
3 " 2 9
AR B¥ie U
Zmin = 2( N Ay P R £l

3) u

s = 1(*a0,0) = a?

Upin =2(00%c)=c? (4> b >¢>0)

4. 447 474 744
4) Uy ==4—— tal (—,~. ), (=, =. =)\ (=.—.—
may =52t (G Gy G

B =4 tal (2,2, 1), (2,1, 2), 0, 2, 2.
5) Uy, =u(a,a,..,a)=na”

LN ppam—n+p

z
6)  Upyy = (mtnt.pt) =

(m+n+pymme

7 y T on
i U, ;= Ul —,—
max 6 6

8) Upin = (%%) = [
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31.

e B

2
M:T
2)
-2
n1=~7_- [ J—(]
3 M=—L—~ tar [— —) m=0 tar (O,0
343 3
I 1
4y M =142 me-—
32.
) Tam gide déu
Da b e
2) Hinh hdp ¢é kieh thudc ﬁii a, b
3 3 43
truc taa elhpsoide
- 1 n 1 n 1 n
3) Diem x=-—Sx;, y=—V\y, z=—Yz
No n n =y
n 2 n 2 n 2
N= (Slx] +[ _‘yl] +[XZ1)
¢} i=1 i=1

Ia cac ban kinh
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B) 2a =6, 26 =2 (tim cyc (1} cha z = 27 + y? v8i didu kién ox?
+ Bxy + 5y = 9)

sinup  sin oy
8) ST

Uy vy

. o . s a b .
(tim cyc trj cua ham f(oq,ay) = + vai diéun
v COSA) Uy COSUy

kién atgu, + btga, = ¢).
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